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Weights and Measures

LENGTH
12 inches = 1 foot 63,300 inches
3 feet = 1 yard 5,280 feet, — 1 mil
165 feot | _ rod 1,760 yards [ = © O
B% yards 320 rods

AREA
144 square inchcs = 1 square foot 30} square yards = 1 square rod
9 squarefeet = 1squareyard 160 square rods = 1 acre

640 acres = 1 square mile = 1 section

VOLUME
1728 cubicinches = 1 cubie foot 27 cubicfeet = 1 cubic yard

DRY MEASURE

2 pints = 1 quart 4 pecks = 1 bushel
8 quarts = 1 peck 1 bushel = 2150.42 cubic inches

LIQUID MEASURE

2 gills =1 eup 4 quarts = 1gallon
2 cups = 1 ping 313 gallons = 1 barrel
2 pints = 1 quart 2 bharrels = 1 hogshead

1 gallon = 231 cubic inches

AVOIRDUPOIS WEIGHT

7000 grains = 16 ounces 2000 pounds = 1 ton
16 ounces = 1 pound 2240 pounds = 1 long ton

TROY WEIGHT
24 prains = 1 pennyweight 12 ounces{ { pound
20 pennyweights = 1 ounce 5760 grains [ ~ PO
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APOTHECARIES' WEIGHT
20 grains = 1scruple 8 drams == 1 ounco
3 seruples = 1 dram 12 ounces = 1 pound

APOTHECARIES' LIQUID

60 minims = | fluid dram 16 fluid ounces = 1 pint
8 fluid drams = 1 fluid ounce 8 pints = 1 gallon

SURVEYOR'S LENGTH

7.92 inches = 1 link 4 vods =1 chain
25 links = 1lrod 80 chains = 1 mile

SURVEYCR'S AREA

625 square links = Isquarerod 640 acres = 1 square mile
16 squarerods = 1squarechain 1 square mile = 1 section
10 square chains = 1 acre 36 seetions = 1 township
PAPER
24 sheets = 1 quire 2 reams = 1 bundle

20 quires = 1 ream 5 bundles = 1 bale
(500 sheets is commonly ealled a ream)

TEMPERATURE
Freezing point = 0° C. or 32° T, = Z(F' — 32)
Boiling point = 100° C, or 212° F, = 2C -} 82
MARITIME MEASURE
6 feet = 1 fathom
120 fathoms = 1 cable length
1 nautical mile = 6080.20 feet (U.8,)
3 nautical miles = 1 league
1 knot = 1 nautical mile per hour
1 displacement ton = 35 eubic feet,
1 freight ton = 40 cubic feet
1 capacity ton = 100 cubic feet closed-in space
MISCELL ANEQUS
1 acre = 40 yd, X 121 yd.
1 carat = 200 milligrams
1 cord = 128 cubic feet
1 hand = 4 inches
1 furlong = 40 rods
1 cubic foot = about 7% gallons
1 British bushel = 1.03205 U. 8. bu.
1 Buritish gallon = 1,20095 U. 8. gal.
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METRIC SYSTEM

'The metric weights and measures are derived by combining the fol-
lowing stx numerical prefixes with the words mefer, grain, and liter:

milli = one-thousandth deka = ten
centt = one-hundredth hecto = one hundred
deci == one-tenth kilo = one thousand

i

For example,

10 millimeters = 1 centimeter 10 meters = 1 dekameter
10 centimeters = 1 decimeter 10 dekameters = 1 hectometer
10 decimeters = 1 meter 10 hectometers = 1 kilometer

APPROXIMATE METRIC EQUIVALENTS

1 inch = 2.54001 centimeters

1 foot = 30.48006 centimeters

1 yard = 01.4402 centimeters

1 centimeter = 0.032808 feet

1 mile = 1.60935 kilometers

1 square mile = 2,580,008 square meters
1 acre = 4046.873 square meters
1 meter = 39.37 inches, exactly

1 kilometer = 0.62137 mile = 1093.61 yards = 3,280.83 feet
1 kilogram = 2.20462 pounds = 35.27396 ounces (Av.)

1 liter = 1.05671 liquid quarts = 0.908102 dry quart

1 pound (Av.) = 0.453592 kilograms
1 gallon = 3.78533 liters
1 lguid quart = 0.946333 liter
1 liter = 61.0250 cubie inches
1 cubic inch = 16.3872 cubic centimeters
1 cubic meter = 35.314 cubic feet
1 dvy quart = 1.10120 liters

1 kilogram per square meter = 0.204817 pound per square foot

1 pound per square foot = 488241 kilograms per square meter

1 fluid ounce = 20,573 cubic centimeters

Miscellaneous Physical
Constants

g (average value) = 32.16 ft. /sec.? = 980 cm./sec.?
g (sea level, lat, 45°) = 32.172 ft./sec.? = 980.616 cm./sec.?

1 hp. = 550 ft.-lb./sec. = 33,000 ft-1b./min. = 76.0404 kg -m./sec.
= T45.70 watts

Weight of 1 cu, ft. water = 62.425 Ib. (max. density)

Velocity of light in & vacuum = 2.99776 X 10® m./sec.
= 186,284 mi, fsec.

Velocity of sound in dry air at 0° C. = 33,136 em./sec, = 1,087 ft./sec.
1 mi./hr. = 88 ft./min, = 1.467 ft./sec. = 0.8684 knot -

1 knot = 101.3 ft./min, = 1.689 ft./sec. = 1,152 mi./hr,

1 mieron = 10~ ¢m. 1 angstrom unit = 10-3 cm,
Mean radius of earth = 3,959 mi. = 6,371 km, ‘

Fquatorial diameter of earth = 7,926.68 mi, — 12,756.78 km,
Polar diameter of earth = 7,899.98 mi, = 12,713.82 km,
Constant of gravitation = 6.670 X 10-% dyne cm?/gram?
Electronic charge = 4.803 X 107 e.s.1.

Mass of electron = 9,107 X 10-28 gram

- Mass of hydrogen atom = 1.673 X 10-2 gram

Avogadro’s number = 6.023 X 10% mole—t
Planck’s constant = 6.624 X 10-27 erg. sec.
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Important Mathematical

Constants

7 = 3.14159 26535 80793
logie w = 0.49714 98726 94134
= 271828 18284 50045

logio e = 0.43429 44819 03252

log, 10 = 2.30258 50029 94046
log. logie e = 9.63778 43113 00537
log. 2 = 0.60314 71805 50045

[+

i

]

NUMBERS CONTAINING T

N logie N N logso N
x 3.141 5927 | 0.497 1499 = 9.869 6044 | 0.994 2007
2r | 6.2831853 [ 0.798 1790 20 | 19.739 2088 | 1.295 3207
3r | 9.4247780 | 0.974 2711 dn® | 30.478 4176 | 1.506 3507
4r [ 12.566 3706 | 1.009 2099 /2 | 4.934 8022 | 0.693 2697
7/2 | L6707963 | 0.196 1199 1/a* | 0.1013212 | 9.005 7003 — 10
3x/2 | 47123890 | 0.673 2411 1/2s* | 0.050 6606 | 8.704 6703 — 10
7/3 | 1.047 1976 | 0.020 0286 1/47% | 00253303 | 8.403 6403 — 10
2¢/8 | 2.004 3951 | 0.321 0586 =% | 31.006 2767 | 1.491 4496
45/3 | 41887902 | 0.622 0886 1/7 | 0.0322515 | 8.508 5504 — 10
7/4 | 0.7853982 | 9.8050899 — 10 | A/= | 17724539 | 0.248 5740
3x/4 | 2.356 1945 | 0.372 2111 Ve | 2.506 6283 | 0.399 0899
7/6 | 0.5235088 | 0.7189086 — 10 | #V'= | 0.886 2260 | 9.947 5449 — 10
Yz | 03183009 | 9.5028501 — 10 | /772 | 1.253 3141 | 0.098 0599
2/m | 0.6366198 | 0.8038801 — 10 [ 1/2/7 | 0.564 1896 | 9.751 4251 — 10
8/x | 09549207 | 9.9709714 — 10 {1/4/% | 0.3089423 | 9.600 9101 — 10
4/ | 1.273 2395 | 0.104 9101 \/2/= | 0.797 8346 | 9.901 9401 — 10
1/2r | 0.159 1549 | 9.2018201 — 10 | Vs 1,464 5919 | 0.165 71686
1/3% | 01061083 | 9.0257289 - 10 | /=76 | 0.805 9960 | 9.906 3329 — 10
I/d= 1 00795775 | 89007901 — 10 | /= | 2.1450294 | 0.331 4332
=/180 | 0.0174533 | 8.241 8774 — 10 | 1/"/7 | 0.6827841 | 0.834 2834 —— 10
180/v | BY.2057705 | 17581226 | Y37dx | - 0.620 3505 | 6792 6371 — 10
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Formulas from Algebra

1. SPECIAL PRODUCTS AND FACTORS
E+y—y) =22 — ¢
(ax + by)(ex + dy) = aca® + (ad + be)zy - bdy?
(4 9)* = #2 + 20y + o @+ y)® = 2 - 3a?y -+ Buy? + o
(x —y)=a— 2oy + 3* (@ — y)* = 2® — Ba%y - Bzy? — o
ztytezt-P=a4y-b2+ - F 2yt yz )
@yt = (b )t — oy + o) |
=y = (-t ay+ 99
Pyt = (@ by ) (@ —ay )
at eyt = (@ - ) (@ b ey iy o g
- yr = (et - ety b eyt — o - 7)) (neven)
ryt =t Et - ary f ey — ) (nodd)

2. PRCPORTION

fa:b=c:d or &L (%sthen

b
a b I_)Hgl a+b=c+d
@l = be e d a ¢ b d
a—-b ¢—d a,-l—b_c—l—d pa—l—qb:pc-i—qd_
T d a—b c—d ra + sb r¢e -+ sd

If @ :m =m:b, then m = vab is the mean proportional between
a and b,

22 [ [+

Ifg=c—lm}=---=k,then
poatetet o patgotret--.
S bAoA phtgdtof e

185




186 Formulas from Aléebra
3. VARIATION

If y varies directly as x, then y = k. (5 = constant)
If y varies inversely as %, then y = k.

»
If y varies jointly as = and z, then y = kze.

If y varies directly as = and inversely as 2, then Yy = ke .
z

4, COMPLEX NUMBERS

i=v -1, 2= -1, B = —4, =1, =4 oatc
=1 Pt = g et = —1, PP = —4 (paninteger)

Ifa + bi = 0, then ¢ = b = 0, and conversely.
Ifa + bi = ¢ -} di, then @ = ¢, b = d, and conversely.

(@+b) -+ (c+di) = (@at+e)+ (b+a)y
(@+bi) ~ (c+di) = (a—e) + (b — &)

(@ + bi) (e + di) = (aec — bd) + (ad + be)d
a-+bi (a+bi)e—di) ac4bd  be—ad,
ctdi @td)e—d) A& cta’

Polar form: &+ bi = r{cos a -} £8in &),
where » = mtana=£-

Let A = r(cos a 4 ¢ sin a),JB = R(cos B | ¢sin§). Then
A+ B = rRfcos (e + ) -} i sin (a%ﬁ)]

A 7

7 = pleos (@ — B) + ¢sin (a — B)]
A" = p[cos na + 7 sin nal
1360° k360°
Atin = giin [cosa_-f'_;_?ﬁ_ T+ isin%] JE=0,1,2 o m—1
5. RADICALS

If Re = A, then R is a gth root of 4. The principal gth root is denoted
by VA. ' '

o— positive if A is positive
VA4 is { negative if A is negative and ¢ odd
imaginary if A is negative and ¢ even,
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. { aifa = 0

<

a? = aifa < 0 and g odd
—aif ¢ < 0 and g even

g g v
Va Vb= Vab (Except fora < 0, b < 0, and g even,
ala  Va For this case, use the rules given

b 3 above for complex numbers,)

6. EXPONENTS
If p is a positive integer, a* = a-a-a - - - to p factors.

a® =1 (a0) a,—"=a'lri arlt = Var = (Va)r

am. gt = gwin (ab)n = gnhn
a\" a®
Mmoo i — gn s _
wrman=a o\ T
(am)n = gmn

7. LOGARITHMS

Let M, N, bbe positiveand b #£ 1. Then
loge M - N = loge M + loge N

74
logbliﬁ = logy M — log, N
logy M* = k logs 3
logy, VA = élogb M

logrb =1 logp1 =0 ploes 3 — af

log, &
logs @

logip M = 0.43429 log, M

log, Af = logy M - log, b =
log. M = 2.3026 loge M

Rule for the characteristics of common logarithms:  The characteristic of the
logarithm of N is numerically equal to the number of digils between the
reference position of the decimal point and iis actual position tn N, It is
positive or negative according as the decimal point is to the right or left of the
reference position, (The reference position of a decimal point is im-
mediately lo the right of the first nonzero digit in the number.)




188 Formulas from Algebra
8. QUADRATIC EQUATIONS
Letry, rsbe therootsof az2 -+ be +¢ =0 (2 52 0). Then

—b &+ Vb — dac
2a

.

b
T, T = 7y + g == o= a'- PPy =

¢
| a
If @, b, ¢ ave veal and

b* — dac > 0, the roots are real and unequal;

b* — 4dac = 0, the roots are real and equal;

b® — dac < 0, the roots are imaginary and unequal,
If @, b, ¢ are rational and

b® — dac = a perfect square, the rools are rational;

b* — 4dac # a perfect square, the roots are irrational,
9. FACTORIALS
n!=[§=1-2-3---n nl=n-{n— 1)

Stirling’s approximation: nl = V' 2qn gre—n

2 1) nti4
Forsyth’s approximation: nl = V2 {_@
[

11 1
log, nl= z o log, v 2z —n4— — —_
ogenl= (v ) Jogo ntloge V2m—n b o — st oo

"
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n nCO nCl nC2 nC"ﬁ 504 nCE ﬂC6 nc‘f nCS n09 nCID

1{1 1 ..

211 2 1 i

3] 1 3 3 i van

411 4 6 4 i .

511 b 10 i0 5 1 .

611 6 15 20 16 6 1] ...

711 7 21 85 35 21 i 1 ..

g§11 8 28 56 70 56 28 8 1 .

911 9 36 84 | 126 | 126 84 36 9 1 .
1011 10 - 45 120 | 210 | 252 | 210 120 45 16 1

3= 6
4t = 24
51 = 120
6! = 720

b
=]
<
[
o]
]

121 = 479,001,600
131 = 6,227,020,800

87,178,201,200
1,307,674,368,000
20,022,789,888,000

* 855,687,428,096,000
18! 6,402,373,705,728,000
19F = 121,645,100,408,832,000
201 = 2,432,902,008, 176,640,000

LI | O O

10. THE BINOMIAL THEOREM

If n is & positive integer,

4+ =a + Loty 4 O P oo Oy
h o - n! _afn—1D{n-2)---(n—r4 1)
where N T 1:2:3.-.¢

is equal to the number of combinations of n distinet objects taking them

r at a time,

nOO = nCn =]

nCr = r,Cn—fc

Note in the preceding table that each number, plus the number on its

. left, is equal to the number next below.,

nCD+n01+nC2+"‘+uOnﬁ2"

nCO - ncl -+ wls — oo + (_I)ann = {
nCB + n-z-lcl + n+2c2 + trt + n+r.cr = n+r-|-10r
! (Co)E -+ GO+ (22t -+ -+ (bCh)? = 2nCe

zCn + zCnul v ycl -+ zcu—z . ygz o + nd = :r-i-nd
11. PROGRESSIONS

Tetl = the nth term, 8§ = the sum of » terms,

Arithmetical progression: ¢, & + d, a + 2d, - - -
n n
I=a+ (n—1)d S=§(a+l)=§{2a+(n—-1)d}
Geometrical progression: a, ar, ar? e

m—=1 yl—a
r—1 71

[ = ar1 S=a

Ifr <1, lim S =

n—wn 1 —-7T

192. INTERPOLATION

Let Ua, Us, U, + - - denote the values of the funetion U, for & = q,
b,c, -+, andlet
Uz.[_Eh - 2Uz+h + Uz

B

AU, = g_{ﬂ;gf A2, = A(AT,) = , ete.

h ?
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Lagrange’s interpolation formula for nonequidistant ordinates:

_ g =tz —e) - (w—n) @—a)e—c) (6 —n)
UzmUc(a—b)(a,—-é:)-“(aﬁn)-iﬂ b(b—a)(bﬁc)---(b_n)

(:cﬁa)(:c—b)---(rc——m)
+'”+U"(n—a)(n—*b)---(n—Hm)

Newton’s interpolation formula for equidistant ordinates:

o(k — k(b — ) (s — 2
Uass = U+ kAU, + 5@2—11—”)&0“ + i——‘;_f’"—ﬁ‘)mm +

Simple interpolation: For interpolation in the tables of this book,
sufficient accuracy may be obtained by using Newton’s formula to first
differsnces. Then

Ua-;-h - Ua Ua+k - Ua
atl = n p-—— k= h— 2
Uy U+ & W L Uone U,

13. PRIME NUMBERS

A prime number is 8 number greater than 1 which is not exactly
divisible by any number except itself and unity, The number of primes
is infinite,

If p is a prime number and N is prime to p, then N#t — 1 is a
multiple of p.  (Fermat’s Theorem.)

If pisa prime number, then 1 4 (» — 1! is divisible by .
(Wilson’s Theorem.)

SHORT TABLE OF PRIME NUMBERS

2 53 127 199 283 383 467 577 661 769  8y7 983
3 59 13t 211 293 380 479 b8Y 673 773 831 901
5 61 137 223 307 897 487 503 677 787 883 997
7 67 139 227 311 401 491 509 683 797 887 1000
11 717 149 220 313 409 409 601 691 809 907 1013
13 73 151 233 317 419 503 607 Y01 811 911 1019
17 79 157 239 331 421 09 613 70O 821 919 1021
19 83 163 241 337 431 52 617 719 823 920 1031
23 8% 167 251 347 433 523 619 727 827 937 1033
29 97 1V3 257 349 430 541 631 733 820 941 1030
3L 101 179 263 353 443 H47 641 739 839 47 1049
37 108 181 260 859 440 657 643 743 853 083 1051
41 107 191 2l 367 457 563 647 751 857 067 1061
43 109 193 277 373 461  5ao 653 757 859 971 1083
47 113 197 281 379 463 B71 659 761 883 977 1069

Formulas from Geometry

In the following, K = area, r = radius of the inscribed
circle, R = radius of the circumseribed circle, § = lateral area,
T = total area, and ¥V = volume.

1. RIGHT TRIANGLE

A+B=0C=090° B
A4+ B+ C=180°
; 62=a2+b2 C a
a=v(¢+ be—b)
= X ,.___‘IL_, e 1 A o c
K = fab lma—i—b—l—c B =23

2, EQUILATERAL TRIANGLE
4d=B=C=60
A4+ B+ C = 180°

> dur)

!

i

]

V3 V3 |

= K=-—"a

h 20', n é

t

a a i

e m B o ;
! 2Vv3 V3 A a C

3. OBLIQUE TRIANGLE

A+ B4 O = 180°
h=c¢sind = gsin ¢
K = 3bh = kebsin ¢ = Lbesin A

K=vV's(s—a)(s—b)(s—0),
s=%{a-}-b+¢c)

w

1
]
]
I
1
i
L]
[
I
1
1
3
Il
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4. RECTANGLE ' -~
d=+va+ b K = ab e

5. PARALLELOGRAM
a4 8= 180°

h=asine = asinp

K = bh = absina = absin 8

6, TRAPEZOID
K = 3{a -+ i

7. REGULAR POLYGOM OF n SIDES
Let @ = length of each side, § = one of the equal angles.

n—2 ° °
g = ( ) 180° a = 2r tan 1807 _ 2R sin 150
n " n

a  180° e 180°
7= —-¢f =5

2 i n R 2 ose n

o 0 . 2
K = ina? cin = nr? tan —— = jnR?sin

7

8. CIRCLE

7.

Let B = radius, D = diameter, (' = eircumference.

O =2z =D
K = «R? = 3zD? = (78543

2
C=2wai=% K=Q=%CR

4

9. SECTOR AND SEGMENT OF A CIRCLE

Let @ = central angle in radians
(0 <w), and s = length of arc sub-
tended hy 6.

(r = 314159 -..)

h=R~d
s = Reé

d=RK —1h
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d=Rcosif = cctn i .
= }ViRE — ¢
c=2R sin 30 = 2d tan 40 = 2VR: — @ = ‘\/4?1,.(218 — k)

d .
ES = 2 Arecos % = 2 Arctan é = 2 Arcsin 5%

K {sector) = %
K (segment) = R0 — sin ) = 2(Rs — cd)

= R? Arccosg —dVR:— &

10. AREA OF PLANE FIGURE BY
APPROXIMATION

Divide the plane avea into » strips by
the equidistant parallel chords o, ¥,
Yo, * + o, ¥a (yo and y. may be zero), and
let % denote the common distance be-
tween them. Then, approximately,

Trapezoidal Rule:
K=aGgtmntwtyst -+ g+ )

Also, if n is even,

Simpson’s Rule:
K =3y + 4y -+ 20 + 495 4+ 290+« -+ s -+ ¥

11. CUBE

Let - « = length of each side,
T = 6a? Diagonal of face = a2
V=a? Diagonal of cube = ay/ 3

12. RECTANGULAR lPARALLELEP!PED
Let a, b, ¢ be the lengths of the sides.
' T = 2(ab + ac + be) V = abe
Diagonal = Va? + b? + ¢
13. PRISM OR CYLINDER
S = (perimeter of right section} X (lateral edge)
V = (area of right section) X (lateral edge)

= (area of base) X (altitude)
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14. RIGHT CIRCULAR CYLINDER .
Let B = radius of base and h = altitude.
S = 2zRh V = zR%
15. PYRAMID OR CONE
V = §(area of base) X (altitude)
S(regular pyramid) = 1(perimeter of base) X (slant height)
16. RIGHT CIRCULAR CONE
Let B = radius of base and & = altitude.
S=aRVR+h V = izR%
17, FRUSTUM OF REGULAR PYRAMID OR CONE
Let b, B = areas of the bases and b = altitude.
S = (sum of perimeters of bases) X (slant height)
V = b + B + VbB)
18. PRISMATOID
Let b, B = areas of bases, M = area of midseetion, b = altitude.
V = sh(b+ B+ 4M)
19. REGULAR POLYHEDRA OF EDGE a

Name Nature of Surface Tatal Area Volume
Tetrahedron 4 equilateral triaﬁgtes 1.73205a2 0.11785a%
Hexahedron (cube) 6 squares 6.00000a® 1.00000qa°
Octahedron 8 equilateral triangles 3.46410a? 0.471404?
Dodecahedron 12 pentagons 20.64573a2 7.66312a3
Tcosahedron 20 equilateral triangles 8.660254 2,18170a%

20. SPHERE

Let R = radius, D = diameter, and = altitude of seg‘ment ot zone.
8 = drR? = aD V = 4zl = iaD?

S(zone) = 2xRh = xDh
V (spherical sector) = 27R% = LaD%h

¥ (spherical segment, one base of radius a)
= 3wh?(BR — k) = yrh(3a® 1 1?)

V (spherical segment, two bases of radii « and b) = iwh(3a? 4 357 4 12)

21. CIRCULAR TORUS
S = 4nRy
V = 2z

t

Formulas from Geometry 195

99, THEOREMS OF PAPPUS _ .

1. The avrea of a surface generated by revolving a plane curve about
an external axis in its plane is equal to the produet of the length of the
curve and the length of the circumference of the circle described by its
center of gravity.

2. The volume of a solid generated by revolving a plane area about
awr external axis in its plane is equal to the product of the area and the
length of the circumference of the cirele described by its eenter of gravity.

93, CENTROIDS
If a body has a center of symmetry, that point is the centroid.
If a body has an axis of symmetry, the centroid lies on that axis.

Body Location of Ceniroid
Triangle ‘ Intersection of medians
Rectangle Intersection of diagonals
Quadrilateral Triseet each side and consfruet a

parallclogram  with sides passing
through pairs of adjacent third-points.
The intersection of ils diagonals is the
-desired cenfroid.

4r
Distance from diameter = s
w

Area of semicirele of radius r

2r
Arc of semicirele of radius r Distance from diameter = -

.

Aren, of semiellipse of altitude i Distance from base = 2

"

Ares of parabolic segment of altitude 2 Distance from hase = %k

Volume of right eireular cone Distance from base = Ik
Volume of hemisphere of radius r Distance from center of sphere = §r

Distance from base = A

Volume of paraboloid of altitude 2




Formulas from Trigonometry

1. THE TRIGONOMETRIC FUNCTIONS
In the right triangle 4 BC,

a
sinA=— csed=— B
¢
b C
cosd = - sec A=" a
¢ b
a b A G
tan A= — cin A= - b
b a
exsec A = seed —1 versAd= 1—cos A
covers A = 1 —sin 4 hav A= vers A
9. THE SIGNS OF THE FUNCTIONS
Quadrant sin cos lan cin see ese
1 + + + + + +
iI + — - — - -+
1t - - + + - -
v — -+ - - + -
3, FUNCTIONS OF SPECIAL ANGLES
sin €08 fan ein sce esc

0°
30°
45°
60°
a0°
120°
13h°
150°
180°
270°

0

1 0
1/2 A/3/2 1/v3 A3 2/7/3 2
1

1/v2 | 1/V2 1 V2 V2
372 1/2 V3 1/V3 2 2/V3
1 0 0 1
379 —1/2 -3 | ~1/v3 -2 2/4/3
12 | —14/2 -1 —+/2 Ve

-1
1/2 V2| -1V3 ] VB | —2V3 2
0 -1 0 1
-1 0 0 -1

‘ sin?@ + cos?f =1
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4, REDUCTION FORMULAS

sing = - cos (8 — 90°) = — sin (§ — 180°) = — cos (9 — 270°)
cosf = — sin ( — 90°) = — cos (0 — 180°) = -+ sin (9 — 270°)
tand = — ctn (¢ — 90°) = -} tan (§ — 180°) = — ctn (0 — 270°)
ctnf = — tan (§ — 90°) = 4 ctn (¢ — 180°) = — tan (@ — 270°)
sec 0 = — esc (0 — 90°) = — sec (0 — 180°) = + esc (0 — 270°)
esc® = +see (0 — 90°) = — ese (@ — 180°) = — sec (8 — 270°)
5. REDUCTION FORMULAS (continved)
sin cos tan ein sec csc‘"‘
— 4 —sin@ -+ cos 0 — tan ¢ —ctn @ + sec o — s 6
20° 4- ¢ + cos @ — sin g —ctn @ — tan 8 —ese + sec o
90° — ¢ + cos @ + sin 0 + ctn g -+ tan @ -+ csc @ + sec o
180° + ¢ — sin @ - gos ¥ + tan g 4 ctu 8 - sec — ¢scd
180° — ¢ 4+ sing — cos @ — tan # —ectn @ —secd + csc @
270° -8 — cos @ + sin 8 - ¢tn ¢ — tan @ + esc 9 — gecd
276° — @ — cos ~ sin @ + ctn 8 + tan ¢ — cse d — sped
360° -8 +sing |-+ coso + tan @ + ctn o - secd + csc @
360° — ¢ — 5in § + cos @ — tan @ — efn @ + sec @ — csc @

6. FUNDAMENTAL IDENTITIES

(Where a double sign oceurs, the choice depends upon the quadrant
in which the angle is located.)

tanfdctngd =1
1+ etn?8 = cse?g

cosfisecd =1

1 4 tan® 8 = sec?

sinfecscd = 1

tan g = %;_i ctn # = g:fniz- tan? @ = i—_i_%:j:—;g
sin? @ = (1 — cos 20) cos? @ = 3(1 + cos 29)
sind g = -%(3 sin g — sin 36) cos® 8 = 1(3 cos @ + cos 36)
sin*§ = (3 — 4 cos 20 + cos 40) cos' 0 = §(3 + 4 cos 20 - cos 46)
sin 20 = 2 sin 0 cos 4 =M
1 4 tan?9
cos 20 = cos?@ — sin?f = 2cos?f — 1 =1 — 2gin%g = %l—i%g
2tan g ctn?f — 1
tan20:m -ctn?ﬂ-——m——zcma
5in 3¢ = 3sin@ — 4sin®p cos 3¢ = 4 cos*f — 3 eosd
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sin 40 = 4 sin 8 cos § — 8 sin?f cos 0

cos 4l = Bcos*d — 8cos?d -1

Y 2
fan 16 = -1 /lu-cos&:IHcosB: sin @
14 cost sin f 14 cosé@
ctn 10 = =& /1-{—903«931—|—cosﬂ= sin ¢
1 — cosé sin @ 1 — cost

sin (@ + B} == sin & cos § -}- cos a sin 8

cos (@ -+ 8) = cosacos § — sin a sin

tan a + tan 8

tan (o + = —
(@+6) 1 —tan e tan g otn (a + £) = ct.nﬁ—}—et;ae_
sin (@ — 8) = sinacosf — cosasing
cos {@ — B) = cos @ eos 8 + sin a sin 8
tan (o — ) = tan o — tan g cin (o — ) = ctn Betne -} 1

1+ tan o tan 8
sin & + sin 8 = 2sin $ (o + £) cos L (e — B)
sina — sin 8 = 2 cos (e + B) sin £{a — B)
cosa + cos 8 = 2 cos 3(a + B) cos t{a — )

cosa — cos 8 = —2sin ${a + B) sin L {x — B)

ctnff — ctna

sin (& -+ B) sin (@ — B) = sina — sin®B = cos? @ — cos? e
08 (a -+ B) cos (o — B) = cos? e — sin? B = cos? B — sin? e
sin {a + B8) + sin (@ — B) = Zsin«cos B
sin (& + ) — sin {@ — B) = 2 cos e sin 8

cos {a + B) + cos (@ — ) = 2cosacosf

cos (@ + B) — cos (@ — ) = —2sinasing

fan o + tan g = SR (@8 o — tan g < (@ —p)
cos o cos 8 tan e — tan cos o ¢os 8

ot o - otn _ sin (@ +8) _ __sin (8 ~ a)
s sin « sin 8 ol ctn.ﬁ "~ sin e sin 8

sine+sing  tani(a - B)

site —sinf  tan il —8)

sin « + sin g8
—————— = ¢tn (8 —
cos a - ¢os f3 36— )

cos 30 = :i:,/ﬁli;i‘sa

et fetne — 1
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sine —sinf§

sin « -+ sin 8
= tan 1 = tan (o —
cos & + cos 8 Bt ) cose Foosf PO
&% = cos &+ ¢ sin & =+ —1)
ex'z . e—-fx 7 8'.3 + e_‘.z
nap e ——— cos = ———
B 2 2

) eizme—-l': . czix_]_
tanz = — ¢ & e )T T N\EE L1

7. EQUIVALENT EXPRESSIONS FOR SIN g, COS g, AND TAN ¢

sin 8= =41 —cos? § == tan 8 _ 1 _i\/é&?i’e——-l
+V14tan?0 £V 1J-ctn? sec @

i l—cos 20 _ .
= =qos f tan 8=:l:\/w—-:2 sin £0 cos 36
cse 2

1 _ ctn _ 1
£V 14tan?0 4=V 1+4cin?g secé

A=A esctf—1 1 29 )
=-—mﬁig——=sm ¢ ctn §= :I:\/wﬂ:—qs—=cos2 30 —sin® 30
ose

cos 0=+ 1—sin 6

sin 6 +4/1—cos® @ i
= = =44/gectd—1
441 —gin2 g cos & cin @

_ 1 _sinB_ sin 20 .ﬂl—eos%_:l:\/m
_:I:N/cscaa—l cos & 1+00328_ sin 2¢ 1+4cos 28

8. RADIAN MEASURE

A radian is an angle which, if its vertex is placed at the center of a
circle, intercepts an arc equal in length to the radius.

tan #=

[ 1 ©
1° = -~ radians 1 radian = ®

180° = 7 radians 180 e

1° = 001745 32925 radian
1’ = 0.00029 08882 radian
17 = 0.00000 48481 radian
1 radian = 57.20577 95131°
= §7° 17’ 44.80625"

Approximately,
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Degrees Radians Degrees Radians Degrecs Radians
30 x/6 135 3n/d . 270 3w /2
45 /4 150 Hm /6 300 Hw /3
60 w/3 210 Vet 315 T=fd
G0 =/2 225 bx/4 330 11=/6
120 273 240 4 /3 360 2
9. THE MIL SYSIEM OF ANGULAR MEASURE
1600 mils = 90° 1000 mils = 56.25°
1 mil = 0.05625° = 3.3756' = 202.5”
1° = 17.777778 mils 1 mil = .00098175 radian
1 = 0.296296 mil 1 radian = 1018.6 mils

The length

of the arc or chord subtended on the circumference of a

cirele of radius r by a small central angle 8 measured in mils is, ap-

proximately,

10. PLAME TRIANGLE FORMULAS

In the following, A, B, € represent the angles of any plane triangle,
, b, ¢ the corresponding opposite sides, ands = (e + b+ ¢).

Radius of the inseribed cirele:

TﬁJ@—@@ﬁm@~@

S

Radius of the circumscribed cirele:

_ a _ b _ ¢
T 9sind  2snB  2sinC

Law of sines:

a b ¢
sind sinB  sinC

Law of cosines:

a?

b?.

B4 — o

= b 4 ¢ — 2hocos A c«:)sA=_i_i
2be

2 2_b2

C 4 —fmesB  eosB =t 2
2a¢

a4+ b — ¢

= g? -}- b — 2ab c ;O =
a? -+ Va cos cos %ab
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Law of tangents:

g-ﬂbﬁtan%(A—B) b—c=tan-§-(l}’m0)
a+b tan (A + B) b+c¢ tand(B+C)
' a—c¢ tan}(d —O)
a+ec tani(d +C)
Half-angle formulas:
r P 7
tan%A:s—a t.an%st_b tan § zs—c
) {s — b)(s — ¢) i /s(s - @)
sin £4 = be cos 3A = [T
; (s — a)(s —¢) B s(s — b)
sin $B = T e cos 1B = ”
o (s — a)(s — b) cos 1 = s(s —¢)
sz ab ? ab
Area:

K = labsin ¢ = $acsin B = 3be sin A

a’sin Bsin ¢ b? sinCsind ¢ sin A sin B

K=

2sin 4 2sin B 2sin ¢
. abe
K =Vs(s—a)s—b(s—¢)=718 K = 1r
Newton’s formulas:
a—!—bﬁcos%(A—B) a+c=cos%(11—(])
e sin & b sin £8B
b+c cos3(B— )
a sin 24
Mollweide's formulas:
a_b_sin%(fl—B) a—czsin%(A—C)
e cos 3C b cos 3B

b—*c__sin%-(B—C')

a

cos £4

201
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11, SUMMARY OF THE SOLUTION OF OBLIQUE TRIANGLES

Nonloga-
Given rithmic
Solulion

Logarithmic

Solution Check Area

Two angles Newton’s formula,

Lasw of Law of atsin Bsin ¢

and . . or law of "
one side BInes sines tangents 2sin 4
: I .
Two sxdf;s Law of Law of tan- | Newton's formula, absin
ang their . gents, then or law of
. cosines . . 2
included angle law of sines sines

Law of |Tangenis of

Three sides cosines | half angles A+ B4 C = 180°4/s(s — a)(s — b)(s — ©)
. T cor ?
Twosides |y = ofl Tawof | ewiows formuta, ab sin ¢
and an . . or law of
. sines sines 2
opposite angle tangents

12, INVERSE TRIGONOMETRIC FUNCTIONS

Principal values:

—ggArcsina;gir’ —1=z=1
T < Arctanw < =
—= efan & < — —o0 <
5 retan x 2: <e < o
0 = Arccosz £ m, —I1=2ez=1
0 < Arcetn 2 < =, — < << 0
0§A1-cseca:<gs c=1

o
mvréArcsec:c<—§: z=—1

7r L]
0<A1‘ccsc:c_§§: z=1

ki
-—7r<A1‘ccsca:§—§; = —1

Nole: There is disagreement on the definitions of the principal values
of arccén z, arcsec , and arcesc @ for negative values of .

Tundamental identities involving principal values:

Aresin z + Avceos x =

Arctan @ + Arcetnz =

Ry NS
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I & =Arcsin 2, then
in 6 tan § = ——— 6006 =
smé = an ¢ = o =
A1 — a? V1 — 2
1 —at i
2050 = V1 —a&? ctn6=-‘\i~;—q’— cscB=;
If § = Arccos «, then
A1 — @t 1
sinfg =1 — a tanﬂ=——;j— secﬂ=;c
tn 0 ° 8 !
osfd = = c¢tn f = ——— esel = ————
¢ Vi@ Vit @
If 6 = Aretan z, then
sin ¢ = ——— tand = o gecf = v1 422
A1+ a?
.\/1 .2
! ctn @ = 1 cscf = ﬁ—

eosf = ———
A1+ a? ® %

13. SPHERICAL TRIANGLE FORMULAS

In the following, 4, B, € represent the angles of any spherical triangle,
a, b, ¢ the corresponding opposite sides, S = 3(4 4+ B - ), and
s =3+ b+ e).

Napier's rules, ¢ = 80

1. The sine of any middle part is
equal o the product of the tangents of the
adjacent parts.

2. The sine of any middle part is equal
to the product of the cosines of the op-
posile parts.

Law of sines:
sin @ gsin b sin ¢

snd  snB sinC
Law of cosines for sides:
cos @ = cos b cos ¢ + sin bsin ¢ cos A
cos b = cos a cos ¢ -+ sin a sin ¢ cos B
cos e — cos & eos b + sin a sin b cos C
Law of cosines for angles:
cos A = —cos B cosC + sin Bsin Ccos e
cosB = —cos A cosC + sin A sin Ccosd

cos (f == —cos A cos B -} sin A sin Beose
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Law of tangents:

tani(d — B) _ tan $(a — b) tan (A — C)  tani(a — ¢)

tan (4 -+ B)  tani(e + b) tand(Ad + C)  tani(a + c)
tan 3(B — ) _ tan £ - ¢)
tan (B + C)  tani(b + ¢)

Half-angle formulas:

I \
tangd = — " pnip—_ P 1ok
sin (s — a) ? sin (s — b) tan 3¢ = sin (s — ¢)

i sin (s — @) sin (s — b) sin (s — ¢)
sin &

where

Hall-side formulas:
tan 3a = K cos (S — A) tan b = K cos (S — B)
tan 3¢ = K cos (S — )
—cos §
cos (S — A) cos (S — B) cos (S — <)
Napier's analogies:
sin 3(4 — B) _ tand(a — b)

where I =

sinz{e —b) tani(d — B)

sin 3(4 + B)  tan k¢ sing(a-+b)  ctniC
cos (A — B) _ tan (e + b) cosi(a —b) tani(A + B)
cos 3 (4 -+ B) tan Ze¢ cosf{a + b) = ctn 3¢

Gauss’s formulas:
sin (¢ — b) __sin3(4 — B)

sin 3 (e + &) _ cos 34 — B)

sin 3¢ cos 3C ' sin ic sin ('
cos 3 (@ — b) _ sin3(d + B) cosi(a+b) cosi(d + B)

cos ¢ cos 30 cos e sin ¢
The law of speeies:
LIA>B>C thena>b>e.
2. Half the sum of any two sides and half the sum of the opposite
angles are of the same species.
3. A side (angle) which differs from 90° more than another side
(angle) does is of the same species as its opposite angle (side),
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14. SUMMARY OF THE SOLUTION OF SPHERICAL TRIANGLES

Given Solution Check

Three sides Half-angle formulas Law of sines
Three angles Hulf-side formulas Law of sines
Two sides and theiriNapier's analogies {find sum and difference of Gauss's forn ula
included angle unknown angles), then law of sines * !
Two angles and their|Napier's analogies (find sum and difference of )
. . . . Gauss’s formula
included side unknown sides), then law of sines _
Two sides and an op- . T . ,

. Law of sines, then Napier’s analogies Gauss’s formula
posite angle
Two angles and an Law of sines, then Napier's analogies Gauss’s formula

opposite side

15. HAVERSINES
havd = L vers8 = 3(1 — cos §) = sin® 6
hav(— 8} = hav ¢
hav (180° — ) = hav (180° -}- ) = 1 — hav @
Let A, B, ¢ be the angles of a spherical triangle, @, b, ¢ the correspond-
ing opposite sides, ands = 3{¢ + & + ¢). Then
hav a = hav (b — ¢) + sin bsin chav 4
sin (s — &) sin (s — ¢)
sin b sin ¢

hav 4

1

havea — hav (b — ¢)
sin b sin ¢

= hav [180° — (B - €)] + sin B sin C hav o




. er — g~
ginh 2 =
2
61: e—z
cosh 22 = +
2
f 6—2
tanh z =
e e

sinh (—z) = —sinh 2
cosh (—z) = cosh x
tanh (—2) = —tanha

cosh?z — ginh?z = 1
tanh® x + sechfa = 1

ctnh?a — esch?z = 1

Hyperbolic Functions

i
escha = —
sinh 2
sechz = 1
" cosh 2
ctnh z = !
tanh z

ctnh {—x) = —ctnh

sech {(—a) = sech z

cech (—2) = —esch
cosh z
ctnh & = —
sinh z

sinh? x = (cosh 2z — 1)
cosh? x = 3 (cosh 2z 4 1)

csch? z — sech?x = csch?z sech?zx

sinh (z + y) = sinh @ cosh y + cosh x sinh y
cosh (% -+ y) = cosh % cosh y + sinh xsinh y.
sinh (z — y) = sinh % cosh ¥y — cosh x sinh ¢
cosh (x — ¢) = cosh @ cosh y — sinh x sinh ¥

tanh z -} tanh y
1 + tanh z tanh ¥

sinh (@ 4+ y) 4 sinh (¢ — 9) = 2sinh 2 coshy
sh}ll (z + y) — sinh (v — y) = 2 cosh x sinh y
cosh (& 4 y) + cosh (& — y) = 2 eosh z cosh y

tanh » — tanh y
1 — tanh @ tanh ¥

tanh (v + y) = tanh (z — ) =

cosh (w + %) — cosh (# — ) = 2sinh zsinh y
206 :
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sinh (# + y) sinh (z — y) = sinh? & — sinh? y = cosh®x — cosh®y
cosh (2 + ) cosh (& — y) = sinh®@ |- cosh? y = cosh? z + sinh?y
sinh # 4 sinh ¥ = 2 sinh $(z 4 ) cosh 3 (& — ¥)
sinh x — sinh y = 2 cosh 4(z 4 y) sinh 3 (z — )
cosh -+ coshy = 2cosh 3(x + ) cosh §(z — ¥)
coshx — coshy = 2sinh 3(z + %) sinh §(x — y)
sinh 32 = 3sinh 2 + 4 sinh® &

cosh 32 = 4 cosh® 2z — 3 cosh

sinh 22 = 2 sinh z cosh x

cosh 22 = cosh®z + sinh®x

2 2 tanh x . tanh 3z — 3 tanh z - tanh®a
tankh $—1+tanh2:ﬂ ‘ 1 4 3 tanh?z
sinh 3z == i\/%(cosh z— 1) cosh 4z =V 3{cosh & + 1)
tanh o = coshx — 1 sinh 2
aMhE® = T mhe | coshm + 1
1 . -1
sinh—'z = log, (& -+ Va? +1) ctnh—1 2z = log, p—
(22 > 1)
—_— 1+vVI1 — &
cosh—1 & = loz, (2 &= Va? — 1) sech~' 2 = log, (—m—ag—’a)
(=1 ©<z=1l)
1+ = _ 1 1
tanh“l:c=%logg(1“$) csch 1::3*—*10@(;—[—,‘,1—1—;;
@<l
sinhfz = tsinzx sinhz = —%siniz
eosh 7w = cos & cosh = cos ix
tanh iz = ¢fana tanh z = —% tan éx

sinh (z 4+ 4y) = sinhx cosy + ¢ cosh & sin y
cosh (z -+ 9y) = cosh2 cosy + isinhwsiny
sinh (x — #y) = sinhx cosy — {coshasiny
cosh (& — #y) == coshx cos y — i sinh & siny
cosh {# + 4mi) = isinh &

cosh (x + «i) = — coshz

sinh (2 -+ 3mi) = ¢ cosh z
ginh (z + wf) = — sinhw

sinh (¢ 4+ 2xf) = sinh cosh (z 4+ 2mi) = coshx
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To reduce Az + By + € = 0 1o the normal {orm, divide the mem-

bers of the equation by £V A% & B2, Choose the sign of the radical
opposite to that of ¢. 1f ¢ = 0, choose the sign to be the same as the

F I F I sign of B.
ormulas from Plane LG otwP , _AntBptC
. Distance from Az + By = Uto T VAT B
Analytic Geometry
3. CIRCLES
In the following § s P 1 Center at origin, radius 1 a? + o =1
n the following formulas P; has the coordinates (wyy) and P, has : . 24 (y — k)=t
the coordinates (2sys). o * Center ab (), radius r: (@— kP4 (g — k) =7
. 3 4% I F=0
1. POINTS AND SLOPES Cieneral form: Aa? - Ayt 4 Do+ By +
Length of segment P Ps: d=+(a — 22+ O — y2)? 4. PARABOLAS (e = 1)
" . _ . ) . f = p, length of the latus
Point dividing P,P, in yatio” : g =0 + 5w , g TS + sin Distance from the vertex to the focus = P,
s r+s rt+s rectum = 4p. )
' .. . 2 =
Midpoint of P,Py: g=tmtw), ¥=>3-+w Vertex at origin, focus at (p,0): ot = 4dp
Fow ot . a2 = dpy
Slope of PP . "t Vertex at origin, focus at ©,p) e B
T — Ty Vertex at (hk), focus at (b - Pk (y — k) =4p
) _. ‘ e ot (D I : (x — h)? = dply — k)
Angle between two lines: tang — M m Vertex at (bk), focus at (&, +7) 2 =0
1+ g ' General form, axis paralle] to F-axis! Cp+Dat+EBy+F =
For parallel lines, = General form, axis parallel to y-axis: A 4Dz +Ey+F =0
- Der : . or .
' For perpendicular lines, mymy = — 1, . y = az? + br -+ ¢
Area of triangle P1P:P; = +(mas + @ays + Tty — Talfs — ot — Zal). .
General form, axis oblique to z~ and y-axes:
2. STRAIGHT LINES F=0
. . ‘ Az Bay + G2+ De+ By + 1=
Line parallel to the y-axis: z=Fh (B — 44C = 0)
Line parallel to the z-axis: y=k
. SES (e < 1)
Point-slope form: e e 5. ELLIP . .
Hb-siope for y = e — ) Length of major axis = 2, length of minor axis = 25, length of
Slope-intercept form: = mz . S
b y=met+b latus recbum = Gl , distance from center to cither focus = V& — V%,
Two-point form: voun_%"h PR
T — % T — W o Ve -8
eccentricity = a
Intercept form: . % + % =1 . 2y L
. ¢ Clenter at origin, foci on x-axis: 2y
Normal form: zeosw -+ y sinw =p . N
. AN A
General form: Az By+C=0 Center at orvigin, foci on y-axis: e

208
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(z — h)? (y — k)2
2 + b‘g i

Center at (h,k), major axis parallet to @w—ny  (y—EF
y-axis: T g

Center at (hk), major axis parallel to
r-axis:

1

General form, axes parallel fo 2- and y-axes:
A2+ CyP 4+ D+ By +F =0 (4C > 0)
General form, axes oblique to z- and y-axes:
A+ Bay+ 0y +-De+ By +F =0
(B? — 440 < 0)
6, HYPERBOLAS (e > 1)

Length of transverse axis = 2a, length of conjugate axis = 2b,
2

2b
length of latus rectum = Pt distance from center to either focus

—_ o AVa? - bR
= Va? + B?, eceentricity = Ve -y,
a

- . . 2t g
Center at origin, foci on z-axis: —— =]

e b

. . . ¥t
Center at origin, foci on y-axis: % —— = ]

a b

Center at origin, x- and y-axes as asymptotes: ay =¢

Center at (h,k), transverse axis ( — R (y — k) _

paraliel to x-axis: a B2 1
Center at (h,k), transverse axis -k (@-—-h_ 1
parallel to y-axis: a - B2 =

General form, axes parallel to 2- and y-axes:
A+ Cyt+ D+ Ey+F =0 (4C < 0)
General form, axes oblique to z- and y-axes:
A+ Bay +Cy*+ D+ Ey+F =0
(B* — 4AC > 0)

7, TRANSFORMATION OF COORDINATES

{Coordinates of the new origin in

e ol
Translation: {x - + ]f' terms of the old coordinates
s YEE )

Rofation: & = ' eosl — y sind [The &'-axis makes an angle
‘ "y =2a"sind + y cos o 8 with the x-axis.}
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To remove the ay-term from the equation Az 4 Bay + Cyt -+ Dz +

. By + F = 0, rotate the axes through the acute angle arctan m, where

m is the positive root of

Bm? + 2(4 — Cym — B = 0.

8. TANGENTS

The slope m of the tangent line may be obtg'med by differenti-ation,
or by substituting the coordinates of the point of tangency in the
follewing equations of tangent lines.

| = mz + 2
To the parabola y* = 4px: y = n o

' o — 2
To the parabola a? = 4py: Yy = mx — P

To the circle a? + 3% = 1% y = mx +rvVm| 1
s a? Y — 2009 B2
To the ellipse o -+ g—a = 1: ‘ y = mz 2 Vam® 4
e _¥ : = 1 N — b
To the hyperbola primi i 1: g = me £ Vahm

To the hyperbola zy = ¢: y = mx 2V —cm

To Aa* + Bay -+ Cyt + Dz + By + I = 0 at the point (2,70):

; ; -z ¥+ w0 _
Aa;lx+3(i‘-*ﬁg—y-‘ﬁ)+0m+l>( 5 ‘)+E(——2—)+F-~o

9, POLAR COORDINATES

If (z,) ave the rectangular coordinates and (p,8) the polar coordi-
}

nates of a point, then

| Y

ﬂ:'——'PCOSe P:\/2>2+?j2 Slna:ﬁ
-tny 0036:‘——_,51:_—""’_
y = psinf 6 = arctan Wy

Straight line, normal form: peos{f —w) =P

Circle, center at pole, radius a: p=a
Cirele through pole, center at {a,0): p = 2acosé

). = Zasind
Circle through pole, center ab (a, 2) : p
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Conic section, focus at pole, distance from directrix to focus = 2p:

Zep

./ faf s 1
e ——— (Directrix to left of pole)
28‘0 (Directrix to right of pole)
irectrix to 1 o
p= [T ooosd rectrix fo rig p
%P (Directrix below pole)
P =T omp ireetrix below pole
2ep
= ——— D. X ," l
P = I asing (Directrix above pole)

10. GENERAL EQUATION OF THE SECOND DEGREE
The character of the graph of any equation of the second degree,
A+ Bay + O+ Dx 4+ By + I =0,

is indicated by the values of A and d, where

24 B D
A= DBt~ 44C and d={B 20 &
D B 2F

Casel. A =0, d=0: Twoparallel, commdent or 1mag1nmylmea ,
Case2. A#0, d=0: Two intersecting lines or a point

Case3. A =0, d#0: Parabola

Cased. A <0, d#0: Ellpse real or imaginary

Case5. A >0, d#0: Hyperbola

In Cases 4 and 5, the center C{z, ¢) is given by the solution of
the equations 24z -+ By + D =0,Bz+ 20y 4 E = 0. Theequations
of the axes of the conic are

i
YYo= — — (x— )

Y — Yo = m{p ~ ) o

where m is the positive root of
Bm: 4 2(4 — Cym — B = 0.

Formulas from Solid
Analytic Geometry

1. POINTS AND LINES

Let «, B, v be the angles that P.P; or any parallel line makes with
the z-, 3-, and z-axes, respectively.

Midpoint of PiPst & = ${@+ 2), ¥ = 3+ 9, 2 = Lo + 22)

Length of PPy d=vV{w — @+ G — )+ & — z)?
Direction cosines of Pils:

I eos 8 — y; cos Y il
} ] =4 3
d ¢ d d

coste + cos?f -+ costy =1

cOsa =

Ifg:b:¢ = cosea:cosf :cosy, then

L]

cCoOs ¢ =
V@ L0+ ¢

' cos f§ =

VI TS
¢
Ve + b+ ¢
Angle between two lines with direction angles o, 81, 11 and e, 82, ¥2!

c0s 0 = €08 ay ©0S @z -1 ¢0s Bi1 cos B2 -+ COS ¥1 COS Y2

cosy =

Two lines are parallel if  ai=ay, f1=0, v1="72

or —_—= = =

Two lines are perpendicular if
COS oy COS iz €0s By €08 fat-cos 1 cos y2=0

or s + bib: e =0

2, PLANES
General form:

Az +By+Ce+ D=0
Perpendicular to zy-plane: Az + By +D =0
213
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By4+Cz+D =0
Ae+Ce+D =20

Perpendicular to yz-plane:

Perpendicular to xz-plane:

Perpendicular to z-axis: Az + D=0
Perpendicular to y-axis: By+ D=0
Perpendicular to z-axis: Ce+D=90
Intercept form: z + Y + o 1
a b ¢
Normal form: zeose +yeosff-zcosy =p

Here a, B, v are the direction angles of a normal to the plane and p is
the perpendicular distance from the origin to the plane.

To reduce Az + By + Cz 4+ D = 0 to the normal form, divide the
members of the equation by =v/42 + B2 -[- (7, choosing the sign of the
radical opposite to that of D. If D = 0, choose the sign the same as that
of C, or the same as the sign of Bif ¢ = D = 0,

Angle between the planes A 4 By 4 Ciz+ D, = and
Asx + By - Cz + Dy = 0:

A4y + BB, + C1Cy

cosfd =
VAT B+ C - VAR B+ O
The planes are parallel if é — % _ Qg
A‘Z Bz Cz
The planes are perpendicular if Ady 4+ BBy + G = 0

_ Az + By 4 Co + D
VA BE G2

Distance from plane to Py; d

3. STRAIGHT EINES

Aw+ By Cz+ D=0
ral form:
General form {Az:l: + B+ Cw Dy =0

Parametric form, line through P;:

2= -} {cos e, Y=1+tecosp, 2=z 4 Lcosy

Symmetric form, line through P,: &% Y70 _2—4

COS « cos fi COs 7y .

) T—% Yy—p 22—z
~ Two-point form: = YT 2

BT e th B
4. SPECIAL SURFACES
Sphere, center at origin, radiusr: -yttt =2
Sphere, center at (&, &, 1), radius r: (=R} (y—k)*H (z—1)2 =92

Formulas from Solid Analytic Geometry
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Cylinder: Any equation in which one variable is lacking is a eylinder

with elements parallel to the axis of the missing variable.

Cone: Any equation which is homogeneous in the variables w, y,
and z is a cone with vertex at the origin,
Quadric surfaces:

Fitipsoid:

Hyperboloid of one sheet:

Hyperboloid of two sheets:

- Elliptic paraboloid:

Hyperbolic paraboloid:

5. CYLINDRICAL COORDINATES

If (p, 6, 2) ave the cylindrical coordi-
nates and (x,y,2) are the rectangular
coordinates of a point P, then

T = peoosf
y = psind
2=z

p=Val+
§ = arctan v
@

6. SPHERICAL COORDINATES

If (b, 8, ¢) arve the spherical coordi-
nates and (z,y, z) are the rectangular

coordinates of a point P, then

z=psinf cos¢
y=psinfsin$

z=p cos ¥

¢=arctan Y
x

p= Tyt

g=arcecos

4
Valtyi+a?

y‘l 22
(IR
w2
@
92 zam
T @
?2
——+$—cz
12
i




Curves for Reference

This table contains the graphs of certain standard functions studied
in elementary mathematics. Graphs of many other functions may be
obtained from these by means of suitable transformations. The more
important transformations for plane curves are summarized in the
following theorems,

RECTANGULAR COORDINATES

1. If 2 is replaced by —=, the new eurve is the reflection of the former
in the y-axs.

2, If y is replaced by —y, the new curve is the reflection of the former
in the a-axis,

3. If « is replaced by —x and y is xe;)laced by —y, the new curve is
the reflection of the former in the orvigin.

4, If x and y are interchanged, the new curve is the reflection of the
former in the line y = x.

5. If = is replaced by y and ¥y is replaced by —az, the new curve is
the former rotated about the origin $hrough 90°,

G. If  is replaced by —Y and y is replaced by =, the new curve is the

former rotated about the origin through —90°.

7. If w is replaced by {x — h), the new curve is the former translated

g distance A in the z-direction,
8. If y is replaced by (y — %), the new curve is the former transltated
a distance k in the y-dirvection,

z
9, If = is replaced by e all the abscissas are multiplied by a.

10. 1f y is replaced by %: all the ordinates are multiplied by b.

POLAR COORDINATES

1. If 4 is replaced by —9, the new curve is the reflection of the former
in the polal axis.

2. If 9 is replaced by (i -I- 8), the new curve is the reflection of the
former in the pole.

216
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3. If 0 is replaced by {= — 8}, the new curve is the reflection of the
former in the 90° axis.

4. If pisreplaced by —p, the new curve is the reflection of the former
in the pole.

6. If pisreplaced by —pand 6isreplaced by —4, the new curve is the
reflection of the former in the 90° axis.

6. If pis replaced by —p and @ is replaced by {r — ), the new curve
is the reflection of the former in the polar axis,

7. If 6 is replaced by {# — «), the new curve is the former rotated
about the pole through the angle e,

BIFOLIUM CARDIOID
(=t + )" = aa?y (2% + ¥* — az)* = @*(2* + )
p = asinf cos?d p=afcosd -+ 1)orp = a(ecosd — 1}

Y
a ; {oB=48)
o _— X
o % 0] B am 2am
CATENARY COMPANION TO THE CYCLOID

y e g (etfs 4+ e~**}y = @ coshz 2 =ap,y = a(l — cosp)
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=+ ,yz = g?
p=a p = 2acosl
Y :
- [ ]
1
iB

=y
3
P )

0 a )¢
E
1
]
i
i
[op-AB]\ |

CisSOID OF DIOCLES
ya— ) =@

p=asinftand

¥

(g
AP=b}

CONCHOID OF NICOMEDES (a < b)
(o — Ay -+ ¢7) = b
p=asecd b

z? + oy = 2ax

a2ty =av+ by
p=acosd+ bsind

CONCHOID OF NICOMEDES {a > b)

(@ — @)@ + o) = °
p=asecd b

Y

I ° [AB=BC]

CUBICAL PARABOLA. (3> 0)
y=ax®+b*+cr 4 d

[abseissa of B = — —b—]
3a
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Y
#la X
0| 2an
CYCLOID, ORDINARY CASE
1 —_— —
T=a a.rcversé — V2ay — 47

z=a{p~sin ¢),

y=a(l—cos )

CYCLOID, CURTATE
{x =gy — bsing

y=a-—

a >

hcose
b

Y]
(c.b)
] p
¢ (a.0)
% |
ELLIPSE
az
g + W 1
2 =acose, Y =Dbsing

CYCLOID, VERTEX AT ORIGIN
Y Y
¢ = g arevers + Vay — *

e=alptsing), y=a(l—cosp)

"q}o an X

CYCLOID, PROLATE

X =dap — bsing
gy =a—beose

a<b
Y
b
P
[5] a
0 j\ X
EPICYCLOID

b
2= {a+b)cose—b cos———a}{; @

b
y=(a+b)sine—b sing;:—— @
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EVOLUTE OF ELLIPSE
(am)¥ + () = (@ — b
z = Acos’0, y= Bsin®f

a

N

FOLIUM OF DESCARTES

z? + o* = Saxy
[asymptote:z + ¢ + a = 0]

0

EXPONENTIAL CURVE (s > 0)
y=e

wd

Curves for Reference 221

0 X

HYPERBOLIC SINE HYPERBOLIC COSINE

Ty

| (F'P-FP=22}

HYPERBOLA

x‘a 12
¥ _ 1

a B

y = sinh y = cosha ~
Yy
©1) (
SRURPIPSP JS & xS PP %
0 X
"""""""" Gy

HYPERBOLIC TANGENT HYPOCYCLOID OF THREE cusPs

y = tanh z x = 2rcose -+ reose
y = 2rsing — rsin 2p

<

HYPOCYCLOID OF FOUR CUSPS INVOLUYE OF CIRCLE

oMyt = a* {9; =rcosy -+ resing

g =acosty Y =asinte ly = rsing — rocose
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N

LEMMNISCATE OF BERNOULLI

(@ + 9 = @~ )
p? = a? cos 20

[P'A=AP=b]

LIMACON OF PASCAL {a> b)

p=Db-acosd

LITus

%0 = a?

LEMNISCATE, TWO-LEAVED ROSE

(#* + 97)* = 2a’zy
p® = a’sin 24

[P'A=AP=b]

LIMACON OF PASCAL (a <b)
pg="0b+4acosd

0 (10

LOGARITHMIC CURVE

y = log, 2

Curves for Reference 293
Y
Fla0 v P /"\ﬂ
O~ T
F(a.0)
[FP-FP=c?] [FPFP=c?]

OVALS OF CASSINI {a> ¢
(xz + .y? + 32)2 — 422 = c&

E Y
]
ME_ 5
[}
! b 2P
T ]
¥ )
(-po} O} !F{po) X
| ;
1
g ); [Mp=FP]
{
{
L}
" PARABOLA
Yyt = dpz
p
I ]
PARABOLA,
2p
L= 1 —~cosb

OVAL OF CASSINI (e < ¢}
(@? -+ o2 + a?)? — 4a%? = ¢t

Y
F
a /
o 2 A

PARABOLA
:I:x% -+ ylé = a}‘ﬁ

PARABOLA
y=ax*+brxt+e a>o

[Abscissa of vertex = — _13.]
2a
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(11)

il

y =2
(Parabalo)

o}

(L)

ol

Curves for Reference

POWER FUNCTIONS

(LY

y =z
{Cubical Parabola)

y = a*
{Cubleal Parabola)

(LI}

y =zt
{Equllateral Hyperbela)

Y
(1,1)
ol ¥
(Semiparabola)
k {
(L1
ol X
y = a¥
-
(1L1)
3]
y=qa"

Curve

MY

34 | 3%
214 AW X
-3 -2 -1 O 1 2 3

PROBABILITY CURVE

xt

2

Yy=——==¢
2

ROSE, VHREE-LEAVED
p = aeos 30
Y

BOSE, FOUR-LEAVED
p = G cos 28

< for Reference 225

ROSE, THREE.LEAVED

p = @sin 38

ROSE, FOUR-LEAVED

p = asin 20
bid
i3
0 p=a Sin k@ X
I
x
a
o X
p=a Cos k@

ROSE, n-LEAVED

If kis even, n == 2k,
likisodd, n = k.
(The diagram shows the position
of the first leaf.)
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SERPENTINE
(a® 4 22}y = abx
z=actne y = bsingecose

(1o

SPIRAL, HYPERBOLIC

i =a

o 13
4

-,
-~

-
b DI

SPIRAL, PARABOLIC
(p — a)? = 4acd

- -

SPIRAL OF ARCHIMEDES
p=af

)

[tan y=3]

227

SPIRAL, LOGARITHMIC

p=2¢? or logp=ad
Y

PI

[P'A=AP=0A]

- o .

STRCPHOID
a— T
2

a+x
p = acos 20secd

y=x

Curves for Reference
Y
Y
: p
ih a
o E /b
OI A X 0 X
TRAJECTORY WITCH OF AGNESI
‘ g y a?
Y AET 00 cos? e (a? + a?)

2 = (o cos a)t, g =actng, Y = asiD®e

) y = (vosin a)b — 3g?

SINUSOID SINE CURVE

y = asin (bz +¢) = sin &

4
D)

n
1
'
0 A g
i
1 i
1 1
H
i
|
1
i

COSINE CURVE TANGENT CURVE

Y = COS % y = tana
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298
Y ' i
1 1
1 1
{ H
1 ]
] ]
t ]
1 1
i i
n: 2mi
0 i X
] t
1 ¥
] 1
1 1
1 [
t 1
¥ ]
t ]
) ]
1 ¥
3 §
COTAMNGENT CURVE
y = cin®
Y i
[
i
1
i
i
T i
il nl 2n
0 ! X
}
1
|
;
1
]
=
1

COSECANT CURVE

3 = cse

INVERSE COSINE CURVE

4 = Aarccos ¥

SECANT CURVE
4§ =

sec ¥

INVERSE SINE CURVE

y = arcsin &

INVERSE TANGENT CURVE

y = arctan

Curves for Reference 299

ELLIPTIC CYLINDER ELLIPTIC CONE

2 2 2 2 2

a b a

1

moant s
-

pi
A

SPHERE ELLIPSQID
gty td=d P
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HYPERBOLOID OF ONE SHEET

a;Z y? zﬂ 1
@ ' b

zZ

1
f
L]
F
'
]
3
]
[}
1
]
1
1
1
i
)
I
]
t

1

F

]
1
e

2,

y/10 X
ELLIPTIC PARABCLOID

y? m%

wha— o

Derivatives

In these formulas, v, wrepresent functions of #, and @, ¢, nrepresent
constants. All arguments of the trigonometric functions are in radians.

d
1, — =
i {c) =0

d
2., — =1
T ()
du

d
3. o {cu) = S

HYPERBOLOID OF TWO SHEETS
a2 o 2
== = 1 d de dv dw
at = b & s — S T bt
4ot —w) = e T
d dv du
5. 7 () = u T + v
W,

s o) = 0wt w®
G'E;(ww)—wdx_!_uwdx_!_vwdm
@

Vi dw

d {u
& a;(;)*'

d ny — #--1
8. o (ur) = nw 7
. 1 d
0. L (V) “

2v/u dx

10, 2 1)——1@
“dr\w/ — wdz

d . d dau
&;f(ﬁ) = E&f(“)&;

@y
@ B ez 11,
" du 1
12. :f; = ng
du
931
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d 1du
13. E (loga u) = (loga 8) a a
d 1 du
14. E':c“ (l()g-, u) = ; E&;

d du
15. o (a*) = (log.a)a o

d du
16. 72 {e) = ¢ Iz
d Yy — :'—I@
17. I (u?) = vu T

Sood du
18. ™ (sin u) = cosu Tz

d . du
19, o {cosu) = — smudx

d du
. — 2,
20, T (tan u) = sec®u Iz
d
21. 7 (ctn ) = — csc? u._u

dx

. P
22, ‘% {sec 1) = secu tan u ok

dz
23, &d; (csc u) = — escu ctn u%;f
24. % (vers u) = sinu%
26. -c% (arcsin u) = ﬁ %
286, %} (arccos 'u_',) = ~ —1—1_——1; %:
27. -;; (arctan u) = I -ll- = %:
28. % (arcctn ) = — 1 :_ v gt—;

dy
+ (log. ) w T

(—- g = arcsiny, = g)

(0 S arccos ¢ = 7)

2

ki3 " w
(— 2 < arctan « < —)

(0 < arcctnu < )

Derivatives 933
d 1 du
298, — (aresec u) = ———x —
dz ) wut — 1 de

ki
<0 = arcsecu < 3 r —r S arcsecu < — g)

d 1 du
30, — (arcescu) = — —— —
odx wur — 1 dz .
(0 < areescu S z, —7 < arcesou £ — I)
2 2
31. i (arcvers u) = 1 - du 0 = arcversu = )
de Vo — o 4% '
d . \
32. ™ (sinh %) = éosh u%
33. i {cosh u) = ginh ufz}f
dx dx
d du
3 . T = 2 —_
4 Tr (tanh u) = sech? o
35. 4 (etnh u) = - ¢sch? ud—u
dx dz
d du
8. (sech u) = -+ sech u tanh u o
d du
37, — = - ==
'l o {esch o) csch v ctnh % e
d d 1 du
£ -1} = 2 N =
38. o (sinh~ ) e Hog, (u + V2 4 1)) w1 ds
39, 4 {cosh™ u) = 4 flog, (u + Vut — 1)] = 1 du (x> 1)
dz dx w—1 dx
d afl 1+ 1 du
— (1 ~k = 1 - = e
40. dx (tanh™ ) dzi2 log. 1 u] 1 — utdx W <1)
d Cdll, w417 1 du
= ) = | = i
41. T (ctnh" 1) Lo log, —— 1:| [ dz (u2 > 1)
d dl, 14+41-— u’*‘] 1 du
. = (sechlg) = — P N A S Ay S
42 o gsec u) 0 _log " el
0<u<l)
: B A/ Y]
43. E—(csch—‘u) =f_ log,1+ 1+u] = _.__11_._ du.
dx de L % w1 F w2 de
(u > 0)



Indefinite Integrals

A constant of integration should be added to each of the following
formulas. All arguments of the trigonometrie functions are in radians
and all logarithms are in the natural system.

FUNDAMENTAL FORMS

=t

- faw - 1@

-fd:c=z
. faf(x)dz=aff(m)da:_

22

(4]

4. f[u(x)iv(a:)]dz=fu(m)d:ni v(z) dz
-1
&fwm=;+l (m > —1)

6. ffif — log Je|

7.f%=2v’§:

8 f dz 1 L

. —— = — gretan —
a2 N a

9. __L a-tx
a”—:r:2 2a ga—x

10, f dz _}_ a—a
22— a' 2 a-{—a:

1. udv = Uy — fudu
234
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12. f&*dm = Uy — fud—ud
15, ff(y) do — f('y) dy
cl:z:
FORMS INVOLVING ax+ b
b m+l
14, f(aa: + b)mde = (M(;r:_—i—)I) (m=—1)
de 1
15. fax—l—b = alog lax + b|
dx 1
16. f(am + b2 = alax - b)
: : i .
1. f(a:c +5)® 2alaz - b
- (az + B)™t2  blax -} b)=H
18. f:c(a:c RO s = Ty (=1, =)
zde =z b
19. fﬂHb—a— . og |az + b)
zdx b 1
20. P Y b) = log laz + bj
01 vdr b _ 1
"J {ax - b)® 2at(ax + ) a’(ax + D)
22, f:r,?(a:c - b)m dx
1 I:(ax + byt 2b(ax -+ B)mt2  blax + b)’““:l
T a? m+ 3 m+ 2 m-+1
(m = —1, —2, -3)
23. f 248 L (s az -+ b)2 — 2b(ax + b) + B?log [aw + B]
ax+b &8’
2de 1 b?
24, '(—a:c i E[( +b) — ﬁ_{_ P~ 2b log lax -+ bl]
w2 dx 1 2b b
26. @@ = (—ﬁ[log laz -+ b] - w+ b 20am F b)?]
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2. [t | 2

a7, f;g(Tjﬁ—l—*b)—ﬁ -—%+§210g aw:—bl

28. fm(axdi D b(aa:1+ By Blalog wi

29. :cz(axd 9; b)2 b?zzfxibb) T . s log “r bl

30. f 2m(az 4 by dz

= - b
= m[ﬂi (flﬁ: + b) +1 -ﬁzbfm I(Gﬂ: + b) dxj
1
o — m-}. n " o
m_i_n_i_l[:c Hax + b) +nbfm (az + b) ’d:n]

m>0, m+n-+41#0)

If n is a positive integer, this form may be integrated term by term
after expanding (az + )" by the binomial theorem,

31. fx’"(a::: +bnde = _1— wr(e — b)) du (u = az + b)
Bee the note after Formula 30,
zrde 1 (u — by du _
{az 4+ b)» N a'"“f un (v = az +b)

See the note after Formula 30.

23. dx _ J‘ v — a)’“+"—'~’ dv (v _ax+t b)

xm(ax + b)n bm+n-—l x

See the note after Formula 30.

FORMS INVOLVING ax -+ b AND ex4 o
(be = ad)

& ax -+ b

» 1 ez +d
8. f(ax+q)(cx+d) S b —ad® l

T dx 1
@z b))z +d) b — ad

[:b log lax. - b] — élog fex + d]:]

1 cx4-d ]
08 ar-+ b

z 1 1 ¢
36, f(a:c—i—b)z(c:c-l—d) - bc—ad[ax+b+bc~ad

37.

38,

39.

40,

ez - ) da
. [
1 . (az+b)mit (ax4-b)m da;]
— n—m—2
(n—1)(be—ad) [ (ca:%—d)"“l_}_a(n " )f {cx-|-d)»—1
1 (ax+B)~ _ (ax-+b)ym—1 d:c]
ctn—m—1) [(cx+d)n—1+m(bc ad) (cat-dyr
Ty
= De | {exd)rt {ex+4-d)»!
z _ —1 l: 1
42. f(am+b)”‘(c;v+d)" " (n—1) (be—ad) |_(az+by"{cx+d)rt
_2)f dz ]
+a(m+tn (aztb)(eat-d) |
FORMS INVOLVYING ax?+ ¢
43 f e 1 arctan(x\/é) @>0, ¢>0)
"Jaet+e a c
44._f o1 [eVe=vie (@>0, ¢<0)
a®t ¢  2v/—ae aVa + V—c
dx 1 Vet zvV—a
= 1 a<0, ¢>0)
45'fam*+c o —ac " |Ve—azv—a ¢
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zdz

{az + b)¥ex - d)

[ b . d o
T be —ad algx +b) be— ad

1

ca;—l—d:l
& az+ b

2 dx b?

{ax + b)Y (ex + d)

1 d:
+f_—a(_l)|: log lez + d[ -+

S

f (az + byn(ca + a) de =

- a(be — ad) (az -} b)

b{be — - 2ad) tog |2 -+ bl:I

be — ad
62

:c—%x+ log [cx + d

1

m I:(a:c+b)m+1(cx+d),,

— nlbe — ad)f (az -} b)y™(ex -} )t d:z::I
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zde 1
- "
46, f 50 log laa? -+ ¢}

ax*+ e
2
47, f dz L E ¢ f dx
at+e¢ a aJa*te
™ dx i ¢ a2 da
48, f = — —f 1
ax+e¢ alm—1) aJ a’+t¢ (m 7 1)
de 1 ax?
49, f~——~— = —1
z(az? +c¢) 2e & az® + ¢

50 f dz _ l_c_zf dz
"J 2t +¢) o cJ aztte

dz 1 a dz
61. f e b o) em— Demt ¢ f g Y

1 ] 2m—
62. (a-:c2+c)’"_2(m—1)c. (cz.:t:2-l~c)"“1 2(7ra—l)cf(a1,2+c)’“ t
(m = 1)
xde 1

53. (az® + )™ T 7 2a(m — 1)(az? + é)’"‘l (m 1)

z? dz &
64. (a:c2+c)’" " 2a(in—1)(az?tc} ’"—1+2a (mm 1) f (aa;2+c) w1
(m # 1)

dx 1 1
86. «f:t:(a:e;2 -+ c)”' 26(m — 1}{aa? + c)m—1 f {az? + ¢)™1

(m.# 1)
dx 1 dzx a de
o6 j‘a:‘i"(aa;2 +e)m E-f:c?(a:u2 +oymt g-f(a:z:2 + ey

FORMS INVOLVING ax?+ bx -+ ¢

letX = a2+ bs+¢ D =05 — 4dac

1
m - — X — w1k
B7. fX s = oo T 1) [(m + )X Dme dx]

dz 2az + b — VD

B8. f— = — = (D > 0)
X ®loas + b+ VD
dz 2 2ax + b

59. f — = arctan D < 0)
X~ v VD (
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6_0 (Jg_;_ "2am2+b (D =0)
61. :c;:n 20X I"ﬁf
sz.fd"’ 1 gl:ﬁl b EEXE

dx 1 b f @ f de
64. f X (m— Dot ed 27X cJ amtX (m 1)

dz 2az-+b 2(2m—3)a

66. ::—(’an—”— (?n_.l)DXmgl— (??L_I)D ym—t (m?ﬁl, D#O)
©dz 2¢-+-bz b(2m—3)

66. Xn  (m—1)DXm (-m—l)D X (ms1, D0)

67 f-df— _ 1 f o e 1
’ zXm  2c(m — 1)Xm? Xm X m = 1)

68 m = — xm_l _ n— m . !}- am=1 dp
‘ Xr  a@u—m-—-1DX' 2Zn-m-—1a X

-1 ¢ 2m—2 (g

Zn—m—l.a Xn

69 fdx _ 1 __n—{-m—-z'_lzf dz
*J amXn (m — Leaxr1Xt m — 1 ¢ pmiXn

Oon 4+ m —3 gf dz
m— 1 e gmZX?

(m 1)

FORMS INVOLVING vax+6, WHERE ax+ & >0
N 9
T70. f\/a:c+ bdzr = ——\/(a:c+ b)3

2 2
7L, fa:\/ax—i- dm—ﬁﬂfﬁ—;—ﬂ\/(a:—l-b)a

— 2(15a% — 12
72. fxz\/aw + bdr = (156 1015c:;bx + 85%) V{az F b)Y

73. fa:m\/ax—i—bdxmazgﬁ[wmv (az—l—b)“—mbfmm-wax—l—bdx]



240

74.

76.

6.

7.

78.

78.
80.

81.

82.

85.

86.

817.

Indefinite Integrals

f—aa—;———:hdf=2\/am—l—b+‘\/3iog

f———-—“”:m = 2Vas F b — 2V/—Dbarctan

f‘va:z:—i—bd Vaa:+b+c_zf fir
z 2J 2vVaxr + b

xz

—b

Vaz + b — Vb
‘\/a:c—i-b-f—\/E

az -+ b

|

&> 0)

(b < 0)

f Vastbde 1 I:\/ {az+5b)® (21n—5)afv az+b dx:l
xm - (?n___ 1) xm—-l gl

f dz 2Vax + b
vaxr + b a

f wdx 2(ax — 2b)Vazx + b
Vaz + b T

atde 2(3a%? — dabz + 80" )Var + b

\/aa:+b—

zm dz 2 I: Varts Zm— d:c]
= m +b—mb mE—%
eVatb-m [=5 | b

Vaztb a@nit1}

f_JE__zL
zVazr+ b b

15a3

Vaz + b — Vb
og | =
Vaz + b+ Vb

b

dz
avVar + b

3)a dz

{m = 1)

(& > 0)

(b <0)

{m#1)

. f dz ~— arctan J oz +
aVaz + b \/—- —b
f . __ VMax+ b _a
' oV axr + b bz
f LV az+b 2m—
27 /aa;—!—b_ (m—1)bzmt  (2m—
| @t b) T
47 . 2(ax + b) 2
f(a:r:-l-b) “de = a(2 £ m)

4+m

(az + b) 2

2bJ zr-1vaz+b

2im
_ blax + b) 2

fz(ax+b)*§"dx - %[

4 4 m

24+ m

]
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m m—2
m - n=2
88. f———-—<ax+b)2 d’:=af(ax+b)_2‘dx+bf(———-—_"‘”+? : 4

89. j‘ dx _ gf dz
z(ax + b)g z(az + b) 2 b {ez 4+ b)?’"

90. fF(x, Var T 5) d:z:=—fF(ua_

Varx+bdx 2Vaz+ b 1 bc—adlo
td | ¢ \‘ c

:u)udu (az + b = u?)

o velaz+b)—+v be—-ad
Ve(az+b)+vbe—ad
{c >0, be>ad)

92 f\/aa; + bd:c oVaz + b /ad - ’c(a:c + b)
) cx+d ad — be
(c>0, bc<ad)

o3, [lptddz g% (3ad — 2be + acx)Vax + b

91,

Var -+ b
dx 2 claz -+ b)
94, = , AN A
f(cx—i—d)‘\/aa:—l—b \/EVad—bcaman ad — be

(e>0, bc<ad)
\fc(aa:-i—b) Vbe—ad
‘\/_(aa;—l—b)—{—\/bc ad

(c>0, be>ad)

oF f dz _ 1
" J (et d)Vaztd Vevio—ad

98 fx/a:v+b\/m:+dd:v=f\/aca:2+(ad—}—bc):v—{—bdd:u

(See Formula 186)

o7 f dz - J‘ dz
"J ez + bV d A aca® + (ad + beye + bd
(See Formulas 191, 192)

0. f‘\/ax—[—b dz {ax-1-b) dx

= See Formula 201
vV ex4-d 'fVacx2+(ad+bc)m+bd (Feo 3 201)

FORMS INVOLVING VaZ ¥ x¢ OR V(ai - x?pP

2 .
199, f‘\/a“-—]—:ﬁd:c = EVG"—i—x"_’-l—%log (:c+\/a“+:z:"’)
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NE TR = W@
2
101, | 22V a+at d.’c=§ \/(a2+x2)3—%'\/ a“’+xz~%: log (x4 V@ +a?)
102. fa:sv a® - w?dr = (F2? — &e?) vV (a@® + a2)?

2 2
109, [T t"‘” o NEF —alog| 2 YT
fer

a2 d: Vi & ot
104, f%c”—'——a;_—x—i—bg(x-i—*/az+x2)
105. f\/ﬁ—l—r?d'c“__;m__l_l a+ va -+ at
2x? 2a °8 z
dz
106.f = log (& + Va® + 2
,——a2+w2 g @+ v )
= 2 2
107. a_2 = a4 o
xtdz z a?
108. = —4/a?+ z* — — : va? 2
Vats 2 0t glet Vet
dr ., 2
109, ag_}_xﬁ»—g\/(a + 233 — a?Va? | 2
11 & L, Jatva+a
0. |———= — ~log|————
v a® - x? o z
111 da __Va2+a:2
' xz‘/a?—{«xz_ aly
119, f dz _ _\/a2+x2+ilog a+ Va4 a2
BVt - 22 2a%x? 2a° z

113, f«/(az T ) dz
T A T+ oy o+ VT D)

114, fx\/ FE e = WE T AR

] - Indefinite Integrals 243

115, f 2V @S do=s v @FaP—g v (a2+m2)3—“—1%” V@t
6
— % log {x++a*+a*) -

- . 2
116. f AN @EF P dz = W@ B~ V@ T 2
a-+vVaitat
o

117, f "\LT'Q%:éV (@+2?)3+-a*V e -+-a%—a’ log

118, fv {a® + i dx

~~\/(a2 2)3—1- m+mlog (@ + Va2 + 2%
a+\/mt
xz

A T2 a?)3 Sl La2)3
119.‘f (@ _;:') d:cﬁ_'\ (@*+a?) }%W—~%log

242

120 f dx _ x

z dz —1
121, =
fﬂ*—]—w’*’ﬁ Va? + at
2t dx
1 A
122, fm:r,—’ \/___—I— og (x +vVa?+a?)
23 dx a?
123, 2 2
. f\/(a? ,,32)3 @t +1/a2+$2
. 2 2
| 124.f b Ly |etk Vet
r V(e + 4?3 avVar a2 @ &
2 2
125.f--—i"$——=—3[ Crry ]
a‘z\/(az mz)a al x 1/0,2_{_3;2
126. fm3\/(a2+$2)3
1 3 3 a—{-‘\/a?-i—gf

= — —~ = log

2atVat -+ 2 2ava? - 208
127. fF(a:, Va: - g du = afF(a tan z, a sec z) sect 2 dz

(z = atanz)

x
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FORMS INVOLVING 4/aZz — x2 OR +/(a? — x2)3, WHERE a2 > X% & > 0

128, (V&= do =3 (o/@ 7 + atarcsin )

129, [ov/a— s == 1V

130. fa;z\/a_g——a‘? dz= —zmﬁ-g (ﬂ:VW&-aﬁ aresin g)
181, [2vVa@ — @ de = (—4* — %) Ve — &)

. 2 2 A/ gt — gt
132, IM=.\/02_$2_G10E ﬁi__::,__m_

@

T g2 -y

g, [YOoFE L YEZE ]
% x a
s Vit —atde az—x2+_1_i0 a+Va — o
13 f 23 B 22 22 ° %
136. f~—di——=arcsinf
"”0,2""'332 a
' zde 5T
136, fm— V& =%
de % D aresin

137. ﬁ = — 9 aQ & +2 arcsma

3
138. f%g%:%v(a”—-xg)a—a?v.:ﬁ—m’

VaE —

dz 1 a -+ vVat — 2
139, _ = — —log |

@ — [ *

d a? — a?
o, [~

@ — o a’x
141 & NVe—2 1 loga+x/a2—x2‘

’ f 23 @t — 22 B 2a%x? 2a* x

2 3al .
42, f mdamixv (a®—a?)*+ S_va az—:cttwg— arcsin g

43. fm/(az — e ds = — W@ = PF

146. f\/ (oﬁ—;ﬂ)3 dz
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(@ — 2y de = — —a:\/(a2 2 + am\/——-_:—c”)—s
4, - ]

+ T+ L aresin S
16 16 a

5. [/ @ — ) do = V@ =y - Sv@ =y

at—

= (@ —2?) +aV e ~a?—al log

3x 3a? -
— Zafq? — g* — ~—aresin -
2 a

x 2
Vid—aid NP Y s b A S 2
148. f (& m:’) T (azxzﬂ'r) ___% /az_xa+§§10g ?i_f’__f_

b

dx
149 'f\/(a2 — z%)8 Ve — o

zdz i
150. =
Vigd — a2t Vit - a?
22 dx % @
161. = — aresin —
V(a2 — z¥)3 Vo — 52 a

\ z* dw
O P Y e SR
V(@ — ) — 2

. [ L1y etV
: :z:\/(az—x?)”zaz\/a"—x- a® z

dz 1 Vit — a? %
e fm?v’(aﬁ mﬂ)f?‘[— s az-mz]

165. f =
2V (o2 — 2?)°

1 3 3
T 2%t q® — o* + Qatv'a? — a2 T 28 8

. fF(a:,Va“’ — 22y da = afF(asinz,acosz) cos # dz

(z = asinz)

CANVT—F
T

15

[+
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-~

FORMS INVOLVING 4/x2 — a2 OR 4/(x? — a2}, WHERE a2 <x%, a >0
) 172, f:cv (2% — a?)3 dx
167, .[\/:r,2 —atde = gvﬁ —a? — %log fe 4 vVt — a?

- W= aF

178. fwzv’(aﬁ — @) dy = —\/(:52 — a4 \/_('Tz)a
158. fmv 2t — atde = V(22 — a?)?
aly — s
- —15\/# - az+lgélog le 4 Va2 = a?
159, fa:gv 22— gt da,H—N/("c?—«zzg)?’%— Vi —a2—~ log x4 v'at—a?
1. (V@ =@V ds = v Ty 4 v e

100. [oVE =@ de = SVGE = @ + L V@ a 7 5
f‘\/(::;2 —a)de 1

x

__ 176, = NV~ @) — VE @ ad a
161, f.m Y - am,ccosﬂ 3 ) at 4 a arccgsx
T €T 4/(3;2 — az)gdx
Val — atdx 1 176. IT
162. IT: — Vi@ +log v + Va? — o]
1 3 S 2 :
—_— = -——-'\/‘-2?‘2_3 _x_ _ . 3a R
163 f\/aﬁ,ﬂazd& At = a2+ 1 cous = @ — a2)? 4 B VvVt — o _2“108 [z + V22 — @
. - - = T T a . —— ar - o
a3 222 2a x 177 IM V@ —a)p 3 2 .
164 f dz = log |z + V% — a? . a? —_T‘f‘g\/ﬁz—ﬂ?—b—arccos—
v og v + — at x
v 178. z

166. f ol =V — a? fV(x2 T PV~ o

Vit —at 179 xdx 1
V@ )y Vo g

a2t dx x
- — ——-1 2
166. fm 2 Vil — g + Iog -+ Val - of " e ) y
) e e T oa—=tlglk+Vve—a
167, fﬂ 1 V@ — @+ V- @ : V(@ — a?) Vat — g
Vat— gt 3 23 du 5
18, | ——— =V _g_ ¢
A (g — g2)3 . —
is8. J‘% = éarecﬂsg ( @) Vit — gt
vVt — o | _ 182, j’ da = — __WIZ _1 arccos('—;
169 f dx ~ Vg — gt :I:V’(:t:2 a?)? evVa® — 2 ab 2
' - - 2 —
22Vt — q? a‘x 183. f_‘i_ _ i(\/xz — & + _m
170 j‘ dz Nt & N 1 arccos & 22V (a2 — a?)? at x Vi~ g
oVt — @t 20 203 x ‘ 184 f da 1 3 3 a
=S e weve e

171, f\/(x2 =@ dn g
186. fF(:z:, V&t — @) de = a | Flasecz atan %) sec z tan z dz.

—-"\/(562—a“’)3—-31§\/a:2-a2+——10g o + Va2 — a?
(x = qsecs)
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FORMS INVOLVING Vax? Fbx+¢, WHERE axz-+bx+¢>0

4
TetX =ax?+bete, D= bz—tiac,ks—;'-,l: an? — bmn + cm?,

186. ffdmm2a$+bxff b - dac  do
8a VX

181. fw\/}?d:cmf————f\/_d:c

iss. fx*\/i’d:v = (sc §E)X\/}I At — 4acf\/de
6a/ 4o 16a?

X dx
189, f . VX + 2 x/X
f /X dz _
’ z* ®
101. f#~wlog12am+b+2fﬁ|
. [ —Zax — b
192, f Wi \/_E aresin ( ¥
vE @ VX
a? dz 2z — 3b 35t — dac [ dz
194. f = )\/X T2
VX + «/“ ‘
- log,
@ 2\f
196. = arcsm (b:c \—1}?0)
T
2\/"_
197. f e ,ﬂ
198. f A b do
xzf cr xﬁ

. >, —_— b
199, f (mzx + VX dx = 7nY3:@E + gc—lﬁz——-am f VX dz
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VX da

mE -+ n

VX | bim—2n de | an®— b - e f dx
m 2m? NS4 m? (mz+n)VE

(mx -+ n) c{g _ mvVX n Qan — bm f _dl

VX a 2a VX
dx 1 log \2?, -+ (b — 2an) (me + ny — omViIX ‘
(mz + n)\/}z A1 mr 4 7
>0
dx 1 . T (bm—2an) (ma+n) +2E]
= aresin | ~——— —— — 1<) .
(7na;+n)\/y v =1 m(mm+n)'\/f)—_ : ( )
dw o amv'X ' @ =0)
(mze + n)\/— (bm — 2an)(mz + %)
' ___(2am+b)\/_( L3 3D* (dv
[xvRas = =g X 2Vt e e
72
ch\/fdfc=é—\—/:— b fX\/—dm
du dax - 2b
—— = D=0
XvX DVvX ( )
dz 1
XvX 2\/5 %+ %) :

209, fmd'c 2b1,+4c.

VX

90z + BIXVX 2 1
210, ernﬁdQ:M__jﬂ:— Xm—tﬁ de

dalm + 1) 2(m -+ 1)k

mEl
211, fomﬁdx = —Xf—\@— - %fx’n\/i dz

a{2m + 3)

] m m—1
015, J‘X\/—da: xvx (X \;de+ngm_lﬁdm

2m + 1

ats. [ dz (daw + VX 2k(n — 1)

XvX =7 (2m — L)DX™ 2m — 1 Xnﬂ\/_wf
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914 j‘ xde — VX _ E]‘ dx
"J xmX @m — 1)aX™ XX

915, f VX +1f dz __mb;"f dx
2XnV/x | @m— DeXn o pxe/X 20J xnvX

916 f X de a1 X /X b(2-m +2n — 1) pam X de
’ v¥  (n on)e  2a(m -+ 2n) VX
_o(m — 1) 2 dy
a(m + 2n) X
017 f Xrde XX @n — )b [ Xrtdx
“J e =Dzt 20m 1) J gr/X

+ {2n — I)af' Xnldx
m— 1 =X

918, fa,’"d:c fm"‘—zda, _IJ_ xm 1dx~gfmm—2dx
: XWX XX xwX et XxwX
dx VX

am X/ X -7 {m — 1)exm1X»
_(em A 2n — 3)bf C dx
2e(m — 1) am1X X
_ (m —}— 20 — E)af dz
(m — L)e 22X/ X

(m 1)

219,

FORMS INVOLVING V'2ax — x?, WHERE 2ax — x>0

- — — 2 —
T 220. f’\/?a.x — atdy = x—z—a‘\/Qa:u — :sz—f-%arcsin(m . a)

I 3 2 ,,..2 .
921, | av2ax—s2 de= _U“_*":;_m__m @Ez——-{—nz— aresin (‘La a)

292, fsc""\/2aa: — 22 dy

m—1 2 —_ 213 2. 1
I AT LG O N W e
o+ 2 m -+ 2

+ ’I — 2 _
223. f—?g—{;ﬂ=v2ax—x2+aamsin(xa )

224,

226,

226.

227.

228.

229,

230.

231,

232.

233.

234,

235.
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J"‘\/Qa.:c —atde v {(2ax — a?)3 m—3 VQaw — o da
zm T a(2m - 3)am™  a2m — 3) ™1
f -——dL_ = gresin (a' - )
vV 2ax — o a
o do — z —
-"—“———w=~\/2aas~aﬂ+aarcsin( )
f A 2an — a? a
J‘ ande a1y 2an — 2? + a(2m — 1) a1 ds
A 2ax — af " A 2ax — oF
f dx _ 2/ 2ax — a?
2V 2w — 2* ax
f da _ 2/ 2az — a? m—1 dx .
=/ Taz — a(@m — Dam  al@m — 1)J gm—ia/2qx — g2

MISCELLANEOUS ALGEBRAIC FORMS

f \f:—i—z dz="(a+z) (p+o)4- (@—b) log Vata+vb+a)
fet+z>0andb+ x> 0)

f /“jﬁ de=—+(a+x) (b—=)— (a+b) arcsin 4 ’Iﬂ
b—=x . . (L-l—b

(a + = and b — x have the same sign)

f‘ ’%—_% de=~{a—z)(-}z)+ (a4b) arcsin 4 /P—j_;;

{¢ —zandb —i— x ha.ve the same sign)

f,’l_;_xd:cm —\/1—x2+alcsmm

(1 + zand 1 — z have the same sign)

] T —a
= 2 aresin

xr
SV b~

(x — aand b — z have the same sign}

dz k 2% — k J O
= 2 VB arek LIPS N e o
fax3+b ':-‘)b[\/_m.m1 v Tk «/aﬁ—km+k2]

(b#O,k:{[E)'
a
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zdx 1 - 20—k
3 . f _ — Nk _—
236 1 Bk [\/3 arctan " lo

. E+aw l]

rua-30)

xm
P b‘ . (b 5 0)

de 1
237, | — - =1
287 f zlaz™ - b) bm o8
: x—a
238. fﬂ T ——
v/ (2aw — a?)3 a?V 2az — 22
xdx _ T

239, = —
' vV (@ax — 2% aV2a — a?

240, = log [¢ -+ & + V2az + 2?]

f dx

V2ax + *
1

241, f Flzr)dz = n f F(z)zntdz (x = 2")

' 1
242, fF[m, {(ax + b)r)de = fF ( )z"—l dz

(az + b = 2")
BINOMIAL REDUCTION FORMULAS

In the following fornulas m, n, and p may be any numbers for which
the denominators do not become zero, and # = av® -+ b.

pmtiyp bap
13, [an(an -+ byrdo = [amut dz
2 2™ (az” -+ b)r do mtnap+1 mInp+1 wrur de
gmrHyrtt plm—n4-1)
24:4.‘[”‘-“61" m—igyp
wm(aan+b)” dw= a(m+tnp+1) a(m+np+1) armen dv
045. f (ax" + b)? dz u? bnp wldy
T ap—m A4 Vamt oap—mt 1 x”
(g™ + b)? dx uptt a(m —n—np — 1) furde
246. f = - — f
am bl — Damt - bm — b g™
047 zndr gl _m-tn—apt 1f:v"‘d:u
*J (axr +b)P balp — Durt brn(p — 1) -l
948 znde amordt _ b(m — n + 1) g g
“J (g V) alm — np A+ vt alm — np -+ 1) ur
d 1 m—ntap—1( dr
249. [ - Pl
am(azt + by ba(p — Darmh ! + bni(p — 1) rprt

267,
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250 f dz . 1 _a(m—n—[—np—l)
" J em(aartb)r blm—1)amlurt b{(m—1L amnyp

FORMS INVOLVING SIN x

When the result contains an infinite series, the interval of convergence
is given in parentheses, ’

261, fsin:vdru = — QoS T

@ in 2
‘ 252, J‘Sinza:da:=11ms}n T

2 4

. cosd x
263. fsmsa;d::; =3 — GOS8
t

3y sin2v | sindw
gﬁ'f'.‘;‘d":m_ i
4 sint ¢ dv 2 4 2
2m—1 4 : 2m — 1
266. f sin?? w dy = — w -+ ! f sz(m—a) % dx
2m 2m

266. fsmz""‘""z,da, = f(l — cos? 1,)'" sin & dz
Expand and use Formula 318.

dx

_— = fcscmdrc = log

sin &

.
258.f_x =fcsezrcdrc=—ctnx
sin?

eosx m— 2 dx
269. f sin™© f cso” @ dy = (m — 1) sin™a T m—1J sin™

{m#1)

=3

% ‘
tang| = log |ese z — ctn z|

260, fxsin:cda: =gingy ~ £COS X
261, fﬂﬁ sinxdr = 2esina — (@ — 2) cos

262, f g™ sin @ dv = — %™ cos & + mam! sin @

— m{m — 1) f a™ 2 gin @ dx

263. f:csm*ccdm _L_ﬁ__.__#_
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3 o2 1 ] 2
264, | atsin’ady = ¥ (i——)sin% _ reosay

4] 4 8 4
H d‘x x3 b 317 1272?
teaits s siti ot T
(@* < )
2 dv aﬁ ! Tab 31a8 127zt
%66. fsma: 31+3-6-5!+3-8'7l+5-5-6-8!
(2 < %)
xdzt: .
267. f =T ctn 2 4 log |sin 2|
sin'
sin x dz el a8 27 .
. [ *$“33f+5m—7wfh” (< =)
sin ¢ dx sm z x? ! xb
269.f o + log |z] — 22[-{—4 4l_6-61+'“

0<a*< o) |

270 fsinxdrc _ sin & _ cos &
’ zm  (m— Damt n— D{m — 2an-2

sin @ dz

1
- (m — 1) (m — 2) f P (m#1,2)

1 . .
a71. f zmsin® » de = — @™t sin~ w(m sin & — nx cos v)
7

7 —1 ) mm — 1) )
-+ f gmsinttaede — ——— | e ?sin" w dy
n

n

o9, f ™ de _ m"‘ﬁl[m sinx + (n — 2)x cos x]
sin" & dx (n— 1} (n — 2) sin*1g
‘ n—2  amds m{m — 1) x7? dw
- 1,2
+ n—1J sin2a  (—1)n~2)J sinn2e (n#1,2)
273 fsin“ wdy sinv g[(m — 2) sin x -+ nz cos 7]
' mo (m — 1)(m — 2yt
f sintade
(m—1D0m—2YJ a2
y - inn—2
ni{n — 1) sin®~? g dx (n # 1,2)

(m — 1) (m — 2) zm2
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274, f sin az sin b dz = sxg (ia_— ;;)x - Sig (ia;—-bl;)w {a # b)

dx T &
26, [~ — = —tan(T~Z) = tans —
{Lsoa tan(4 2) tan g sec &
ve. [ %
1—singx

dz —2 a—1b Tz
217, [ I ' a—b o (T_%
et bsng a5 arctan [ T b tan (4 2)]

I

T @
an(;—l—§> = tanxz J-secx

{0 > )

2‘78.‘[ d:c. » —1 1Ogb-}—c&sin:z:~F— b2 — atcos x

a+bsine  A/pr D2 a4+ bsing

(a® < b?)
279 f F(sin 2) dx f F(z) d ( in %)
. i )de = | Flzg) —— z = gin ¢
V1 — 2 v
2 x
%Oj%ﬁm““_ﬂJ}C¢wg1+ﬁ G=ﬁmﬁ

FORMS INVOLVING CO5 x

When the result contains an infinite series, the interval of conver: gence
is given in parentheses,

281, fcosxd:c = gin z

2 _z sin 2%
282. fcos zdx 2 + 1
: -
283. fcos“a:dzz: = gingy — smg *
3z  sin2r sin4x
" f ‘ _ o7
28 cos' z du 3 + ) 22

1 -
286. f cos™xds = »— cos* 1zgina + 2m 1 f cos®m 1) 4 da
‘ 2m 2m

286. f costnH g g = f {1 — sin? &)™ cos @ dx,
Expand and use Formula 315,
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: ' T #\|
287, = fsec wdv = log [sec » -+ tan ] = log [tan (~ + —)
cos 4 2
288. f f sectxdyr = tan x
cos? x
sin & w — 2 dx
289. f n g do = '
cos™ © seeTwde (m — 1) cos™ 1 g + m— 1J gos™ 2z

290, Jwcoszdr = cosz - xsina
291. fﬁ coszde = 2Zrcosz -+ (¢ — 2) sinw
292, f:c"‘ cosxdr = g™ sinx -+ mae™ ! cos z

—m{m — 1)‘/.20”‘—2 cos © dz

22 xsin2x  cos 2¢

293, Jrcostzdr =" —{— 1 + 3
3 2 1 P 2
294, fa‘zcoszﬁcd:czai~[— ‘i__)sinzx_i_tcos %
6 4 8 4

+ o+

295. j"::a"x .'2 at bt 613 138510
cos & 4.2 6.4  8.86! 108!

22 da a:"‘ 0 bzt G1a° 13851t
2. [
96. cosxT l2l-+7-4i 9.86] 11.8]

297. f Y = z tan z - log |cos |
cos

m#=1)

2 o4 6
298.fcos;cdm=log[mj— & 1 =z P

2-21  4.41 6.6l

0<a?< w)

299, fcos'cda:_l_cos'c_m_{_ at _*__x?ﬁ_...

@ 3.3 5.51" 7.

71
0 <22 < w)
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cos & dx CoS & sin =
300. f gm (m — 1)pm1 + (m — 1}(m — 2)gm—=

cos & dx

1
- (m — 1)(m — 2)f am—2

1 .
301, f Emeost xdr = " ™1 cos™ g (m cos ¢ + na sin x)

n—1 mim — 1
-+ f z"cos" P dy — m(m — 1) *™% cos™  d

7 7?
s02. [ d’c _#™[mcosw — (n — 2)x sin «]
COs™ T . = 1Dn - 2) ozl
n—2 [ ande mim — 1) 272 dy
2
+ n—1d cos?x " (n—1mn—2)J cos" 2z (7 1,2)
203 cos*zdr  cos"afnwsing — (m — 2) cosa]
’ f B C(mo— 1)n — 2)amt
fcos" & d'c nln — 1) J‘cos“—2 z d%
(m — 1)(m —2) a2 (m - 1m—2) m—2
(m # 1, 2)
sin (@ — b)x | sin (a + bz
. = a#=b
304, f cos ax cos br d 5 =) 310 ( )
37:05. ./‘Tﬁ-}%; = tang = gs¢x — cfnay
3086, f——fL = - ctng = —¢scz-~— otng
I —cosz 2
: 2 a—b &
0 — {5 — 2 2
307. fa,—[—bwsa, \/&g_b_z‘uctanl: a+bt1n2] (a2 > b?)
308 dz i log b4 acosz -+ Vb2 — g2sinz
"Ja+beosz VIEZ @ -+ beosz
{a* < ¥
7.
309, fF(cos x) de = — fF(z) \/1(” (z = cos z)

I

1— 72 dz x
Qf ( +z2) ] (z = t-anﬁ)

310, fF(cosrc) d
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FORMS INVOLVING BOTH SIN x AND COS x

311, fsinmcos:cdm = & sin?x

cos {a — b)xr  cos (a -+ bz

312, fsina:vcosbxd:c = — - 2 5 2
2(a — b) 2(a + b) (@ 5 &)
sin z d
313. f —rar ftanmd:c = log |sec x|
Cos T
cos 2 d
314. f 524 fctn:vdx = log [sin %]
sin
m1
3]‘5‘.['-"" d=sm x _
sin® z cos @ dx 1 {m #= —1)
m-{-lw
316.‘["0‘"=I=-E§-— -
sin & cos™ @ d2 b1 (m = —1)
317. f sin? z cos’ x dx = @ _ sinde
8 32

2
318. J"sm zde = —ginz -+ log

cos T

319. fsmmd = SO ®

cos?

2
320, fcos zde = eos z -+ log

321. fcosa;d:c= — ecsca

sin?

™ ©
t _ —_
Al ( "[— )

o
tan —
an2

- 322. ftiq:—— = log |tan x|
sin z cos =
T &
tan{— -2
an(4 -}—2)

323.f,2d$ = — cscx + log
sin? z cos @
324, f - de = sec & + log tan -
sin z cos® 2 .2
dx 1 dz
3. [—— "= - . = :
o SIn™ z COS & (m — 1) sin" 'z + sin™?x cosx (m ;é 1)

528 fsin:c cosmx  (m — 1) cos™x + Sin 2 cos— 7 (m # 1)
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327. f - de = tanz — ctn @
gin? ¢ cos? &

328. fsin’” x cos" © du

sinmtzeosttz  m— 1 ]

— sin™? z cos" v de
m+n mI+n

(m #= —n)

329. f sin™ ¢ cos" & d%

sinmHpeosly  n— 1 .
= sinmz cos o de  (m # —n)

m+n m+n
330. fsm""vd'c sin™tx z—n+2fsin'“xdm (5 1)
monraya T (a
Os™ & {n — 1) cos™™ e n—1 cos" 2L
sin™ g d'c sin™ g m—1 psinn?axde
331. f — 2T (on 54 m)
cos™ & T m—n)cos"lz  m—n cos" ¥

dr
. [
sin™ & cos™ &

1 . m-+n—2 dx
T (m - 1) sin" Tt w cos T m—1 sin™? 3 cos" ®
(m#=1)
333. f
sin™ x cos™ ©
1 _ m+n—2 dz
T — 1) sinm e cos™ n—1 sin™ & cos" 2 &
(n#1)
334. J’ cos™ x dx cos" & n—m -+ 2 eostxde
= - -
sin™ & " m — 1) sinm e m—1 sin™ 2 x
. : (m 5~ 1)
cos" x d% cos"la n—1 feos"?zde
335.1‘&—,———-= - T — (m 7 n)
sin™ @ (n —m)sinmas  n—m sin™ ¥

336 f dz L og|tan ("’ +?I>
*J sing 4 cosz f 8

11 tan(g—i)
0% 2 8

sa7. [ ®__
*Jsing —cosz V2
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e 1 1 b ;
338, fa Gins - boosw W tan2(w -+ arctan a)‘

dx 1 a
3 N f = — ar t — t P
339 a?sin?a + bceosty ab arctan (b an 'c)

1
30. [ do -
atsin?z — beoste  2ab

log

asina — beosa
og | ————————
asinz + beosa

341. f &
a-+bsing + ccosa

9 b+ {a —¢) tan'—;
= ———————— arecian

N

Vi b o

dz

34z.f , :
a-+bsing +ceosz

b—vbz+c?ﬁa2+(a—~c)tang

1
= log
Vot —a b+\/bﬁ+c2:—a§+(a—0)mn%
(@ <+ )
343. fF(sina:, cosm)dxtfﬁ’(z,vlng)—;-jz— {z = sin x)
Vi

2z 1 — 2% dz
44. f M . 3 7] = f )
3 F(-Smib,co.‘a‘l’;)dﬂa 2 F(1+z2’1+z2 1+ 22

b
(Z an 2)

FORMS INVOLVING TAN X, 'CIN x, SEC x, C5C X

345. ftan z dr = log |sec z}

346, ftanﬂa:d:c = tanaz — &

t m—1
347. ftan”‘:cd:c = :;1_ ;; — ftanmﬁz:t:da: . m=1)

348. fctn:nda: = log |sin x}

(@ > b + ¢

349,

360,

351,
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Jctnzwd:c = —c¢lhy — =
ctn™t g
fctn"‘a;da; =TT fctn’”‘?:z: dr {(m = 1)

fsec:vda; = log [sec & + tan z| = log

T &
tan (; -]— §)

362. fsecea:d:t: = tan
sin @ m— 2
363. fsec”‘ xdr = : - see™ % @ du
{fm — 1ycos™la  m—1
' (m = 1)
364, fcsca;da; = log [esc x — ctn x| = log t-ang

355. fcscﬁa:dm = — ctna
356 fcsc’"xda: = — cos® + m = 2fcsc”“2a;d:c
' (m — 1) sinmta  m — 1 '
. (m £ 1)
357. ft-an xsecx dr = secx
368. f tan z sec™ @ de = Sefn d (m 7= 0)
tan=+Ht g
. m s Py dy = ; -1
359 f‘pan © sec? x da 1 (m = —1)
Vi
360. sedtwds _ log {tan x|
tan 2
361. fctna: csex de = — cse
362, fctn zesempdr = — cs;;n o (m = 0)
tnmtl g
363. fctn”’-a: st ds = — v (m # —1)
m-+1
2 A
364, fcsc AL fog [tan z|
ctn
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' dz 1
. = 1 .
560 fa+btana: a2+b2[ax+bOg]acosm'l'bsmﬂ?l]

: 1,
366, f =
—i-bctn'a, at + B

laxz — blog |esinz + b cos x]

EXPONENTIAEL FORMS

For integrals involving @, substitute a® = e°¢* and use the forms

that follow.

367. fe‘”d&; = 13“
a
euz
368. f:t:e‘”’ de = — (ax ~ 1)
a
1 m
369. f:umea:: drv = = pMgaT .__fa;m—lea:: de
a a

370. f e du

am ~ [(az)>—p(az)r*+p(p—1)(az)r2—

(=1

(p =integer)

(ax)® | (ax)®

371.feu;d = log [z]| + a= +22I+3 3!+ o (0<at< w)
372, f ea;jx T m —e"zlz).‘l:”H + m Ci 1 e;:‘(‘if (m 7 1)
ars. be_': f;’ - a—lclog b + ceos]
374 b -}(-kf:e” B albbg ib —ia:e“
376. f o fbe—“ = c\j;:t_b arctan (e"\/—;;) (ab > 0)

. e%” .
376. fe” sin bx dx = T {a sin bz — b cos bx)

e®*{a sin bx — mb cos bx) sin™! bz
a? - mib?

a397. fe" sin™ by dy =

m(m — 1)0* X
mfe Sin 2bﬂ7dﬂr

Indefinite Integrals 243

e9% .
378. fe“ cos b d = 7T {a cos bz + b sin bx)
¢%*(a cos bx -+ mb sin br) cos’“:_l__l’f

379. f e%* cos™ bx de = & 1 b

m{m — 1)B?
a? 4+ mb?

1 9z g
380, fe“ log bx dx = ']:‘&“’ log bz — _fe * (bz > 0)
a a %

f e°* cos™ 2 by do

LOGARITHMIC FORMS
In these forms, x > 0.

asi. floga;da; = wx(logy — 1)

382. f (log z)™ dx = x(logx)™ — m f (log z)"1dz

da (log z)? | (log x)? +
383, 1— = log llog z| —E—log't:—i- 3. 2l +-——"3_3]

0<z < »)
dv T f'_——ﬁ
38d. (logz)™  (m — 1)(logax)™" + m— 1J (log#)™?
log & 1 :l ( _
10 = amtl — m 1)
386, f’c logede =% [m 1
{m = —1)

(logz)™dz _ (logx)™
386. f T oom+1

387. f @ _ Jog llog o]
: log x

" . -+l . f m (log )" dx
388. f'v (log ) dx = 1 {log =) —— @
(ﬂ&, n ;‘é - 1)
amde gt m + 1f (5 1)
389 (og ) T — 1)(log m}"—l n—1J (log# )'H

1)*(log x)?
= log log 2| -+ (m - 1) logz + Mﬁr—_

(m + 1)3(log x)® .
33 +

0<az < w)
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391. f sin {log z) dz = g[sin (log ) — cos (log )]
392, f cos (log z) dx = g[sin (log z) + cos (log z)]
FORMS lNVOLVlNG INVERSE TRIGONOMETRIC FUNCTIONS
393, farcsin:z: dv = zavesinz + V1 — a2
394, f {aresin 2)? do = x(aresin x)? — 2z -+ 2V'1 — 2 aresin @
396, f:c arcsin @ dz = H(2z% — 1) arcsin 2 + V1 — 2%
arcsin x dr a3 138 1.3 527
396, f aresinwde L .
= *tossto a5tz 2677
<)
it 1. antt d
397. f " aresi - osin & — S
™ aresin « d - lalesm'c mti1d Ve
(m #= —1)
398, f arccos £ dx = x areccos @ — V1 - g?
399, f (arccos )2 dv = z(arecos x)? — 2z — 2v1 — z? arccos «
400. f:c arceos z dv = [(22? — 1) arccosz — zV'1 — ?
401, farccos:v dz
@
_T 12| o z* 1-325 1-3-51:7~_
=B T T3 3T 2. 4-6.5 2:4-6-7-7
(2 < 1)
402. f o = T recos s 4 . f A
. m s =3 I
™ arecos 2 de m—f—la 03 T mt1d e
(m # ~1)

403.

/‘ arctan ¢ dx = z arctan & — log V14 22

Indefinite Integrals

a7t gretan © 1 antl gy
404, f o aretan @ i = _
™ arclan z de P po—— g
405, f arcetn @ dr = x arcetn @ + log V1 + a2
xm+1 1 pmtl dx
406. f amarectn x de = w1 arectnx -+ mrl e
407, farcsecm dr = z arcsec z — log & + Va? — 1}
prtl i zndz
40.].?’*" xdy = x —
8 x '11csec1,ch: e lalcsec:t: mti1d Vi
409, f arcesc & dv = @ areese & + log Jv + Va2 — 1
gt 1 ™ du
410, f'c alcescmda.Hm_{_l arcesc x+m+1 VA
FORMS INVOLVING HYPERBOLIC FUNCTIONS
411, f sinh z dz = eoshx
sinh 20 =
1nh2 — -
412, f sinh? 2 dw 4 2
413. f’c sinh 2 da = x coshz — sinhz
414, fcoshm dx = sinh 2
sinh 2z %
415, fcoshzxdx - & + 5
4 2
416. f:z: cosh 2 dx = £sinhz — cosha
417. f tanh = dz = log (cosh &)
418. f tanh?z dz = ¢ — tanhx
419, f etnh 2 dz = log |sinh z{

265
(m 7 —1)
(m = —1)
(m = —1)
(n % 1)
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420, f cteh?z dex = & — ctoh
421, f sech & dx = aretan (sinh z)
422, f sech?z dv = tanhx

423, fcschx dz = log tanhg‘

424, f esch?a de = — ctnhz
425, f sinh 2 cosh 2 dz = % eosh 2z
426, | sech z tanh a2 dx = — sechz

497, fcsch zcetnhzde = — cscha

sinh (a + bz _ sinh (o — bz

: : A 2 9

428, fsmh az sinh bz dx 2 T b) 2@ — b) (a? 52 b?)

_ sinh (@ + b)x | sinh (@ — b)= 5 ,

429, fcosh ax cosh bx dz = 2 + b) o — b) (a2 = b?)
) eosh (a + b)x  cosh (& — b)x

4 0' f P 2 2

3 sinh az cosh bz dz 2(a + b) e — b) {a? # b%)

Definite Integrals

In the following formulas, a, b, m, and % represent any positive real
numbers; p and g represent positive integers; & represents any positive
or negative real number,

THE GAMMA FUNCTION

431, f " grtge dg = T(m)
(H]

T(m + 1) = mI(n) I'(p) = {p — 1}!
r2) =r() =1 () =V

1.3:-5---(2p — 1)
Tp+d =y Vr

® 1
432. f amlger dy = — I'(m)
(| a™

L]
® 1
433, f e de = I‘(—— 4+ 1)
0 n
1 1\n—t 1
434, f 7t (Iog —) de = — T'(n)
0 @ m

1 _
436. fo (log z)™ de = (—1)"T'(n)
THE BETA FUNCTION

1
436, f zm=i(l — x)t dx = B(m,n)
0

B, n) = B(n, m) = %{_%
(p — 1!
B(p, n) =7L(?L+ D m+p—1

(p— 11— 1!
Bl o = =03 g
267
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) ﬂ;m-l d:v
437, ——— =25
£ o) {m, n)

438, J(; g — x)* L dr = emt1B(m, n)

439,

ff ant(l —g)tdy  B(m, n)
0 (@ + x)»ts Ter{a + Dm

440, J; (@ — x)™ 1z — b)rtdy = (& — b)™+1B(m, 7)

MISCELLANEOUS FORMS

® da 1
a [T~
Toxmtl om

egpn-ldy @ nar

449,

s 1420 =2 o 7
443, fwmiw—— .
WJooatAoat 2
444, f‘“ dx _ T
o (a* + 2 (B +a?) 2abla + b)

® @ 1 =
s, [T i [oos @) e = Lo
| sin (x?) dx , cos 2?) dw N3

£
Slﬂ ax T
4486, ‘l) do = =

@ 2
4a7. sm m _ j’ cos m, f K
0 2a
448, J" cos ba bz L ea
a + %2 2a
449. f x sin b:o = T b
2
450 *  gin by g — kS a b
‘o a(@ et 20 e

451, f; sin? pzdz = ‘[0' cos? pr de = z

2
=gin? ke ar
452, jol = dz = . (%]

{a > D)

(m < n)
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" 453, ‘/(;Psin pa cos pr de = .LI sin pz cosprde =0

454, Jo‘ sin pe sin gr d = j(; cos px cos gz de = 0 (p #= q)

456, f sinpreosgrde =0 p— g s even;
a

= p22p ; ifp— g is odd
— g
456, f sin aa,xsrln bz o 1og; a+ Zl (a # b)

® sin ax €os bx .
457.f S AL COSO% g = 0 ifa < b;
0

T

g ifa>b;

=Y

=
Il

o

[

w19

458, fo‘” cos ax — cos by ds = logi—i

x
PP NN ——— S
o a?sin?a -+ B costw T 2ab
460, f”sina:csinbxdw___zrg (@ <)
0 ol 2
461. JO' smp.'cda:=£eosi’:z;dx;
=1.3 5. =1 7 if p is even,;
2:4:06+0-p 2
2.4:6---(p—1) .
= if dd
L35 p pliso

= 1
463. .,£ eordy =

a
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464,

465,

466.

467.

468.

469,

470.

471,

472,

473.

474,

476.

476.

477.

478,

479,

480.

Definite Integrals

e gin ke dx =

k
ot + K

e eos ke de = pr f:_ =

f
f
f
S
.

a?._.kQ
cos ke de = @ T
““Smﬂa:d'z. k
= gretan —
)
" Vo R
e eoskedr = —e¢ 48'
2a
oo 2 72
Og.’b(m= _u:r“
o 1+ 12
Tlog x w?
de = — —
Il—x v 6
1logz m
Jl: 1 ~:v2d3’ T8
L loga T 1
———dz = —log ~
A ,_._.___1_:62(?1; 2og2

Lgm=1 — gnt m
—————dx = log —
(i log % 7

'fahlogsinrcdrc = ‘ﬁzlogcosmflt =giog2

1

481.

482.

483,

484,

485.

486,

487,

488.
489,
490.
491.
492.
493.

494,

Definite Integrals

fﬁlogtan:cd:c = j';zlogctnxdx =0
1]

fﬁiogsec:cdm = ﬁlog escx de = Elcog2
i} (i 2

2

" i i ~7T101
jo':vlogsmmcrc— 2 g2

T

fﬁsinml{)gsinxdx = log2 — 1
0

t !
'foxl’log:bda,=—m
t
L8 o (o 1)
o loga
Log (1 -+ ) _12
£ P T
og (1 4 2) T
OB T gy = T log 2
£ Ly T glE
f“’h)_g_(},iﬁﬁl Iog(1+ab)
[ B 4

r

(iogm)zdm _ 2
x—1

i
3

2 2.“.2

) de = 3

J"W (1og T
o \&t—1
1{] T 2 3

S =T
f“' de =

o sinhax Z2a
f“" x dz ~ ks

o sinhas 4

271



Series

In the following formulas, a, b, d, #, r arve constants, all arguments of
the trigonometric functions are in radians, and all logarithms are in the
natural system.

FINITE SERIES
-La+m+wy+w+mn+~-+m+n—7@=gmm+@—na

2.atarta?t - tatt = a(?:—_ll)

&1+2+3+~-+n:gm+ﬁ
4.14+3+5+ -+ @n—1) =n
5_'12+22+32+...-]-7;,2.:%(?3—}—1)(211—!-1)

8. 13+23+33~|—"'+?l3=[n—(?}—2-+—12]2
7. 1‘-{—24—{—34—1—---+1L4=3116(n+1}(2n+ 1@nt+3n — 1)

INFINITE SERIES

i 1 1
8. 1l -4 >—=4+...=log2
1 2+3 4+ og
1,1 1 T
9.1 —=4+=-—= ==

L=gt5— 7+ i ,

1 1 1 1 lma—ldx
Wi tarm erm T hire (@, b > 0)
11.a+ar+ar2+f1!‘3+"'=1i‘_r . <)
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1 Gt =t
18. 1 — l+%_%+”.:§
1¢1+§+;+%+”.=§
15-1+ + + +'--xe
m¢—%+%_%fm=é

POWER SERIES

The interval of convergence is given in parentheses,

. 1) - 5@ + 55 2@ + S
4+t _(g(s;—__a%‘_;_‘ fo{(a) 4+ .-+ (Taylor's series)

If f(x) and its derivatives are continuous at = = @, and
(n—1} a
\— fim nf* " (a)

na | SO @)
In order that the series converge to f(z), it is necessary and sufficient

» the series converges for a — A<z <a+ M\

that lim ('i“;—!a)—f‘") {r) =0, a<m <w

n—rea
p T a? 1t a? 11
18. /() = J(0) -+ 17/ 0) + G/ O) 4 5 O + -
{(Maclaurin’s series)
This series is obtained from Taylor’s series when ¢ = 0.

n(n 1) nn—1)(n—2)

19. {a-t+z)*=a"+ Ha" Ly} ————a"~ %4 al an—3gi4- - - -

(@ < a?)
This series reduces to a p:olynomial, valid for any finite value of z,

when 7 is a positive integer.

20, (1-+2)r=14not " DZ*”@_gm_m SR @<1)

See the note under Series 19,
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21, (1+x)—n=1—m+?1("—;~fl—)mﬂ—33@i1—;li~wwms+--- @2 <1)
2. Q+a)t=1—a+22—a+. - (@ < 1)
23, (14 a2y2=1—2c+3a% — da¥ 4+ ++ {2 < 1)
1 1 1-1 1-1-3 1-1:3-5
24, (1 4-2)2 =1 _z— 2 s — ST
(-t 2) Tt e Te " T2 268" T
(x? = 1)
i 1:3 1:-3:5 1-3-5-7
26. (1 2—~1—~ % — 8 4
A+ 2"t 4 "o 16" T2 468"
@ <1)
x  x? 2t
26. e* = RASIN SEBGEN N E .
e 1+1[+2l+3!+ (22 < w)
. 1 2 3 !
o7, a==1+xloga+(a, og a) +(:.J:Ioga) L @ <)
1l 2! 31
& B1 Bz B;:,
28. R Y T NP
o -i— !x+6!$ (2? < 47%)
The Bernoulli Numbers:
i 1 i
B1-—-6 B4""3_0' Bz=a
1 b 3617
B =35 Pe =56 B =G0
I 691 43,867
B3—42 Bs-—ﬁa By = 708 s afe.
1  1fz-—-1\  1/z-—1\3 1
29, log x = = (==Y +... =
08 % a: +2( x )+3( ® )+ (a:>2)
. 1 i
30. logm-=(m—l)—g(x—-l)z—!—-é(a:—lﬁ— O<z=x2)
1 1/z2—1\* 1/a— 1YV
31, 1 = 2 = < N
&8s [+1+3Q+4)+5Q+¢)+ ] (@>0)
¥ ot
32, log(1+m)_.m——+—-———+ (—1<xs1)

zt1
33. Iog(x 1) [ +§;+§+%—7+ ] (x2 > 1)

Series

' a3 ] il

34.sm:c=$~a+51 71+
z2  xt af

36. cose = 1 — 51+ 417§

23 938 1727 6247

36. tanw =& + 5+ 70T g0 T ogsp

D20 (22’1 — l)B

R odn—1 s
{2n)! wr
1 e @t W 2
37. ctn.'=,;_§d45 o4 47256
277
38.sec'c-—1+ +*_1’4+ G+8064$3+“-
. 31 o4 127
39, cscw = + +§55'° +15 1267 " 604,800

1 :n '?—' - on ok
40. arcsm:z:-—a;+2 3+§—:1'E+2-4-G 7 +

28 a5 a2t T
y g —— =74 =5 —arcetng
41, arctangzy = 2 3—{— 5 7+ >
1 1 1 T
e = . = — — arct
42, arcetnz = - 3$3+ e 72’7-%- 3 arctan z

2 ot xb

48. log lsinal = log le] =% ~ 155 ~ 2635

- 22n—an$2n
T T e
gt ot 2t 173°
4. logeos® = =5~ 5 T 5 T 2520
IUUURNE aTcaE T NP
n(2n)!
Tt 6228
45, log jtan a,l log lz| + + + T
2n (On—1 Bn
+__.4_2(2 DB

n(2n)!

46.smhx—-a:+ + —]- -;-...

al oo

e
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(=? < @)

(2% < @)

,‘T‘a
2 J—
(a, < 4)

(a? < 7%)

71‘2
2 —_
(cc < 4)

(a? < 7%
(= < 1)
@<

(2% > 1)
(22 < %)
<)
(<

(* < »)
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x? at 2
47. eoshae = 1 F — - — L = ... .
she =1t tateat (@* < «)
x3 2z 1747
anhx = 2 3 -+ 5 315

o (D@ — DB, 2
+ + @n)! w (:LZ < Z)

. 1. 1. 1, x
49, sm:z:_~2~31n2:v+§sm3x—zsm4x—t—---=% (—r <z <a)
. 1 . 1 . T — &
5O, sm:t:—f—istx—l—gsme—i—isintlx—[----=72Q’
0 <z <27
1 1 1 1
61. 2 — —cos2x 4 - r— s = o
1. cos 2095 x4 309332, 4{:054.1,—1- iochosza,
(—v <z <w)
1 1 1 .1
B2, cosaz + =cos2zx + ~cos3x 4+ cosdn o= — log2sin—w
2 3 4 2
0 <z <2r)

index

(MNumbers refer fo pages)

Algebra, formulas from, 185-180
Alphabet, Greek, 179
American Experience Table of Mortality,
146
Amount, of 1 at compound interest,
table, 150
of I per annum at compound interest,
table, 152
Analytic geometry, plane, formulas from,
208212
solid, formulas from, 213-216
Angle, mil measure of, 200
radian measure of, 199200
between two lines, 208, 213
between two planes, 214
Area, measures of, 180
of geometrical figures, 101193
of plane triangle, 191, 201, 202, 208
by Simpson’s rule, 193
by trapezoidal rule, 193
Areas of the normal probability curve,
table, 155
Axes, rotation of, 210, 211
{ranslation of, 210

Bernoulli numbers, 274
Bessel functions Jy(x) and Ji(x), table, 166
Beta functions, 267
Bifolium, 217
Binomial, coefficients, table, 189
reduction formulas, 252-253
theoren, 188

Cardioid, 217
Catenary, 217
Centroids, location of, 195
Characteristic rule, 187
Chi-square probability scale, table, 160
Circle, 211, 218
formulas of, 192-193, 209
involute of, 221
polar forms, 211
radius of circumseribed, 191, 200
radius of inscribed, 191, 200
gector of, 192-193
segment of, 192-193
Cissoid of Diocles, 218
Combinations, formulas and values, 188~
189
Commissionera 1941 Standard Ordinary
Mortality Table, 147 )
Common logarithms, of factorials, table,
130
of numbers, five-placs, table, 3-20
of numbers, four-place, table, 115-116
of trigonometric functions, table, &i—
04

Common logarithms, of trigonometric
functions for angles in radians, table,
128129

of trigonometric functions for decimal
fractions of a degree, table, 121124

Commutation Columns, Commissioners
1941 Standard Ordinary Mortality
Table, 148-149

Companion to the cyeloid, 217

Complete elliptie integrals, table, 167

Complex numbers, formulas involving,
186

Conchoid of Nicomedes, 218

Cone, 215

elliptic, 229
formulas of, 194

Constants, important mathematical, 184

miscellaneous physical, 183 '

Coordinates, eylindrical, 215

polar, 211-212

spherical, 215

transformation of, 210, 216-217
Cosecant, curve, 228

integrals involving, 260-262
Cosine curve, 227
Cosines, direction, 213

law of, 200, 203
Cotangent, curve, 228

integrals involving, 260-262
Cube, formulas of, 193

roots, table, 95114

Cubes of numbers, table, 05-114

Cubical parabola, 218, 224

Curves for reference, 216-250

Cycloid, 219

Cylinder, 215

elliptic, 229

formulas of, 193

right eircular, 194
Cylindrical coordinates, 215

Definite integrals, 267-271
Degrees, minutes, and seconds to radians,
table, 125
Derivatives, 231-233
Distance, from line te point, 209
from plane to point, 214
between two points, 208
Direction cosines, 213
Division of a line segment, 208
Dry measure, 180

Ellipse, 211, 212, 219
eccentricity of, 209
evolute of, 220
focus of, 209
formulas for, 209210
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