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To my mother



‘I don’t want to bore you,” Harvey said, ‘but you should
understand that these heaps of wire can practically
think—Ilinear programming—which means that instead
of going through all the alternatives they have a hunch
which is the right one.’

From Billion Dollar Brain by Len Deighton.
Copyright © VICO Patentverwertungs-und
Vermégensverwaltungs-G-m.b.H., 1966.
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Preface |

Linear Programming was written primarily for upper-division and graduate courses
in operations research/management science, mathematics, and computer science. It
may serve not only as an introduction to the subject but also as a reference and
guide to applications. When 1 taught in the Operations Research Department at
Stanford University, I found that none of the available texts quite fit my presenta-
tion, so I wrote lecture notes and distributed them in class. The students’ enthusiasm
encouraged me to rework the notes into a manuscript. Victor Klee gave me further
encouragement and suggested additional topics to be included in the text. In the fol-
lowing several years, the manuscript grew to nearly five times its original length
and was extensively revised as suggested by my further use in courses at McGill
University and in a series of lectures at Université de Paris—Sud. In addition,
I benefited greatly from the comments of instructors who used the text at the
University of California at Berkeley, Carnegie-Mellon University, the University of
Denver, Georgia Institute of Technology, the University of Houston, the University
of Kentucky, Universit¢é de Montréal, the University of Rochester, Simon Fraser
University, Stanford University, Tohoku University, Vanderbilt University, and the
University of Waterloo.

For me, writing this book was a long and enjoyable exercise in exposition. I would
return again and again to Paul Halmos’ essay* on writing mathematics whenever I
needed a bit of extra stimulation to carry on. Speak to someone, says Halmos; and
I tried to follow his advice by always keeping a few of my students in mind. At the
same time, however, I could not help thinking of some of my friends and colleagues,
excellent mathematicians who never got around to learning linear programming.
For them, I tried to make the text as appetizing as I could by not making simple
ideas sound esoteric. Furthermore, the exposition is accessible to readers with only a
minimal mathematical background: a reasonably bright and motivated high school
student could follow and undsrstand. No prerequisites are needed ; even elementary

* P. Halmos, How to write mathematics, L’Enseignment Mathematique, vol. 16, 1970,
pp. 123-152.
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3 concerning matrices are developed from scratch. Finally, I tried to avoid fussy

1alism by using the reader’s ability to generalize from examples. As R. P. Boas
it,

Suppose that you want to teach the ‘“‘cat” concept to a very young
child. Do you explain that a cat is a relatively small, primarily carnivo-
rous mammal with retractile claws, a distinctive sonic output, etc.?
Il bet not. You probably show the kid a lot of different cats, saying
“kitty” each time, until it gets the idea. To put it more generally,
generalizations are best made by abstraction from experience.*

1is book, most of the concepts and techniques are introduced by illustrative
1ples; cumbersome notation with its plethora of subscripts and superscripts is
1 avoided altogether. This improves clarity without sacrificing rigor.

irther features of my presentation include the following:

Other approaches frequently use a geometric setting to introduce and motivate
r programming; the algebraic mechanism of the simplex method is explained
after the student has learned to draw polygons in the plane and to solve two-
1ible problems by the graphic method. 1 had several reasons for abandoning this
egy. First, the graphic method is a dead end: the student’s satisfaction in having
1ed something is, or at least should be, instantly spoiled by the realization that
bit of learning is useless in practice—unless, of course, one is making two kinds
usages from three kinds of meat. Second, the student with a less solid mathemati-
rackground may become confused by the constant switching between geometric
algebraic descriptions. The insight, if any, provided by the geometric point of
may not be worth the mental effort of keeping both descriptions simultaneously
ind. Finally, I like to teach my students something nontrivial as soon as possible,
-e they lose interest or at least begin to suspect that they are not going to learn
1in the course. Trivial preliminaries, such as the graphic method, put off the
antial material.

r these reasons, I have refrained from even mentioning the geometric point of
in the first part of the book and postponed its presentation until Chapter 17.
is point, the student will have digested the fundamental algebraic techniques;
etric illustrations will now come as a pleasant afterthought. These illustrations
itute only the first half of the chapter; the second half consists of applications
:algebraic results to the geometry of convex sets. Juxtaposing these two different
ots may help the student appreciate the two-way correspondence between
etry and algebra.

>se instructors who do not share my inclinations in this regard have the easy
an of using material from the self-contained first half of Chapter 17 with the

. Boas, Can we make mathematics intelligible? American Mathematical Monthly, vol. 88,
mp. 727-731.
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first five chapters. The sections entitled “Geometric Interpretation of LP Pyoblems”
and “The Graphic Method” might be read with Chapter 1, “Geometric Inyterpreta-
tion of the Simplex Method” with Chapter 2, “Geometric Interpretation of the
Perturbation Method” with Chapter 3, “Klee—Minty Examples Reviewed” with
Chapter 4, and *“Geometric Interpretation of the Duality Theorem” with Chapter 5.

(i) Simplex tableaus, which once seemed to be a compulsory feature of linear
programming books, are not used in this text at all. In the first five chapters, \yhere the
simplex method is motivated and explained, I prefer to write out in full the system
of linear equations expressing the basic variables and the objective function in terms
of nonbasic variables. These “dictionaries” reveal all the information they carry at
first glance, and updating is a natural procedure impossible to forget. Tableays have
neither of these two virtues. To understand a tableau, one has to interpret it as the
array of coefficients in the corresponding dictionary, a mental process complicated
by the fact that the sign conventions in extracting these coefficients are nog unified :
to update a tableau, one has to follow mechanical rules learned by rote.

In subsequent chapters, where efficient implementations of the simplex method are
studied, dictionaries are abandoned in favor of the revised simplex format. On
typical large problems solved in practice, whose arrays are very sparse and have a
special structure, this format requires much less work per simplex iteration than the
dictionary/tableau format. This is why practitioners oppose the use of tabjeaus so
vehemently and why I considered using the revised simplex format from the very
start. What swayed my decision was classroom experience: my students took to
dictionaries like fish to water, but initially many of them felt less at ease with the
matrix manipulations of the revised simplex method. I suspect that even thoge who
found the revised simplex method quite natural at once might have felt djfferently
had they not first been eased into the simplex method through the intuitive concept
of a dictionary.

(iif) The inverse of the basis is never used as a computational device in this text:
each iteration of the revised simplex method revolves around solving twa systems
of equations rather than premultiplying and postmultiplying the inverse by a row
and a column vector, respectively. In particular, the conventional ‘“‘product form of
the inverse” has been replaced by the essentially equivalent “‘eta factorizating of the
basis.” This treatment simplifies the exposition and leads naturally to efficient
implementations. The inverse of the basis is an anachronism that has no place in
modern versions of the revised simplex method.

(iv) The use of transportation tableaus is avoided in the discussion of transshipment
problems. This frequently used device is actually quite harmful in several ways.
First, it can be used only in tiie special case of transportation problems, even though
more general transshipment problems can be handled just as easily. Second, it
obscures the intuitive combinatorial notions of paths, cycles, and trees. Fipally, it
distracts attention from the fact that large networks found in applicationy tend to
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ry sparse. In this text, transshipment problems are treated in their natural
g of networks.

ear Programming provides flexibility in its use. A one-semester course might be
on Chapters 1-12 and 19-20. In fact, these chapters probably contain moré
can be covered at a comfortable pace in one semester. Note that throughout
ok, passages in small print may be skipped on the first reading without loss of
wity. However, small print does not signify inferiority; quite the contrary: a
sticated reader may enjoy these passages more than the rest of the text.
ipter 6 consists mainly of facts about systems of linear equations and matrices
10uld be, but often are not, known to the intended readers. Most of my students
enroll in the course unaware of the advantages of a triangular factorization
J-decomposition in a product form) over the inverse of a matrix as a device
ving systems of linear equations. Similarly, students are often unaware of the
tion between Gaussian and Gauss—Jordan elimination methods, not to
n the superiority of the former. (One does not have to look far to find a source
confusion: at least one linear programming textbook describes Gauss—Jordan
ition under the name of Gaussian elimination; at least three others present
erior Gauss—Jordan elimination without so much as mentioning Gaussian
ition.) For these reasons, I decided to keep this material in its present place
than relegate it to an appendix.
sters 11-18 cover selected applications loosely arranged in order of decreasing
al interest. Chapter 13 on the cutting-stock problem can usefully be included
anagement science operations research course if time permits; Chapter 14 on
yproximations is, perhaps, a little drier and more mathematical. Practical ap-
ity of Chapter 15 aside, game theory is fun and students enjoy it. Chapter 16
ar inequalities and the second half of Chapter 17 on geometry would fit nicely
nathematically oriented course; Chapter 18 on finding vertices of polyhedra
ippeal to students in computer science.
iters 19-23 on network-flow problems form a self-contained unit that can be
iependently of the rest of the book. I have used these five chapters repeatedly
duate course in combinatorial optimization. At a leisurely pace, this material
» most of the semester.
last three chapters cover computational techniques usually reserved for
'd courses. Nevertheless, it might be a good idea to discuss the triangular
ations presented in Chapter 24 just after the presentation of the revised
method in Chapter 7: this material is not part of the basic curriculum,
perhaps it should be. The details of the recent ellipsoid method are left for
:ndix: the preliminary discussion of the role of this method in Chapter 4
e adequate for management science/operations research courses.
chapter concludes with a set of problems. These are of two kinds: some simply
reader’s understanding of the chapter and others extend the material beyond



Preface xiii

the text proper. Those marked by small triangles are answered in the back; detailed
solutions to all the problems are collected in the Solutions Manual.

I was fortunate to have many friends help me in writing this book; now I would
like to thank them all. The warm encouragement and the valuable suggestions from
Victor Klee meant much to me; Vic also put me in touch with W. H. Freeman and
Company. There, I had the advantage of having an editor who is also a mathemati-
cian, Peter Renz. His advice was very helpful in improving the manuscript. I thank
the following readers, who gave me many helpful comments; all of them read various
parts or versions of the manuscript and some of them used the manuscript in their
own courses: David Avis, Adrian Bondy, David Clark, Scot Drysdale, Franci Fiala,
Peter Gacs, Getia Hahn, Dorit Hochbaum, Alan Hoffman, Petr Kubat, Harold
Kuhn, Hang Tong Lau, Leonid Levin, Mike Martin, Takao Nishizeki, Chris Paige,
André Perold, Kevin Phelps, Maurice Queyranne, J. K. Reid, Vojta Rodl, Ivo
Rosenberg, Mike Saunders, Bill Steiger, Hunter Swanson, Bob Tarjan, John Tomlin,
Klaus Truemper, Sue Whitesides, Gene Woolsey, and Boris Yamnitsky. In particular,
Dorit Hochbaum spent grueling hours with Peter Renz and myself as we restructured
the first ten chapters. I would especially like to thank André Perold and Mike
Saunders for the limitless patience with which they kept explaining implementations
of the simplex method to me. Judith Wilson, Project Editor at Freeman, gave me
competent and cheerful support as the manuscript was being transformed into a
book. Paul Higham, Minoru Ishii, and Nick Tsikopoulos helped me with correcting
the galley proofs and, even at that late stage, suggested a number of improvements.

Finally, I want to thank my friend Frangois de Lucy for letting us reproduce one
of his paintings on the cover of the paperback edition. Even though the painting
does not represent a decaying polyhedron as some might believe, it does provide a
fitting illustration: it was inspired by a crumpled sheet of paper, an object frequently
sighted on this author’s floor during years of writing.

January 1983 Vasek Chvdtal
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Introduction

In this short chapter, we shall explain what is meant by linear programming and
sketch a history of this subject.

A DIET PROBLEM

—

Polly wonders how much money she must spend on food in order to get all the
energy (2,000 kcal), protein (55 g), and calcium (800 mg) that she needs every day.
(For iron and vitamins, she will depend on pills. Nutritionists would disapprove,
but the introductory example ought to be simple.) She chooses six foods that seem
to be cheap sources of the nutrients; her data are collected in Table 1.1.

Table 1.1 Nutritive Value per Serving

Energy Protein Calcium Price per serving

Food Serving size (kcal) (g) (mg) (cents)
Oatmeal 28 ¢ 110 4 2 3
Chicken 100 g 205 32 12 24
Eggs 2 large 160 13 54 13
Whole milk 237 cc 160 8 285 9
Cherry pie 170 g 420 4 22 20
Pork with beans 260 g 260 14 80 19
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1en she begins to think about her menu. For example, 10 servings of pork with
1s would take care of all her needs for only (?) $1.90 per day. On the other hand,
srvings of pork with beans is a lot of pork with beans—she would not be able

:omach more than 2 servings a day. She decides to impose servings-per-day
s on all six foods:

atmeal at most 4 servings per day
hicken at most 3 servings per day
788 at most 2 servings per day
ilk at most 8 servings per day
herry pie at most 2 servings per day

»rk with beans at most 2 servings per day.

, another look at the data shows Polly that 8 servings of milk and 2 servings of
'y pie every day will satisfy the requirements nicely and at a cost of only $1.12.
at, she could cut down a little on the pie or the milk or perhaps try a different
rination. But so many combinations seem promising that one could go on and
yoking for the best one. Trial and error is not particularly helpful here. To be
matic, we may speculate about some as yet unspecified menu consisting of x,
1gs of oatmeal, x, servings of chicken, x; servings of eggs, and so on. In order
1y below the upper limits, that menu must satisfy

N

x; <4
3

IN

X3

N

*

w
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of course, there are the requirements for energy, protein, and calcium; they
o the inequalities

)x; + 205x, + 160x; + 160x, + 420x5 + 260x¢ > 2,000

bx; + 32x, + 13x3 + 8x, + 4xs+ 1l4xg > 55 (1.2
Xy + 12x, + S54x; + 285x, + 22x5 + 80x¢ = 800.

e numbers x4, X,, ..., X¢ satisfy inequalities (1.1) and (1.2), then they describe
factory menu; such a menu will cost, in cents per day,

+ 24x, + 13x3 + 9x, + 20x5 + 19x,. (1.3)
esigning the most economical menu, Polly wants to find numbers x4, x,,..., X¢

itisfy (1.1) and (1.2), and make (1.3) as small as possible. As a mathematician
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would put it, she wants to

minimize 3x, + 24x, + 13x3 + 9x, + 20x5 + 19x,
subject to 0<x, <4
0<x,<3
0<x;<2
0<x,<8
0<x5<2
0<xs<2
110x, + 205x, + 160x; + 160x, + 420xs + 260x, = 2000
4x, + 32x, + 13x3 4+ 8x, + 4xs + 1ld4xg= 55
2x, + 12x, + 54x; + 285x, + 22xs + 80x¢ > 800.

A A

(1.4)

IA

Her problem is known as a diet problem.

LINEAR PROGRAMMING

Problems of this kind are called “linear programming problems,” or “LP problems”

for short; linear programming is the branch of applied mathematics concerned with
these problems. Here are other examples:

maximize Sx; + 4x, + 3x3
subject to 2x; + 3x, + X3
4x, + x, + 2x;
3x, + 4x, + 2x;

5

11 (1.5)
8
0

(with “x,, x,, x; = 0” used as shorthand for “x, > 0, x, > 0, x; > 0”) or

A A

vV IA

X15 X2, X3

minimize 3x, — x,
subject to —X; +6x; —x3 4+ x4= -3
Tx, +2x,= 5 (16)
Xy + X3 + X3 = 1
X3+ X4< 2
X3, X3 = 0.
In general, if ¢, ¢,, ..., ¢, are real numbers, then the function f of real variables

Xi, X3, - - - 5 X, defined by

n
S Xgs ooy X)) = €%y + €% + 0 F X, = ). CX;
i=1
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called a linear function. If f is a linear function and if b is a real number, then the
uation

flxs X555 %)=Db
called a linear equation and the inequalities

Jxp X, x) < b

f(xlax2"°-’xn)—>— b

. called linear inequalities. Linear equations and linear inequalities are both
srred to as linear constraints. Finally, a linear programming problem is the problem
mnaximizing (or minimizing) a linear function subject to a finite number of linear
istraints. We shall usually attach different subscripts i to different constraints and
erent subscripts j to different variables. For simplicity of exposition, we shall
rict ourselves in Chapters 1-7 to LP prablems of the following form:

n
naximize .Zl ¢jX;
=

" (7
ubject to Yoagx;<b  (i=1,2,...,m
j=1

;20  (=12...,n)

se problems will be referred to as LP problems in the standard form. (The reader
1ld be warned that the terminology is far from unified; several authors prefer the
1s canonical or symmetric form, and others reserve these adjectives for altogether
rrent problems.) For example, (1.5) is a problem in the standard form (with
3,m =3,a;; = 2,a,, = 3, and so on). What distinguishes the problems in the
dard form from the rest? First, all of their constraints are linear inequalities.
ndly, the last n of the m + n constraints in (1.7) are very special: they simply
tlate that none of the n variables may assume negative values. Such constraints
alled nonnegativity constraints. (Note that problem (1.6) differs from the standard
on both counts: two of its constraints are linear equations and the variables
+ ay assume negative values.)
. linear function that is to be maximized or minimized in an LP problem is

1 the objective function of that problem. For example, the function z of variables
2y X35 Xg5 X5, Xg defined by

Cpr X, 005 Xg) = 3%; 4+ 24x, + 13x5 + 9x, + 20x5 + 19x4

objective function of Polly’s diet problem (1.4). Numbers x,, x,, . . ., X, that

y all the constraints of an LP problem are said to constitute a feasible solution
t problem. For instance, we have observed that

=0, x,=0, x3=0, x, =8, xs=2, x¢=0
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is a feasible solution of (1.4). Finally, a feasible solution that maximizes the objective
function (or minimizes it, depending on the form of the problem) is called an optimal
solution; the corresponding value of the objective function is called the optimal value
of the problem. As it turns out, the unique optimal solution of (1.4) is

Xy = 4, Xy = O, X3 = 0, X4 = 4.5, X5 = 2, Xe = 0

or simply (4, 0, 0, 4.5, 2, 0). Accordingly, the optimal value of (1.4) is 92.5. Not every
LP problem has a unique optimal solution; some problems have many different
optimal solutions and others have no optimal solutions at all. The latter may occur
for one of two radically different reasons: either there are no feasible solutions at all
or there are, in a sense, too many of them. The first case may be illustrated on the
problem

maximize 3x; — X,
subject to Xy + X, 2
—2x; — 2%, £ —10

IA

(1.8)

Xy, Xy = 0

which has no feasible solutions at all. Such problems are called infeasible. On the
other hand, even though the problem

maximize Xy — X,
subject to —2x; + x, < —1
) 1 2 (1.9)
—X; — 2%, < =2

X, X, = 0

does have feasible solutions, none of them is optimal: for every number M there is a
feasible solution x;, x, such that x;, — x, > M. In a sense, (1.9) has such an abun-
dance of feasible solutions that none of them can aspire to be the best. Problems with
this property are called unbounded. As we shall prove later (Theorem 3.4), every
linear programming problem belongs to one of the three categories noted here: it
has an optimal solution, is infeasible, or is unbounded.

HISTORY OF LINEAR PROGRAMMING

As mathematical disciplines go, linear programming is quite young. It started in 1947 when
G. B. Dantzig designed the “simplex method” for solving linear programming formulations of
U.S. Air Force planning problems. What followed was an exciting period of rapid development
in this new field. It soon became clear that a surprisingly wide range of apparently unrelated

O

]
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»roblems in production management could be stated in linear programming terms and, most
mportantly, solved by the simplex method. Such problems, if noticed at all, had traditionally
seen tackled by a hit-or-miss approach guided only by experience and intuition. The use of
inear programming often brought about a considerable increase in the efficiency of the whole
speration. (Until then, expansion of the efficiency frontier usually came from technological
nnovations. This new way to increase efficiency—under existing technological conditions—by
mprovements in organization and planning, made many managers appreciate the practical
mportance of mathematics. At least, it made them aware of the advantage of stating their deci-
ion problems in clear-cut and well-defined terms.) As the popularity of linear programming
heory increased, applications in new areas occurred, many of them far from obvious. In turn,
hese applications stimulated further theoretical research by pointing out the need for solving
rroblems that would have otherwise seemed uninteresting. In this fascinating interplay between
heory and applications, a new branch of applied mathematics established itself.

As calculus developed from the seventeenth century’s need to solve problems of mechanics,
near programming developed from the twentieth century’s need to solve problems of manage-
1ent. Yet other profound influences stimulated the evolution of the new field from its very
1ception. Economics was one of them: as early as 1947, T. C. Koopmans began pointing out
hat linear programming provided an excellent framework for the analysis of classical economic
heories, such as the renowned system proposed in 1874 by L. Walras. On the other hand, linear
rogramming brought together previously known theorems of pure mathematics concerning
uch diverse topics as the geometry of convex sets, extremal problems of combinatorial nature,
nd the theory of two-person games. Finally, it was fortunate and perhaps even inevitable that
near programming developed concurrently with modern computer technology: without elec-
-onic computers, present-day large-scale linear programming would be unthinkable.

Scientific fields are rarely born overnight; with the advantage of hindsight, one can often
‘ack down the sources that paved the way for the decisive breakthrough. The field of linear
rogramming is no exception. At the core of its mathematical theory is the study of systems of
near inequalities; such systems were investigated by Fourier as far back as 1826. Since then,
uite a few other mathematicians have considered the subject, although none of them has devised
1 algorithm whose efficiency has come close to that of the simplex method. Nevertheless, some
" them proved various special cases of a fundamental theorem that is now called the duality
eorem of linear programming. On the applied side, L. V. Kantorovich pointed out the practical
znificance of a restricted class of LP problems, and proposed a rudimentary algorithm for their
lution as early as 1939. Regrettably, this effort remained neglected in the U.S.S.R. and unknown
sewhere until long after linear programming became an elegant theory through the independent
ok of Dantzig and others.

In the 1970s, linear programming came twice to public attention. On October 14, 1975, the
yal Sweden Academy of Sciences awarded the Nobel Prize in economic science to L. V.
antorovich and T. C. Koopmans “for their contributions to the theory of optimum allocation

resources.” (As the reader may know, there is no Nobel Prize in mathematics. Apparently the

:ademy regarded the work of G. B. Dantzig, who is universally recognized as the father of

ear programming, as being too mathematical.) The second event was even more dramatic.

er since the invention of the simplex method, mathematicians had been looking for a theo-
ically satisfactory algorithm to solve LP problems. (A word of explanation is in order: theo-
ical criteria for judging the efficiency of algorithms are quite different from practical ones.
us, an algorithm like the simplex method, which is eminently satisfactory in practical applica-
ns, may be found theoretically unsatisfactory. The converse is also true: theoretically satis-
tory algorithms may be thoroughly useless in practice. We shall return to this distinction in
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Chapter 4.) The breakthrough came in 1979 when L. G. Khachian published a description of
such an algorithm (based on earlier works by Shor, and by Judin and Nemirovskii). Newspapers
around the world published reports of this result, some of them full of hilarious misinterpretations.
We shall present the algorithm in the appendix.

For a thorough survey of the history of linear programming, the reader is referred to Chapter 2
of Dantzig’s monograph (1963). References to many applications of linear programming may be
found in Riley and Gass (1958). Some of the more recent applications are referenced in Gass
(1975). o

PROBLEMS

Answers to problems marked with the symbol A are found at the back of the book.

1.1 Which of the problems below are in the standard form?
a. Maximize 3x; — 5x,

subject to 4x; + 5x, > 3
6x; — 6x, = 7

Xy +8x, <20

Xy, X, = 0.

b. Minimize 3x; + xp + 4x3 + X4 + 5xs

subject to 9%y + 2x; + 65 + S5x4 + 3x5 < 5
8x; + 9%, + Tx3 + 9x4 + 3x5 < 2
Xy, Xg, X3, X4 = 0.

c. Maximize 8x; — 4x,

subject to 3xy + x, < 7
9%, + 5x, < =2
X, X, = 0.
1.2 State in the standard form:
minimize —8x; + 9%y + 2x3 — 6x4 — 5x5
subject to 6x; + 6x, — 10x3 + 2x, — 8x5 >3
X1, X2, X3, X4, X5 = 0.

1.3 Prove that (1.8) is infeasible and (1.9) is unbounded.

A14 Find necessary and sufficient conditions for the numbers s and ¢ to make the LP problem
maximize X + X,

subject to sx; + tx; <1
Xy, X, =0

a. have an optimal solution,
b. be infeasible,
c. be unbounded.
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.5 Prove or disprove: If problem (1.7) is unbounded, then there is a subscript k such that the
problem

maximize Xy

n
subjectto Y. a;x;
i=1

IA
S
—_

=

I
b
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S

Xj
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(=]
—
~.
il
—
b
»
3
CH

is unbounded.

6 [Adapted from Greene et al. (1959).] A meat packing plant produces 480 hams, 400 pork
bellies, and 230 picnic hams every day; each of these products can be sold either fresh or
smoked. The total number of hams, bellies, and picnics that can be smoked during a normal
working day is 420; in addition, up to 250 products can be smoked on overtime at a higher
cost. The net profits are as follows:

Smoked on Smoked
Fresh regular time on overtime

Hams $8 $14 11
Bellies $4 $12 $7
Picnics $4 $13 %9

For example, the following schedule yields a total net profit of $9,965:

Fresh Smoked Smoked (overtime)

Hams 165 280 35
Bellies 295 70 35
Picnics 55 70 105

The objective is to find the schedule that maximizes the total net profit. Formulate as an
LP problem in the standard form.

[Adapted from Charnes et al. (1952).] An oil refinery produces four types of raw gasoline:
alkylate, catalytic-cracked, straight-run, and isopentane. Two important characteristics of
each gasoline are its performance number PN (indicating antiknock properties) and its
vapor pressure RVP (indicating volatility). These two characteristics, together with the
production levels in barrels per day, are as follows:

PN RVP Barrels produced

Alkylate 107 5 3,814
Catalytic-cracked 93 8 2,666
Straight-run 87 4 4,016

Isopentane 108 21 1,300
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These gasolines can be sold either raw, at $4.83 per barrel, or blended into aviation gaso-
lines (Avgas A and/or Avgas B). Quality standards impose certain requirements on the
aviation gasolines; these requirements, together with the selling prices, are as follows:

PN RVP Price per barrel
Avgas A at least 100 at most 7 $6.45
Avgas B at least 91 at most 7 $5.91

The PN and RVP of each mixture are simply weighted averages of the PNs and RVPs of its
constituents. For example, the refinery could adopt the following strategy:

¢ Blend 2,666 barrels of alkylate and 2,666 barrels of catalytic into 5,332 barrels of Avgas
A with

(2,666 x 107) + (2,666 x 93)

PN = =
5,332 100
(2,666 x 5) + (2,666 x 8)
RVP = = 65.
P 5332 635

¢ Blend 1,148 barrels of alkylate, 4,016 barrels of straight-run, and 1,024 barrels of iso-
pentane into 6,188 barrels of Avgas B with

(1,148 x 107) + (4,016 x 87) + (1,024 x 108)

PN = 94,
6,188 942
148 x 5 4,016 x 4
RVP=(1’ x )4—(,6IE:;;)+(1,024><21)i7

Sell 276 barrels of isopentane raw.
This sample plan yields a total profit of
(5,332 x 6.45) + (6,188 x 591) + (276 x 4.83) = $72,296.

The refinery aims for the plan that yields the largest possible profit. Formulate as an LP
problem in the standard form.

An electronics company has a contract to deliver 20,000 radios within the next four weeks.
The client is willing to pay $20 for each radio delivered by the end of the first week, $18 for
those delivered by the end of the second week, $16 by the end of the third week, and $14 by
the end of the fourth week. Since each worker can assemble only 50 radios per week, the
company cannot meet the order with its present labor force of 40; hence it must hire and
train temporary help. Any of the experienced workers can be taken off the assembly line to
instruct a class of three trainees; after one week of instruction, each of the trainees can either
proceed to the assembly line or instruct additional new classes.

At present, the company has no other contracts; hence some workers may become idle
once the delivery is completed. All of them, whether permanent or temporary, must be kept
on the payroll till the end of the fourth week. The weekly wages of a worker, whether assem-
bling, instructing, or being idle, are $200; the weekly wages of a trainee are $100. The pro-
duction costs, excluding the worker’s wages, are $5 per radio.

For example. the company could adopt the following program.

First week: 10 assemblers, 30 instructors, 90 trainees
Workers” wages: $8,000
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1 Introduction

Second week :

Third week:

Fourth week:

This program, leading to a total net profit of $113,000, is one of many possible programs.
The company’s aim is to maximize the total net profit. Formulate as an LP problem (not

necessarily in the

[S. Masuda (1970); see also V. Chvatal (1983).] The bicycle problem involves n people who
have to travel a distance of ten miles, and have one single-seat bicycle at their disposal. The
data are specified by the walking speed w; and the bicycling speed b; of each person j
(j = 1,2,...,n); the task is to minimize the arrival time of the last person. (Can you solve
the case of n =3 and w; =4, w, = wy =2, b, =16, b, = b,

Trainees’ wages: $9,000
Profit from 500 radios: $7,500
Net loss: $9,500

120 assemblers, 10 instructors, 30 trainees
Workers’ wages: $26,000

Trainees’ wages: $3,000

Profit from 6,000 radios: $78,000

Net profit: $49,000

160 assemblers

Workers” wages: $32,000

Profit from 8,000 radios: $88,000
Net profit: $56,000

110 assemblers, 50 idle

Workers’ wages: $32,000

Profit from 5,500 radios: $49,500
Net profit: $17,500

standard form).

optimal value of the LP problem

minimize
subject to

t

’

t—x;—x;—y;—y;=2 0 (j=12...

t =Y y- Xz 0
i=1 =1

w;X

J

by — ¥ byy; <10
=1 j=1

X — Wi + by — by =10 (j=1,2

>

S

,n)

> 1)

X, X5y ¥;2 0 (j=12...,n

provides a lower bound on the optimal value of the bicycle problem.

127) Show that the



How the
Simplex Method Works

In this chapter, we shall learn to solve LP problems in the standard form by the
simplex method. A rigorous analysis of the details will be deferred to Chapter 3.

FIRST EXAMPLE

J— ]
We shall illustrate the simplex method on the following example:
maximize 5%, + 4x, + 3x;
subject to 2%y + 3%+ x3 <5
4x; + x; + 2x3 < 11 (2.1
3x; + 4x, + 2x3 < 8
Xy, Xy, X3 = 0.

A preliminary step of the method consists of introducing so-called slack variables.

13
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order to motivate this concept, let us consider the first of our constraints,

2x; + 3x, + x3 < 5. (2.2)

r every feasible solution x,, x,, x3, the value of the left-hand side of (2.1) is
most the value of the right-hand side; often, there may be a slack between the
o values. We shall denote the slack by x,. That is, we shall define x, = 5 — 2x, —
2 — X3; with this notation, inequality (2.2) may now be written as x, > 0. In an
alogous way, the next two constraints give rise to variables x5 and x¢. F inally,
lowing a time-honored convention, we shall denote the objective function 5x,

2 + 3x; by z. To summarize: for every choice of numbers x,, xz, and x5, we
il define numbers x4, x5, X¢g, and z by the formulas

Xg= 5—2x; —3x; — x3

xs =11 —4x; — x, — 2x,4 @3
X = 8 — 3x; —4x; — 2x;

z = 5x¢ + 4x, + 3x5.

th this notation, our problem may be restated as

maximize z subjectto x;, X;, X3, X4, X5, Xg = 0. (2.4)

e new variables x,, x5, x¢ defined by (2.3) are called slack variables; the old vari-
es X, X,, X3 are usually referred to as the decision variables. It is crucial to note

t the equations in (2.3) spell out an equivalence between (2.1) and (2.4). More
cisely:

* Every feasible solution x,, x,, x3 of (2.1) can be extended, in the unique way
determined by (2.3), into a feasible solution x4, x,, . . . , xg of (2.4).

» Every feasible solution x,, x,,...,x¢ of (2.4) can be restricted, simply by
Jeleting the slack variables, into a feasible solution x,, x,, x5 of (2.1).

» This correspondence between feasible solutions of (2.1) and feasible solutions
f (2.4) carries optimal solutions of (2.1) onto optimal solutions of (2.4), and
7ice versa.

‘he grand strategy of the simplex method is that of successive improvements:
ing found some feasible solution xi, x,, ..., xs of (2.4), we shall try to proceed
nother feasible solution X, X,, . . ., X¢, which is better in the sense that

Xy + 4%, + 3X3 > 5x, + 4x, + 3x,.
eating this process a finite number of times, we shall eventually arrive at an
mal solution.

o begin with, we need some feasible solution x, x,, , X¢. Finding one in our
nple presents no difficulty: setting the decision variables x,, x,, x5 at zero, we
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evaluate the slack variables x,, x5, x¢ from (2.3). Hence our initial solution,
x, =0, x,=0, x3=0, x, =95, x5 =11, x5 =8 (2.5)

yields z = 0.

In the spirit of the grand strategy sketched above, we should now look for a feasible
solution that yields a higher value of z. Finding such a solution is not difficult. For
example, if we keep x, = x; = 0and increase the value of x, we obtainz = 5x, > 0.
Thus, if we keep x, = x3 = Oandset x; = 1,weobtainz = S(and x, = 3,x5 = 7,
x¢ = 5). Better yet, if we keep x, = x3 = 0 and set x; = 2, we obtain z = 10 (and
xs = 1, x5 = 3, x¢ =2). However, if we keep x, = x3 = 0 and set x, = 3, we
obtain z = 15 and x, = x5 = x4 = —1; this won’t do, since feasibility requires
x; = 0 for every i. The moral is that we cannot increase x; too much. The question
is: Just how much can we increase x, (keeping x, = x5 = 0 at the same time) and
still maintain feasibility (x4, X5, Xxg = 0)?

The condition x, = 5 — 2x; — 3x, — x3 > 0 implies x; < 3; similarly, x5 > 0
implies x, < 4 and x4 > 0 implies x, < §. Of these three bounds, the first is the
most stringent. Increasing x, up to that bound we obtain our next solution,

x1=§, X, =0, x3=0, x4 =0, x5=1, xg=2. (2.6)
2 2
Note that this solution yields z = 4%, which is indeed an improvement over z = 0.

Next, we should look for a feasible solution that is even better than (2.6). However,
this task seems a little more difficult. What made the first iteration so easy? We had
at our disposal not only the feasible solution (2.5), but also the system of linear
equations (2.3), which guided us in our quest for an improved feasible solution. If
we wish to continue in a similar way, we should manufacture a new system of linear
equations that relates to (2.6) much as system (2.3) relates to (2.5).

What properties should the new system have? Note that (2.3) expresses the vari-
iables that assume positive values in (2.5) in terms of the variables that assume zero
values in (2.5). Similarly, the new system should express those variables that assume
positive values in (2.6) in terms of the variables that assume zero values in (2.6):
in short, it should express x;, xs, X¢ (as well as z) in terms of x,, x5, and x,. In par-
ticular, the variable x,, which just changed its value from zero to positive should
change its position from the right-hand side to the left-hand side of the system of
equations. Similarly, the variable x,, which just changed its value from positive to
zero, should move from the left-hand side to the right-hand side.

To construct the new system, we shall begin with the newcomer to the left-hand
side, namely, the variable x,. The desired formula for x, in terms of x,, x5, x4 is
obtained easily from the first equation in (2.3):

5 3 1 1

X1 =357 5% T X 5% 2.7
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Next, in order to express Xxs, Xq, and z in terms of x,, x5, x,, we simply substitute
from (2.7) into the corresponding rows of (2.3):

5 3 1 1
X5 = 11 — 4(5—5362 —§X3 —§X4> — X3 — 2X3
=1+ 5x; + 2x,,
5 3 1 1
Xe = 8 — 3<§—§X2 —§X3 —§X4> — 4x2 - 2X3

L +l _ Ly +=x
272 27 T2
3.1 1
< —5 X3—§X4>+4x2+3x3
L =X
2 2"2 2% T
[ence our new system reads
5 3 1 1
Xy 7 Exz 5"3 §x4
Xg = 1+ 5X2 + 2X4
1 1 1 3
Xe =3+ 3% = 5% + 5% (2.3)
RN S
T2 27T

As we did in the first iteration, we shall now try to increase the value of z by in-
:asing the value of a suitably chosen right-hand side variable, while at the same
ne keeping the remaining right-hand side variables fixed at zero. Note that increases
the values of x, or x, would bring about decreases in the value of z, which is very
ich against our intentions. Thus, we have no choice: the right-hand side variable
increase its value is necessarily x;. How much can we increase x3? The answer
1 be read directly from system (2.8): with x, = x, = 0, the constraint x; > 0
olies x3 < 5, the constraint x5 > 0 imposes no restriction at all, and the constraint
> 0 implies x; < 1. Hence, x; = 1 is the best we can do; our new solution is

X, =2, X,=0, x3=1, x,=0, x5=1, x4 =0. (2.9)

ste that the value of z just increased from 12.5 to 13.)

\s we have learned, getting just the improved solution isn’t good enough; we also
1t a system of linear equations to go with (2.9). In this system, the positive-valued
iables x, x5, x5 will appear on the left, whereas the zero-valued variables x,, x4, X¢
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will appear on the right. To construct the system, we begin again with the newcomer
to the left-hand side, namely, the variable x 3. From the third equation in (2.8), we have
x3 = 1 + x, + 3x, — 2x4; substituting for x; into the remaining equations in (2.8),
we obtain

X3 = 1+ x2+3X4_2x6

Xy = 2—2x; —2x4 + Xg
Xs = 1+ 5x, + 2x,4 (2.10)
z =13 =3x;, — x4 — X

Now it’s time for the third iteration. First of all, from the right-hand side of (2.10)
we have to choose a variable whose increase brings about an increase of the objective
function. However, there is no such variable: indeed, if we increase any of the right-
hand side variables x,, x4, x¢, we will make the value of z decrease. Thus, it seems
that we have come to a standstill. In fact, the very presence of this standstill indicates
that we are done; we have solved our problem; the solution described by the last
table is optimal. Why? The answer lies hidden in the last row of (2.10):

z =13 — 3x, — x4 — Xq. (2.11)

Our last solution (2.9) yields z = 13; proving that this solution is optimal amounts
to proving that every feasible solution satisfies the inequality z < 13. Since every
feasible solution xy, x,, ..., x¢ satisfies, among other relations, the inequalities
x, = 0,x, > 0,and x4 > 0, the desired inequality z < 13 follows directly from (2.11).

DICTIONARIES

In general, given a problem

n
maximize Y epx;
=1

subject to Yoagx;<b (i=12...,m) (2.12)
ji=1

x; =20 (=1.2,...,n

we first introduce the slack variables x, 1, X,4 2, - - - , X, +» and denote the objective
function by z. That is, we define

xn+i=bi" Zaijxj (l=1,2,,m)
=1

(2.13)
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In the framework of the simplex method, each feasible solution x,, x5, ..., x, of
(2.12) is represented by n + m nonnegative numbers X, Xy, ..., Xp+m, With X, 44,
Xp425+ > Xnsm defined by (2.13). In each iteration, the simplex method moves from
some feasible solution xy, x5, . . . , X, 4, t0 another feasible solution X;, X5, . - - , Xy 4 m»
which is better than the previous one in the sense that

ciX; >

CjXj.

1

P
7|'M=

j=1

Actually, the last statement is not quite correct: the inequality is not always strict.
This point and other subtleties will be discussed in Chapter 3.)

As we have seen, it is convenient to associate a system of linear equations with
sach of the feasible solutions: such systems make it easier to find the improved
easible solutions. They do so by translating any choice of values of the right-hand side
rariables into the corresponding values of the left-hand side variables and of the
ybjective function. Following J. E. Strum (1972), we shall refer to these systems as
lictionaries. Thus, every dictionary associated with (2.12) will be a system of linear
quations in the variables x,, x,, . . ., X, and z. However, not every system of linear
quations in these variables constitutes a dictionary. To begin with, we have defined
m41s Xn+2s+ -« » Xnamand zinterms of x, x5, ..., X,,andsothen + m + 1variables
re heavily interdependent. This interdependence must be captured by every dic-

ionary associated with (2.12): the translations must be correct. More precisely, we
hall insist that:

Every solution of the set of equations comprising a dictionary must be also
. . (2.14)
a solution of (2.13), and vice versa.

or example, for every choice of numbers x,, x,, . .

., X¢ and z, the following three
atements are equivalent:

® Xy, X5, ..., Xg, Z COnstitute a solution of (2.3),
® Xy, X5, ..., Xg, ZCOnstitute a solution of (2.8),
® Xy, X,,. .., Xg, Z COnstitute a solution of (2.10).

that sense, the three dictionaries (2.3), (2.8), and (2.10) contain the same information

ncerning the interdependence among the seven variables. Nevertheless, each of
e three dictionaries presents this information in its very own way. The form of
3) suggests that we are free to choose the numerical values of x,, x,, and x5 at
11, whereupon the values of x,, x5, x¢, and z are determined: in this dictionary,
: decision variables x,, x,, x5 act as independent variables, while z and the slack
riables x,, x5, x¢ are dependent on them. Dictionary (2.8) presents x,, X3, X, as
lependent and x,, xs, x¢, z as dependent. In dictionary (2.10), the independent
riables are x,, x,, X¢ and the dependent ones are x5, x,, xs,z. In general:

The equations of every dictionary must express m of the variables x;,
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X5,--.,X,+m and the objective function z in terms of the remaining n (2.15)
variables.

The properties (2.14) and (2.15) are the defining properties of dictionaries.
In addition to these two properties, dictionaries (2.3), (2.8), and (2.10) have the
following property:

Setting the right-hand side variables at zero and evaluating the left-hand side
variables, we arrive at a feasible solution.

Dictionaries with this additional property will be called feasible dictionaries. Hence,
every feasible dictionary describes a feasible solution. However, not every feasible
solution is described by a feasible dictionary; for instance, no dictionary describes
the feasible solution x; = 1,x, = 0,x; = 1,x, = 2, x5 = 5, x5 = 3 of (2.1). Feasible
solutions that can be described by dictionaries are called basic. The characteristic
feature of the simplex method is the fact that it works exclusively with basic feasible
solutions and ignores all other feasible solutions.

SECOND EXAMPLE

We shall complete our preview of the simplex method by applying it to another
LP problem:

maximize 5%y + 5x; + 3x;
subject to Xy + 3x, + x3<3
— Xy +3x; <2

2x; — X, +2x3 <4
2xy + 3%, — x3 <2
X1, X3, X3 = 0.

In this case, the initial feasible dictionary reads

Xg=3— x; —3x, — X3
Xs =2+ X, — 3x,4
Xx¢ =4 — 2x; + X, — 2x3 (2.16)

X;=2—2x; —3x, + X3

z = 5x; + 5x; + 3x;.

(Even though the order of the equations in a dictionary is quite irrelevant, we shall
make a habit of writing the formula for z last and separating it from the rest of the
table by a solid line. Of course, that does not mean that the last equation is the sum
of the previous ones.) This feasible dictionary describes the feasible solution

xp=0, x, =0, x3=0, x4 =3, x5=2, x¢ =4, x; =2
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However, there is no need to write this solution down, as we just did: the solution
is implicit in the dictionary.

In the first iteration, we shall attempt to increase the value of z by making one
of the right-hand side variables positive. At this moment, any of the three variables
Xy, X, X3 would do. In small examples, it is common practice to choose the variable
that, in the formula for z, has the largest coefficient: the increase in that variable
will make z increase at the fastest rate (but not necessarily to the highest level). In
our case, this rule leaves us a choice between x; and x,; choosing arbitrarily, we
lecide to make x, positive. As the value of x, increases, so does the value of xs.
Jowever, the values of x4, xs, and x, decrease, and none of them is allowed to
yecome negative. Of the three constraints x, > 0, x¢ > 0, x, > 0 that impose upper
»ounds on the increment of x,, the last constraint x, > 0 is the most stringent:
t implies x; < 1. In the improved feasible solution, we shall have x, = 1 and
;7 = 0. Without writing the new solution down, we shall now construct the new
lictionary. All we need to know is that x; just made its way from the right-hand

ide to the left, whereas x, went in the opposite direction. From the fourth equation
1 (2.16), we have

3 1 1
x,=1- Exz + §x3 — 5% (2.17)

ubstituting from (2.17) into the remaining equations of (2.16), we arrive at the
esired dictionary

3 1 1
x1=1—§x2+ 5%3 7 5%7
3 3 1
x4=2—§x2— §x3+§x7
3 5 1 (2.18)
x5=3—-2-x2— §x3—-§x7
X =2+ 4x;, — 3x3 + x4
5 11 S
V4 =5—§x2+7x3—-§x7.

1€ construction of (2.18) completes the first iteration of the simplex method.

igression on Terminology

1e variables x; that appear on the left-hand side of a dictionary are called basic;
¢ variables x; that appear on the right-hand side are nonbasic. The basic variables
e said to constitute a basis. Of course, the basis changes with each iteration: for
ample, in the first iteration, x, entered the basis whereas x left it. In each iteration,
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we first choose the nonbasic variable that is to enter the basis and then we find out
which basic variable must leave the basis. The choice of the entering variable is
motivated by our desire to increase the value of z; the determination of the leaving
variable is based on the requirement that all variables must assume nonnegative
values. The leaving variable is that basic variable whose nonnegativity imposes the
most stringent upper bound on the increment of the entering variable. The formula
for the leaving variable appears in the pivot row of the dictionary; the computational
process of constructing the new dictionary is referred to as pivoting.

Back to the Second Example

In our example, the variable to enter the basis during the second iteration is quite
unequivocally x;. This is the only nonbasic variable in (2.18) whose coefficient in
the last row is positive. Of the four basic variables, x; imposes the most stringent

upper bound on the increase of x5, and, therefore, has to leave the basis. Pivoting,
we arrive at our third dictionary,

2 4 1 1

X3 = 5 SXZ + ‘3‘X7 - §X6
4 5 1 1

X = ‘3' — gxz — §X7 — Ex(,
7 1

Xg = 1— 5x + 5% (2.19)

_ 41 29 _ 4 + é

Xs = 3 6 X2 §x7 6X6
_ 26 + 29 2 11

T3 T RT3 T e

In the third iteration, the entering variable is x, and the leaving variable is xs.
Pivoting yields the dictionary

_ 8 8 5. _6
X2 =59 7 29%7 T 9% T 29%s

30 13 8
X3 =59 T 29%7 T 9% T35

R 3 o .5 (2.20)
X1 =59 T 29%7 T 9% T og%s

28 3. 2

x4=E+59-x-,—§x6+Ex5

z =10 - 2x7 — Xx¢— X
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it this point, no nonbasic variable can enter the basis without making the value of =

ecrease. Hence, the last dictionary describes an optimal solution of our example.
‘hat solution is

32 8 30

x1=2—9, Xz=§, X3=2—9

nd it yields z = 10.

URTHER REMARKS

he reader may have noticed that, having first carefully laid down the definition of a
ictionary, we then proceeded to refer to (2.18), (2.19), and (2.20) as dictionaries,
ithout bothering to verify that they do indeed have property (2.14). Such careless-
:ss can be easily justified. Take, for example, system (2.18). Since (2.18) arises from
.16) by arithmetical operations (namely, pivoting with x, entering and x, leaving),
‘ery solution of (2.16) must be also a solution of (2.18). The converse is also true,
nce (2.16) can be obtained from (2.18) by pivoting with x, entering and x, leaving.
ence, every solution of (2.18) is a solution of (2.16), and vice versa. Similar arguments
ow that every solution of (2.19) is a solution of (2.18), and vice versa; and that every
lution of (2.20) is a solution of (2.19), and vice versa.

Another point of concern is the question of the uniqueness, as opposed to the existence, of
timal solutions. This question will be of no great interest to us; nevertheless, it is easy to deal
h and so we will get it out of the way now. Note that in each of our two examples, we not only
nd an optimal solution, but we also collected the evidence to prove that there is only one
:imal solution. For instance, the final dictionary for our first problem reads

x3= 1+ x;, + 3x4 — 2x4

X, = 2 —2x, — 2x4 + Xg
Xs = 14+ 5x; + 2x4
z =13 —-3x, — x4 — X

> last row shows that every feasible solution with z = 13 satisfies x, = x, = x4 = 0; the
. of the dictionary shows that every such solution satisfies x; = 1, x; = 2, x5 = 1; therefore,
re is just one optimal solution. A similar argument applies to the second problem.

) course, there are LP problems with more than just one optimal solution; having solved
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such problems by the simplex method, we can effectively describe all the optimal solutions. For
example, consider the following dictionary:
Xqg =34+ x; — 2x5 + 7x;
1 — 5x, + 6x5 — 8x3
X =4 4+ 9%, + 2X5 — X3

Xy

z =8 - X3

The last row shows that every optimal solution satisfies x; = 0 (but not necessarily x, = 0 or
x5 = 0). For such solutions, the rest of the dictionary implies

X4 =34+ x, — 2x4
Xy

1 — 5x, + 6x5 (2.21)
4 + 9x, + 2xs.

X6

We conclude that every optimal solution arises by the substitution formulas (2.21) from some
x, and x5 such that

—X; + 2x5 <3
S5x, — 6x5 < 1
—9x, — 2xs < 4
X,,Xs = 0.
(In fact, the inequality —9x, — 2x5 < 4 is clearly redundant; its validity is forced by x, > 0
and x5 > 0.)

There are a few other rough spots we deliberately failed to point out in our overview of the
simplex method. We shall discuss them in Chapter 3.

TABLEAU FORMAT

The simplex method is often introduced in a format differing from ours. To outline the more

popular tableau format, we shall return to the first example of this chapter. To begin, let us write
down the equations of the first dictionary in a slightly modified form:

2x, + 3x, + X3 + X4 =5
4%, + X3 + 2%, + X5 =11
3x; + 4x, + 2x4 + x5 = 8
—z + 5x; + 4x; + 3x; = 0.

Recording just the coefficients at the x;’s, together with the right-hand sides, we obtain our first
tableau:

231100 5
412010 11
342001 8
543000

O



24 2 How the Simplex Method Works

n a similar way, the equations of the second dictionary,

3 1 1 5

Xy + EXZ + 5363 + EX4 = 5

— 5x, — 2x4 + X5 = 1

1 3 1
_5x2+§xa_EXA +x6= 5

7 1 5 25

-z —5X2+EX3— §X4 = —7

ive rise to a second tableau:

31 1 5
b 33 32900 3
0 -5 0 -2 10 1
11 3 1
0 =55 301 3
71 5 25
0 33 300 -7

is a routine matter to translate the pivoting rules, previously derived in terms of dictionaries,
to the language of tableaus. The following steps describe the procedure; the reader should
wve no trouble verifying its correctness. (At any rate, the procedure is not important for our
position since we do not use the tableau format.)

Step 1. Examine all numbers in the last row (except the one farthest right, which equals the
current value of —z). If all of them are negative or zero, stop: the tableau describes an optimal
solution. Otherwise find the largest of these numbers; the column in which it appears is called
the pivot column and corresponds to the entering variable.

For example, the pivot column in our first tableau is the first one:

2131100 5
{4!1201011
|3/42001 8
[5] 43000

d

Step 2. For each row whose entry r in the pivot column is positive, look up the entry s in
. . LS. .
the rightmost column. The row with the smallest ratio - is called the pivor row and corresponds
r

to the leaving variable. (If all the entries in the pivot column are negative or zero, then the
problem is unbounded; more on that in Chapter 3.)

. . .85 5
In our example, the pivot row is the first row (wnh - = -):
r
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} 2/3 1100 5 I
411 2010 11
314200 8
5| 4 000 O

Step 3. Divide every entry in the pivot row by the pivot number, found in the intersection of
the pivot row with the pivot column:

31 1 5
13332003
4 1 2 0 1 0 11
342001 8
543000 O

Step 4. From every remaining row, subtract a suitable multiple of the new pivot row. This
operation is designed to make every entry in the pivot column (except for the pivot number)
become zero; hence, the “suitable multiple” results when the new pivot row is multiplied by
the entry appearing in the pivot column and in the row in question. (In our example, step 4
results in the second tableau.)

A tableau is nothing but a cryptic recording of a dictionary with all the variables collected on
the left-hand side and the symbols for these variables omitted. We shall continue to use dictio-
naries instead, since they are more explicit. (Of course, nothing prevents the reader tired of
writing the same symbols X, X, . .. over and over again from using the tableau shorthand.)

A WARNING
A

R —

There is often more than one way of describing a particular algorithm; descriptions
aimed at clarifying underlying concepts are often quite different from those that
suggest efficient computer implementations. The simplex method is no exception.
Dictionaries may provide a convenient tool for explaining its basic principles. How-
ever, in implementing the method for computer solutions of large problems, consider-
ations of computational efficiency and numerical accuracy overshadow such didactic
niceties. We shall begin to study efficient implementations of the simplex method in
Chapters 7 and 8.

O
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PROBLEMS

%1 Solve the following problems by the simplex method:
a. maximize 3x, + 2x, + 4x;
subject to Xy + X+ 2x3< 4
2x, +3x3<5
2%X; + X+ 3x3 <7
Xy, X3, X3 = 0
b. maximize 5xy + 6x; + 9x3 + 8x4
subject to Xy +2x; + 3x3+ x, <5
Xy + X3+ 2x3 +3x, <3
X1, X2, X3, X4 2 0
c. maximize 2%, + %,
subject to 2xy +3x, <3
Xy + 5%, <1
2x; + x, <4
4x, + x, <5
Xy, X3 > 0.

2 Use the simplex method to describe all the optimal solutions of the following problem:
maximize 2%y + 3x, + 5x3 + 4x,

subject to X+ 2%, +3x3+ x4 <5
Xy + X+ 2x3 + 3x, <3
Xy, Xz, X3, X4 2 0.
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Pitfalls and
How to Avoid Them

The examples illustrating the simplex method in the preceding chapter were purposely
smooth. They did not point out the dangers that can occur. The purpose of the present
chapter, therefore, is to rigorously analyze the method by scrutinizing its every step.

THREE KINDS OF PITFALLS

Three kinds of pitfalls can occur in the simplex method.

(i) INITIALIZATION. We might not be able to start: How do we get hold of
a feasible dictionary?

(ii) ITERATION. We might get stuck in some iteration: Can we always choose
an entering variable, find the leaving variable, and construct the next feasible
dictionary by pivoting?

(i) TERMINATION, We might not be able to finish: Can the simplex method
construct an endless sequence of dictionaries without ever reaching an optimal
solution?

27
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In the preceding chapter, INITIALIZATION never came up. Given a problem

maximize Y ex;
=1
subject to Y ajx; < b i=12,...,m 3.0
j=1

XJZO (j=1,2,.‘.,n)

ve constructed the initial feasible dictionary by simply writing down the formulas
lefining the slack variables and the objective function,

xn+i=bi-zaijxj i=12...,m
1

n
z = Y oex; .
j=1

n general, this dictionary is feasible if and only if each right-hand side, b;, in (3.1) is
onnegative. This is the case if and only if

x, =0, x,=0,...,x,=0

- a feasible solution of (3.1). Since the set of zero values is sometimes called the
origin,” problems (3.1) with each right-hand side b; nonnegative are referred to as
roblems with a feasible origin. For the moment, we shall avoid the pitfalls of
NITIALIZATION by default: we shall restrict ourselves to problems with a feasible
rigin. Problems with an infeasible origin are discussed on pages 39-42.

‘eration

-iven some feasible dictionary, we have to select an entering variable, to find a leaving
wriable, and to construct the next feasible dictionary by pivoting.

hoosing an entering variable. The entering variable is a nonbasic variable x; with a
isitive coefficient T; in the last row of the current dictionary. This rule is ambiguous

the sense that it may provide more than one candidate for entering the basis, or
» candidate at all. The latter alternative implies that the current dictionary describes

1 optimal solution, at which point the method may terminate. More precisely,
msider the last row of our current dictionary,

z=z7%+ ) Tpx;

jeN
th N standing for the set of subscripts j of nonbasic variables x;. Our current
lution, with x; = 0 whenever j € N, gives the objective function the numerical
lue of z*. If ¢; < 0 whenever je N, then every feasible solution, with x; = 0
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whenever j € N, gives the objective function a numerical value of at most z*; hence
the current solution is optimal. On the other hand, if there is more than one candidate
for entering the basis, then any of these candidates may serve. (In hand calculations
involving small problems, it is customary to choose the candidate x; that has the
largest coefficient ;. In most computer implementations of the simplex method,
however, this practice is abandoned. More on this subject in Chapter 7.)

Finding the leaving variable. The leaving variable is that basic variable whose
nonnegativity imposes the most stringent upper bound on the increase of the entering
variable. Again, this rule is ambiguous in the sense that it may provide more than
one candidate for leaving the basis, or no candidate at all. The latter alternative is
illustrated on the dictionary

X, =5+ 2x3 — x4 — 3x,
x5 =17 — 3x, — 4x,
zZ =54 Xz3— X4— Xy

The entering variable is x;, but neither of the two basic variables x,, x5 imposes an
upper bound on its increase. Therefore, we can make x, as large as we wish (main-
taining x; = x, = 0) and still retain feasibility: setting x; = t for any positive ¢,
we obtain a feasible solution with x, =0, x, =5 + 2, x, =0, xs = 7, and z =
5 + t. Since t can be made arbitrarily large, z can be made arbitrarily large. We
conclude that the problem is unbounded: for every number M, there is a feasible
solution xy, x5, ..., x5 such that x; — x, — x; > M. The same conclusion can be
reached in general: if there is no candidate for leaving the basis, then we can make the
value of the entering variable, and therefore also the value of the objective function,
as large as we wish. In that case, the problem is unbounded. On the other hand, if
there is more than one candidate for leaving the basis, then any of these candidates

may serve. Once the entering and leaving variables have been selected, pivoting is a
straightforward matter,

Degeneracy. The presence of more than one candidate for leaving the basis has
interesting consequences. For illustration, consider the dictionary

X, =1 — 2x;

Xs =3 — 2x, + 4x, — 6x;

Xe =2+ x; — 3x; — 4x;

z = 2x; — X, + 8x,.

Having chosen x5 to enter the basis, we find that each of the three basic variables
X4, X5, X limits the increase of x; to 4. Hence each of these three variables is a

candidate for leaving the basis. We arbitrarily choose x,. Pivoting as usual, we obtain
the dictionary
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x5 = 0.5 — 0.5x,
X5 = — 2%y + 4x, + 3x4
Xg = x, — 3x, + 2x,
z = 44 2x; — x5 — 4x,.

This dictionary differs from all the dictionaries we have encountered so far in one
important respect: along with the nonbasic variables, the basic variables x5 and x4
have value zero in the associated solution. Basic solutions with one or more basic
variables at zero are called degenerate.

Although harmless in its own right, degeneracy may have annoying side effects.
These are illustrated on the next iteration in our example. There, x, enters the basis
and x leaves; because of degeneracy, the constraint x5 > 0 limits the increment of
x, to zero. Hence the value of x, will remain unchanged, and so will the values of the
remaining variables and the value of the objective function z. This is annoying, for
the motivation behind the simplex method is a desire to increase the value of z in
sach iteration. In this particular iteration, that desire remains unfulfilled: pivoting
changes the dictionary into

X, = 2x, + 1.5x, — 0.5x5
x3 =05 — 0.5x,

Xg = — X, + 3.5x, — 0.5x5
z = 4+3x;,— Xx4— X5

>ut it does not affect the associated solution at all. Simplex iterations that do not
:hange the basic solution are called degenerate. (As the reader may verify, the next
teration is degenerate again, but the one after that turns out to be nondegenerate
ind brings us to the optimal solution.)

In a sense, degeneracy is something of an accident: a basic variable may vanish
mly if the results of successive pivot operations just happen to cancel each other
wat. And yet degeneracy abounds in LP problems arising from practical applications.
t has been said that nearly all such problems yield degenerate basic feasible solutions
t some stage of the simplex method. Whenever that happens, the simplex method
aay stall by going through a few (and sometimes quite a few) degenerate iterations
1 a row. Typically, such a block of degenerate iterations ends with a breakthrough

zpresented by a nondegenerate iteration; an example of the atypical case is presented
ext.

‘ermination : Cycling
‘an the simplex method go through an endless sequence of iterations without ever

nding an optimal solution? Yes, it can. To justify this claim, let us consider the
iitial dictionary
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xs = — 05x; + 55x; + 25x3 — 9x4
xe¢ = — 0.5x; + 1.5x; +05x3 — x4
x;=1—- x4

z = 10x, — 57x, — 9x; — 24x,

and let us agree on the following:
(i) The entering variable will always be the nonbasic variable that has the
largest coefficient in the z-row of the dictionary.
(il If two or more basic variables compete for leaving the basis, then the can-
didate with the smallest subscript will be made to leave.

Now the sequence of dictionaries constructed in the first six iterations goes as follows.
After the first iteration:

X, = 11x, + S5x3 — 18x, — 2x5
Xe = — 4x; — 2x3+ 8x4+ X
X, =1—11x; — S5x3+ 18x, + 2x5
z = 53x, + 41x; — 204x, — 20x,.

After the second iteration:

x; = — 0.5x3 + 2x4 + 0.25x5 — 0.25x,
x; = — 0.5x3 + 4x, + 0.75x5 — 2.75x4
x; =14+ 05x3 — 4x, — 0.75x5 — 13.25x¢
z = 14.5x; — 98x, — 6.75x5 — 13.25x,.

After the third iteration:

X3 = 8x, + 1.5x5 — 5.5x¢ — 2x,
x, = — 2x, — 0.5x5 + 2.5%¢ +  x,
x; =1 - X
z = 18x, + 15x5 — 93x¢ — 29x,.

After the fourth iteration:

Xgq4 = - 0.25x5 + 1.25x6 + 0.5x1 - O‘SXZ
x3 = — 05x5+ 45x¢ + 2x; — 4x,
x, =1 - X

z =  105xs — 70.5x5 — 20x, — 9x,.
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After the fifth iteration:

X5 = 9x¢ + 4x;, — 8x, — 2x;
Xg = — X¢— 0.5x; + 1.5x; + 0.5x;
x; =1 - x

z = 24x¢ + 22x; — 93x, — 21x;.

After the sixth iteration:

X = — 0.5x; + 1.5x, + 0.5x3 — x4
xs = — 0.5x; + 5.5x, + 2.5x; — 9x,
x;=1-x

z = 10x; — 57x, — 9x3 — 24x,.

since the dictionary constructed after the sixth iteration is identical with the initial
ictionary, the method will go through the same six iterations again and again
7ithout ever finding the optimal solution (which, as we shall see later, has z = 1).
‘his phenomenon is known as cycling. More precisely, we say that the simplex
1ethod cycles if one dictionary appears in two different iterations (and so the sequence
f iterations leading from the dictionary to itself can be repeated over and over
rithout end). Note that cycling can occur only in the presence of degeneracy: since
1e value of the objective function increases with each nondegenerate iteration and
'mains unchanged after each degenerate one, all the iterations in the sequence
-ading from a dictionary to itself must be degenerate. Cycling is one reason why the

mplex method may fail to terminate; the following theorem shows that it is the
aly reason.

—— e ——

THEOREM 3.1. 1f the simplex method fails to terminate, then it must cycle.

ROOF. To begin, note that there are only finitely many ways of choosing m
sic variables from all the n + m variables. Thus, if the simplex method fails to
'minate, then some basis must appear in two different iterations. Now it only
nains to be proved that any two dictionaries with the same basis must be identical.
ais fact becomes trivial as soon as one describes dictionaries in terms of matrices,

we shall do in Chapter 7. Nevertheless, we can and shall present an easy proof
m scratch right now.) Consider two dictionaries
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x;=b— 3 aiXj (ie B)

thid (3.2)
z =v + Z CiX;

jeB

and

x; = b* — Y afx; (ie B)

chid (3.3)
z =v* + ) cfx;

Jj¢B

with the same set of basic variables x; (i € B). It is a defining property of dictionaries
that every solution x,, x,, ..., X,4+m» 2 Of (3.2) is a solution of (3.3) and vice versa.
In particular, if x, is a nonbasic variable and if ¢ is a number, then the numbers

x,=t x;=0(j¢B and j#Kk), x;=0b—ayt(ieB), z=1v+ ¢,
constituting a solution of (3.2), must satisfy (3.3). Hence,

b; — aygt = b¥ —a¥t forall ieB, and v + ¢t = v* + cft.
Since these identities must hold for all numbers ¢, we have

b; = b¥,ay = a} forall ieB, and v = v¥, c,; = cf.

Since x, was an arbitrary nonbasic variable, the two dictionaries are identical. ]

Cycling is a rare phenomenon. In fact, constructing an LP problem on which
the simplex method may cycle is difficult. [Our example is adapted from K. T.
Marshall and J. W. Suurballe (1969). The first example of this size was constructed
by E. M. L. Beale (1955) and the first example ever was constructed by A. J. Hoffman
(1953). Incidentally, Marshall and Suurballe (1969) proved that if the simplex method
cycles off-optimum on a problem that has an optimal solution, then the dictionaries
must involve at least six variables and at least three equations.] P. Wolfe (1963) and
T. C. T. Kotiah and D. L. Steinberg (1978) reported having come across practical
problems that cycled (in 25 and 18 iterations, respectively) but such reports are
scarce. For this reason, the remote possibility of cycling is disregarded in most
computer implementations of the simplex method.

There are ways of preventing the occurrence of cycling altogether. The classic
perturbation method and lexicographic method avoid cycling by a judicious choice of
the leaving variable in each simplex iteration; the more recent smallest-subscript rule
does so by an easy choice of both the entering and the leaving variables. The former
alternative maintains the freedom of choice among different candidates for entering
the basis, but it requires extra computations to choose the leaving variable; the
latter alternative requires no extra work at all, but it gives up the multitude of choices
for the entering variable. We shall explain the details of both.
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The perturbation method and the lexicographic method. The perturbation and the lexicographic
methods are closely related. The perturbation method, suggested first by A. Orden and developed
independently by A. Charnes (1952), provides an intuitive motivation for the lexicographic
method of G. B. Dantzig, A. Orden, and P. Wolfe (1955). The lexicographic method can be seen
as an implementation of the perturbation method.

The starting point relies on the observations that cycling can be stamped out by stamping out
legeneracy and that degeneracy itself is something of an accident. To elaborate on the second
bservation, consider a degenerate dictionary. The basic variables currently at zero would most
ikely assume small nonzero values if the initial right-hand sides, b;, were changed slightly; at the
:ame time, if these changes were truly microscopic, then the problem could be considered un-
‘hanged for all practical purposes. One way of exploiting these observations is to add a small
)ositive ¢ to each b;, and then to apply the simplex method to the resulting problem. This trick
with ¢ = 107 or so) is actually used in some computer implementations of the simplex method;
t helps to reduce the number of degenerate iterations. Nevertheless, it does not constitute a reliable
afeguard against cycling: for instance, if the simplex method is applied to the problem

maximize 10x; — 57x, — 9x; — 24x, + 100xs
subject to xs < 1+¢
0.5x, — 55x, — 2.5x3 + 9x, + xs<1+¢
05x; — 1.5x; —05x3 + x4+ x5<1+¢
Xy + Xs <2+ ¢

Xy X3,...,Xs =0

en the degenerate dictionary

5= 1+ & - X
o= — 0.5x; + 5.5%x, + 25x3 — 9x4 +  Xxg
g = — 05x; + 1.5x; + 0.5x3 — x4 + X
6 = 1 - X + X6

= 100+ 100 + 10x; — 57x, — 9x;3 — 24x, — 100x,

obtained after the first iteration and, as the reader may verify, the simplex method cycles in
: next six iterations. (The cycle is essentially the same as that of the preceding example.)

What went wrong here was that the small amounts ¢ added to the right-hand sides cancelled
*h other out in the first iteration. To guarantee that such cancellations will never take place
«d therefore all the dictionaries will remain nondegenerate), we shall perturb the different
ht-hand sides by, b,, ..., b,, by radically different amounts ¢,, &,, ..., &,. More precisely,

shall choose a very small ¢; and then make each ¢;, , much smaller than the preceding ¢;: in
1bols,

0 <€y KEpoy K ' K gy Kb <1 (3.4)

:n we shall apply the simplex method to the perturbed problem

n
maximize Y e
j=1
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subject to a;%; < b + g i=12...,m
Jj=1

x>0 (G=12...,n).

This is the perturbation method. (The perturbation method is usually presented with ¢, €5, .. ., &,
equal to the powers ¢, &%, . . ., &" of the same small &. Our version makes the subsequent analysis
a little more transparent.) For illustration, let us return to our first example on which the simplex
method cycled. There, the initial dictionary reads

X5 =& — 0.5x; + 5.5%, + 2.5x3 — 9x,
Xg = & — 0.5x, + 1.5x, + 05x3 — x4
X, =146 - x

z = 10x; — 57x5; — 9x3 — 24x,.

Again, the entering variable is x,. The constraints x5 > 0, x¢ > 0, and x, > 0 limit the increase

of xy to 2¢;, 2e,, and 1 + &5, respectively. Since 2¢, < 2¢; < | + &, the leaving variable is xg,
and the next dictionary reads

X, = 26, + 3x,+ X3 — 2x4 — 2xg
Xs = & — & + 4%, + 2x3 — 8x, +  Xg
X, =1 — 26 +6e3— 3x;— X3+ 2x4+ 2x
z = 20e, — 27x; + x5 — 44x, — 20x,.

Now the only candidate for the entering variable is x5 and the only candidate for the leaving
variable is x,. The resulting dictionary,

X3=1— 2, + & — 3x; + 2x4 + 2x¢ — X,
xy =1+ & — X
Xs =2+ & — S5e;+ 2653 — 2x, — 4x4 + Sx¢ — 2x,
z =14 185 + &, — 30x, — 42x, — 18x¢ — x5

is the optimal dictionary for the perturbed problem. It may be converted into the optimal dic-
tionary for the original problem by simply disregarding all the terms involving ¢y, ¢,, &;.

How should we choose the numerical values of ¢, ¢,, . . ., ¢,? The simplest answer is that we
do not have to do that at all: rather than committing ourselves to definite values of ¢,, ¢,, . . . , &,,,
we may just think of these symbols as representing indefinite quantities, which satisfy (3.4). After
several iterations of the simplex method, these symbols spread throughout the various rows of
the dictionary, but they remain confined to the absolute terms in each of the m + 1 rows; the
coefficients at the nonbasic variables in the dictionary are unaffected by the perturbation. Now
when it comes to finding the leaving variable, each of the constraints x; > 0 for a nonbasic x;
limits the increase of the entering x; to a quantity such as 2¢,, 2¢,, 1 + &3, or, more generally,

r=ro+ riE + T+ Infm S =S80+ S8 + 0+ Suy (3.5)

and so on. As we are about to explain, assumption (3.4) allows us to compare the numerical values
of such quantities without referring to the precise values of ¢,, ¢,, .. ., £,. If # and s in (3.5) are
distinct, then there is the smallest subscript k such that r, # s,. It is customary to say that r is
lexicographically smaller than s if r, < s,. (The choice of the term lexicographically is explained
by observing that, for instance, 2 + 2le; + 19¢, + 20e, is lexicographically smaller than
2 + 2lg; + 206, + 20e;3 + 15e, + 14¢5 for the same reason that “bust” comes before “button”

O
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in a dictionary.) It is easy to prove that r is lexicographically smaller than s if and only if r is
numerically smaller than s for all values of ¢y, ¢, . . ., &, that satisfy (3.4). This statement has to
be made precise by specifying just what is meant by the symbol « in (3.4); we leave the details
for problem 3.7.

The lexicographic method is that implementation of the perturbation method in which ¢,
€2, ..., &y are treated as symbols, and quantities such as r and s in (3.5) are compared by the
lexicographic rule. Note that it is always possible to choose the leaving variable by the lexico-
graphic rule: in every finite set of expressions such as r and s in (3.5), there is always one that is
lexicographically smaller than or equal to all the others. Even though this fact may be taken for
granted intuitively, rigor requires that it be proved; we leave the details for problem 3.6. Another
fine point concerns the behavior of the objective function z. The value of z, equal to some expression
Vo + U8y + *** + V&, remains unchanged in each degenerate iteration and increases, in the
lexicographic sense, with each nondegenerate one. (In our example, the increase from 0 to 20e,
in the first iteration was followed by the increase from 20¢, to 1 + 18¢, + &3 in the second
iteration.) It is intuitively obvious that the total of two or more lexicographic increases is a lexi-
cographic increase; a rigorous proof of this fact follows from the result of problem 3.5. Now it
follows that, even in the generalized context of the lexicographic method, cycling is possible
only in the presence of degeneracy. Finally, note that the only function of the terms involving
£1,£3,..., &, 18 to guide us toward the appropriate choice of a leaving variable whenever two or
more candidates present themselves in the original problem. If, at any moment, these terms are
deleted, then the dictionary for the perturbed problem reduces to a dictionary for the original
problem.

-

| THEOREM 3.2. The simplex method terminates as long as the leaving variable is
selected by the lexicographic rule in each iteration.

!
[
|
i

PROOF. Inview of the preceding remarks, we need merely prove that no degenerate dictionary
will be constructed. (If all dictionaries are nondegenerate, then all iterations are nondegenerate.
In that case, cycling cannot occur and the desired conclusion follows from Theorem 3.1.) Thus,
we need only consider an arbitrary row

X =(ro + 1&g + "0+ TpEn) — Y, diX; (3.6)
j¢B
of an arbitrary dictionary and to prove that at least one of the m + 1 numbers rg, 7y, ...,y iS
distinct from zero. (Actually, we shall prove that at least one of the m numbers ry, 5, ..., 7, is
distinct from zero.) Writing d, = 1 and d; = 0 for all basic variables x; distinct from x,, we record
(3.6) as

n+m m

Y odx;=ro+ ) res 3.7
j=1 i=1

Since this equation has been obtained by algebraic manipulations from the definitions of the
slack variables,

Xpri=bi+ & — 3 agx;  (i=1,2,...,m) (3.8)
i=1
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it must hold for all choices of numbers x,, X5, ..., X4 mand &, &, . . . . &, that satisfy (3.8). Hence,
the equation

e

J

I

dx;+ Y, dorilb; + & —
i=1

n m
agx) =ro+ Y rg
1 i =1 i=1

J

which is obtained by substituting from (3.8) into (3.7). must hold for all choices of numbers x,.
X3, ..., X,and &y, &, . . ., &,. Writing this identity as

VP

Z d; — Z d,.a;)x; +
=1 i

i=1 i

(dpsi — ride; = 1o — Z d,.b;
i=1

I

1

we observe that the coefficient at each x;, the coefficient at each «;, and the right-hand side must
equal zero. Thus

dppi =1; forall i

I
»
3

(3.9)

I
fad
S

d; .Zl d,.a; forall j

If all the numbers ry, r,, ..., r, were equal to zero, then (3.9) would imply d,,; = O forall i =
1,2,...,mand d; = O for all j = 1,2,..., n, contradicting the fact that d, = 1. ]

With the hindsight provided by Theorem 3.2, it becomes easy to prove that every LP problem
in the standard form can be perturbed by adding suitable small numbers ¢, ¢,, ..., s, to the
right-hand sides by, b,, ..., b, in such a way that the simplex method applied to the perturbed
problem will terminate. In fact, the numbers ey, ¢,, . . ., ¢, may be chosen as the powerse, e2, .. ., &™
of any sufficiently small positive &. We leave the details for problem 3.8.

As we have observed, the terms involving ¢y, ¢,, .. ., &, are needed only when a tie has to be
broken between two or more candidates for leaving the basis. Thus we might just as well wait
until such a need arises, and only then introduce an ad hoc perturbation. This idea was developed
by P. Wolfe (1963); its lexicographic counterpart comes from G. B. Dantzig (1960).

Smallest-subscript rule. This term will refer to breaking ties in the choice of the entering and
leaving variables by always choosing the candidate x, that has the smallest subscript k. The moti-
vation for this elegant concept is provided by the following result.

— |
rTHEOREM 3.3. [R. G. Bland (1977).] The simplex method terminates as long as the '

L entering and leaving variables are selected by the smallest-subscript rule in each iteration. |

PROOF. By virtue of Theorem 3.1, we need only show that cycling is impossible when the
smallest-subscript rule is used. We shall do this by deriving a contradiction from the assumption
that the smallest-subscript rule leads from some dictionary D, to itself in a sequence of degenerate
iterations. For definiteness, let us say that-this sequence of iterations produces dictionaries D,,
D,, ..., D, such that D, = D,. A variable will be called fickle if it is nonbasic in some of these
dictionaries and basic in others. Among all the fickle variables, let x, have the largest subscript.
In the sequence Dy, Dy, .. ., D,, there is a dictionary D with x, leaving (basic in D but nonbasic
in the next dictionary), and some other fickle variable x, entering (nonbasic in D but basic in the
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next dictionary). Further along in the sequence Dy, Dy, ..., Dy, D, D,, ..., D\, there must be a
dictionary D* with x, entering. Let us record D as
x;=b,— ¥ ajx; (i€B)
i#B
z =0+ Y cx;.
j¢B
Since all the iterations leading from D to D* are degenerate, the objective function z must have
the same value v in both dictionaries. Thus, the last row of D* may be recorded as
n+m
z=v+ Y cfx;
j=1 .
with c¢f = 0 whenever X; is basic in D*. Since this equation has been obtained from D by algebraic
manipulations, it must be satisfied by every solution of D. In particular, it must be satisfied by

Xs=y,%x;=0(j¢Bbutj+#s),x;=b —a,y(ieB)and z = v + c,y for every choice of y.
Thus we have

v+ oy =0v+c¥y+ Z c¥bi — aiy)

ieB

and, after simplification,

<cs - c;k + Z Ci*ais>y = z C;kbi

ieB ieB

‘or every choice of y. Since the right-hand side of the last equation is a constant independent of y,
~e conclude that

¢ —cr+ Y ctay = 0. (3.10)

ieB

The rest is easy. Since x; is entering in D, we have ¢, > 0. Since x; is not entering in D* and yet
i < t, we have c¥ < 0. Hence (3.10) implies that

cka,s < 0 for some reB. (3.11)

yince r € B, the variable x, is basic in D; since ¢* # 0, the same variable is nonbasic in D*. Hence,
, is fickle and we have r < 1. Actually, x, is different from x,: since x, is leaving in D, we have

s > 0and so cffa,; > 0. Nowr < tand yet x, is not entering in D*. Thus, we cannot have ¢* > 0.
‘rom (3.11), we conclude that

a,, > 0.

ince all the iterations leading from D to D* are degenerate, the two dictionaries describe the
ime solution. In particular, the value of x, is zero in both dictionaries (x, is nonbasic in D*) and
>b, = 0.Hence x, was a candidate for leaving the basis of D—yet we picked x,,even thoughr < t.
his contradiction completes the proof. ]

One further point: termination of the simplex method can be guaranteed even without abiding
y the smallest-subscript rule in every single iteration. We might resort to the smallest-subscript
ile, for instance, only when the last fifty or so iterations were degenerate, and abandon it after
1e next nondegenerate iteration in favor of any other way of choosing the entering and leaving
wriables. Although cycling might conceivably take place in this case, each block of consecutive
>generate iterations would be followed by a nondegenerate iteration, and so each dictionary
ould be constructed only a finite number of times.
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Initialization
The only remaining point that needs to be explained is getting hold of the initial
feasible dictionary in a problem

n
maximize Zl cjX;
j=

subject to Y oax;<b  (i=12,...,m)
j=1
x; >0 G=L2...,n
with an infeasible origin. The trouble with an infeasible origin is twofold. First, it
may not be clear that our problem has any feasible solutions at all. Second, even if a
feasible solution is apparent, a feasible dictionary may not be. One way of getting
around both obstacles uses a so-called auxiliary problem,

minimize X
n

subject to Yoaxi—xo<b (i=12...,m)
i=1

XJZO (j=0,1,...,n).

A feasible solution of the auxiliary problem is readily available: it suffices to set the
value of each x; with 1 < j < n at zero and make the value of x, sufficiently large.
Furthermore, it is easy to see that the original problem has a feasible solution if and
only if the auxiliary problem has a feasible solution with x, = 0. To put it differently,
the original problem has a feasible solution if and only if the optimum value of the
auxiliary problem is zero. Hence our plan is to solve the auxiliary problem first; the
technical details are illustrated on the problem

maximize Xy — X3+ X3
subject to 2X; — X, +2x3 < 4
2x; — 3x; + x3 < =5
—Xy + X5 —2x3 < —1
Xy, X5, X3 = 0.

To avoid unnecessary confusion, we write the auxiliary problem in its maximization
form:

maximize —Xq
subject to 2y — X, 4+ 2x3 —xo < 4
2xy — 3x, 4+ X3 — X9 < =5
—X; + X3 —2x3 — x5 < —1
Xo, Xg, X2, X3 = 0
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Writing down the formulas defining the slack variables x,, x5, x4 and the objective
function w, we obtain the dictionary

Xe= 4—2x; + X, — 2x3 + X,
Xs = —5 —2x, + 3x, — X3+ X
x¢=—1+ x; — X, + 2x3 + Xq
w = - X,

which is infeasible. Nevertheless, this infeasible dictionary can be transformed into
a feasible one by a single pivot, with x, entering and x5 leaving the basis:

Xo= S+ 2x; —3x, + X3+ X5
x,= 9 — 2x, — X3 + X5
Xe = 4+ 3x; — 4x; + 3x3 + X5
w = —=5—2x; + 3x, — X3 — Xs.

In general, the auxiliary problem may be written as

maximize — X,
n
subject to Yoaxi—xo<b (i=12...,m
j=1

x; 20 (j=0,1,...,n).

Writing down the formulas defining the slack variables x, ., X 42, - - Xp4m and
the objective function w gives us the dictionary

xn+i:bi_zaijxj+xo i=12...,m
j=1

woo= — Xo

which is infeasible. Nevertheless, this infeasible dictionary can be transformed into
a feasible one by a single pivot, with x, entering and the “most infeasible” x,.;
leaving the basis. More precisely, the leaving variable is that x,., whose negative
value, by, has the largest magnitude among all the negative numbers b,. After pivoting,
the variable x, assumes the positive value of —b,, whereas each basic x,,; assumes
the nonnegative value of b; — b,. Now we are set to solve the auxiliary problem by the
simplex method. In our illustrative example, the computations go as follows.
After the first iteration, with x, entering and x¢ leaving:

x; = 14 0.75x; + 0.75x5 + 0.25x5 — 0.25x,
Xo = 2 —025x, — 1.25x3 + 0.25x5 + 0.75x¢
X, = T — 15x; — 25x3 + 05x5 + 0.5x,

w —2 4 0.25x;, + 1.25x5 — 0.25x5 — 0.75x,.
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After the second iteration, with x5 entering and x, leaving:
x3 = 1.6 — 02x, + 0.2x5 + 0.6xs — 0.8x,
x, = 22 + 0.6x; + 0.4x5 + 0.2xs — 0.6x,

3.12
X, =3 - x - Xe+ 2xq (3.12)

w = - X

The last dictionary (3.12) is optimal. Since the optimal value of the auxiliary problem
is zero, dictionary (3.12) points out a feasible solution of the original problem:
x, = 0,x, = 2.2, x5 = 1.6. Furthermore, (3.12) can be easily converted into the
desired feasible dictionary of the original problem. To obtain the first three rows of
the desired dictionary, we simply copy down the first three rows of (3.12), omitting
all the terms involving x,:

x3 = 1.6 — 0.2x; + 0.2x5 + 0.6x4
X; = 22 4+ 0.6x; + 0.4x5 + 0.2x¢ (3.13)
X, =3 - x - Xg-
To obtain the last row, we have to express the original objective function
Z=X; — X5 + X3 (3.14)

in terms of the nonbasic variables x, x5, x¢. For this purpose, we simply substitute
from (3.13) into (3.14), obtaining

z=x; — (2.2 + 0.6x; + 04xs + 02xq) + (1.6 — 0.2x, + 0.2x5 + 0.6x¢)
= —0.6 + 0.2x; — 0.2x5 + 0.4x4.

In short, the desired dictionary reads

x3 = 1.6 —02x; + 0.2x5 + 0.6x4

x, = 224 0.6x; + 04x5 + 0.2x4
X, = 3 - Xy - X6
z = —06 + 02x; — 0.2x5 + 0.4x,.

Clearly, the same procedure will transform an optimal dictionary of the auxiliary
problem into a feasible dictionary of the original problem whenever x, is nonbasic
in the former.

‘Now, let us review the general situation. We have learned how to construct the
auxiliary problem and its first feasible dictionary. In the process of solving the
auxiliary problem, we may encounter a dictionary where x, competes with other
variables for leaving the basis. If and when that happens, it is only natural to choose

X, as the actual leaving variable; immediately after pivoting, we obtain a dictionary
where

X, is nonbasic, and so the value of w is zero. (3.15)
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Clearly, a feasible dictionary with this property is optimal. However, we may also
reach the optimum of the auxiliary problem while x, is still basic. Thus, we may
obtain an optimal dictionary where

X, is basic and the value of w is nonzero (3.16)
or, conceivably, an optimal dictionary where
X, is basic and the value of w is zero. (3.17)

Let us examine case (3.17). Since the next-to-last dictionary was not yet optimal,
the value of w = —x, must have changed from some negative level to zero in the
last iteration. To put it differently, the value of the basic variable x, must have
dropped from some positive level to zero in the last iteration. But then x, was a
candidate for leaving the basis; yet, contrary to our policy, we did not pick it. This
contradiction shows that (3.17) cannot occur. Hence the optimal dictionary of the
auxiliary problem has either property (3.15) or property (3.16). In the former case,
we construct a feasible dictionary of the original problem as illustrated previously
and proceed to solve the original problem by the simplex method; in the latter case,
we simply conclude that the original problem is infeasible.

This strategy is known as the two-phase simplex method. In the first phase, we set up
and solve the auxiliary problem; if the optimal dictionary turns out to have property
(3.15) then we proceed to the second phase, solving the original problem itself. We
shall return to the two-phase simplex method in Chapter 8.

THE FUNDAMENTAL THEOREM OF LINEAR PROGRAMMING

This name is given to the following result.

THEOREM 3.4. Every LP problem in the standard form has the following three
properties:
(i) Ifit has no optimal solution, then it is either infeasible or unbounded.
(i) If it has a feasible solution, then it has a basic feasible solution.
(iii) If it has an optimal solution, then it has a basic optimal solution.

PROOF. The first phase of the two-phase simplex method either discovers that the problem
is infeasible or else it delivers a basic feasible solution. The second phase of the two-phase simplex
method either discovers that the problem is unbounded or else it delivers a basic optimal
solution. u



Problems 43

Note that the first property is not shared by problems whose constraints may include strict
linear inequalities ) a,x; < b. To take a trivial example, the problem

maximize x subject to x < 0

is neither infeasible nor unbounded and yet it has no optimal solution. The remaining two prop-
erties (ii) and (iii) tell us that, when looking for feasible or optimal solutions of an LP problem
in the standard form, we may confine our search to a finite set. These two properties, easy to
establish from scratch, are often used to motivate the simplex method. Our exposition has fol-
lowed the reverse pattern, with an emphasis placed on actually solving the problem—and the
fundamental theorem of linear programming obtained as an effortless afterthought.

PROBLEMS
e —— ]
A 3.1 Maximize Xy + 3%, — X3
subject to 2%, + 2x, — x5 < 10
3x; — 2x, + x3 < 10
x; — 3x;, + x3 <10
X1, Xg, X3 = 0.

32 In the tableau format, a natural tie-breaking rule for the choice of the pivot row favors the
rows that appear higher up in the tableau. Show that in the following example (constructed
by H. W. Kuhn), this tie-breaking rule leads to cycling:

maximize 2x; + 3x, — x3 — 12x,
subject to —2x; — 9%, + X3+ 9Ix, <0

1 1
3% + x2—§x3— 2%, <0
X1, X, X3, Xq = 0.
33 Solve problem 3.2 by the perturbation technique.

34  Arrange the following expressions in a sequence from lexicographically smallest to lexico-
graphically largest:

3 - g

3

2 + 10g,

3 — 4de + &y

e, + 3ey

3+ 4e; + &5

3 — 4dey + gy + €5

35 Prove:Ifr =ry + rig; + °° + rpe, is lexicographically smaller than s = s, + 5,6, +
<+ + S,&, and if s is lexicographically smaller than t = t, + &, + *** + t,¢,, thenris
lexicographically smaller than ¢.

3.6  Use the result of problem 3.5 to prove that, in every finite set of distinct expressions, such as
rand s in (3.5), there is an expression that is lexicographically smaller than all the others.
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3.7 Prove that for every pair of expressions in (3.5) there is a positive number § such that the
following two statements are equivalent: (i) r is lexicographically smaller than s; (ii) for
every choice of numbers ¢&;, €5, . . . , &, such that

0<éeg <6 and 0 <¢g < gy foralli=23,...,m
r is numerically smaller than s.

3.8 Use Theorem 3.2 and the result of problem 3.7 to prove the following. For every LP problem

n
maximize Y, ¢x;
=1

n
subject to Yax;<b  (i=12...,m)
j=1

x; >0 (J=12,...,n

j =
there is a positive number é such that the simplex method used to

n
maximize Y cx;
=1

n
subject to ax; <b;+d  (i=12...,m
i=1

x; >0 J=12...,n
terminates whenever 0 < ¢ < 0.

2139  Solve the following problems by the two-phase simplex method:

a. maximize 3x, + X3
subject to X, — X, < —1
—-X; — X, < -3
2x, + x, £ 4
X, %> 0

b. maximize 3x; + X,
subject to X, — X, < —1
—x, — x, < -3
2% + x, <2
X, X = 0

c. maximize 3x; + x;
subject to X — x; < —1
—x; — x; < =3
2%, — x, < 2
X, %X, = 0.

3.10 Prove or disprove: A feasible dictionary whose last row reads z = z* + ) ¢;x; describes
an optimal solution if and only if ¢; < 0 for all j.



How Fast Is the
Simplex Method?

The subject of this chapter is the number of iterations in the simplex method. We
shall also comment on the distinction between theoretically satisfactory and practi-
cally satisfactory algorithms, with a particular regard to linear programming.

TYPICAL NUMBER OF ITERATIONS

For practical problems of the form
n
maximize Zl CjX;
i=

) n 4.1
subject to Yoax;<b (i=12...,m @)
i=1 ~

;20  (j=12...,n

with m < 50 and m + n < 200, Dantzig (1963, p. 160) reported the number of iter-
ations as being usually less than 3m/2 and only rarely going to 3m. This observation
agrees with empirical findings obtained more recently for much larger problems: the

45
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typical number of iterations increases proportionally to m (with the proportionality
constant in the range suggested by Dantzig) and only very slowly with n. (It is some-
times said that, for a fixed m, the typical number of iterations is proportional to the
logarithm of n.) Theoretical explanations of this phenomenon were proposed by
G. B. Dantzig (1980), K.-H. Borgwardt (1982) and S. Smale (1982). It is this remark-
able efficiency of the simplex method that accounts for its staggering success. At the
current level of computer technology, typical problems with about 100 constraints
and variables are solved in a few seconds; even problems with several thousands of
constraints can be handled successfully. (To attain this level of efficiency, the simplex
method has to be implemented properly, so that the time per iteration is reduced as
much as possible. Consequently, the format of dictionaries has to be abandoned in
favor of less time-consuming ways of organizing the necessary computations. We
shall begin to study this matter in Chapter 7.) For problems with some particular
structure amenable to specialized versions of the simplex method (such as the network
simplex method of Chapter 19 or generalized upper bounding of Chapter 25), this
limit can be pushed even further.

Monte Carlo simulation studies of the number of iterations were pioneered by
H. W. Kuhn and R. E. Quandt (1963), who solved a number of problems (4.1) with
¢; = 1 for all j, b; = 10,000 for all i, and each g;; selected at random from the set of
positive integers between 1 and 1,000. A small part of these experiments has been
reproduced, on a slightly larger scale, with the results exhibited in Table 4.1. (Each
entry in the table represents the average number of iterations over 100 problems.) In
each simplex iteration, the entering variable was that nonbasic variable that had
the largest coefficient in the z-row of the dictionary. We shall refer to this selection
rule as the largest-coefficient rule.

TABLE 4.1 Average Number of Iterations
Required by the Largest-Coefficient Rule

n
m 10 20 30 40 50

10 9.40 14.2 17.4 19.4 20.2

20 252 | 307 | 380 | 415
30 444 | 527 | 629
40 676 | 787 %

50 ‘ 952 l
Source: D. Avis and V. Chvatal (1978). '
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The production management problems solved in practice are very much different
from such randomly generated examples. Typically, most of their coefficients a;; are
zeros, the remaining nonzero coefficients occur in clusters that are very far from
random, and the range of distinct numerical values of the coefficients is often very
small. In spite of these differences, the Monte Carlo simulation results are in striking
agreement with the empirical observations quoted above: for instance, if n = 50,
then the average number of iterations is about 2m.

PROBLEMS REQUIRING
AN UNUSUALLY LARGE NUMBER OF ITERATIONS

[ -

From a purist point of view, it would be even more reassuring to have a proof that,
for every problem (4.1), the simplex method would require no more than, say, 10mn
iterations to find an optimal solution. However, there is no such proof. Worse than
that, there are examples of LP problems that make the simplex method go through
an enormous number of iterations. V. Klee and G. J. Minty (1972) have shown that
in the process of solving the problem

M:

maximize 10" x;
j=1
, R . 4.2)
subject to 2 ) 10777x; ) + x; < 100771 i=12...,n
=1
x;2 0 G=1,2....n

the simplex method goes through 2" — 1 iterations. (A proof is outlined in problems
4.2 and 4.3.) This number is quite frightening. For example, at the rate of 100 iterations
per second (a reasonably generous estimate), problem (4.2) with n = 50 would take
more than 300,000 years to solve! (The empirical and simulation results just quoted
do not contradict this result. They simply suggest that problems requiring large
numbers of iterations must be rare. For this reason, the Klee-Minty examples (4.2)
and other similar examples are sometimes referred to as “pathological.”)

As our starting point for further discussion, we choose the Klee—Minty problem
withn = 3,

maximize 100x; + 10x, + x4
subject to X4 < 1
20x; +  x, < 100 4.3)
200x, + 20x, + x3 < 10,000
Xy, Xg, X3 = 0
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Using the largest-coefficient rule, we construct the following sequence of dictionaries
The initial dictionary:
X4 = 1 - Xy
100 — 20x; — x,
x¢ = 10,000 — 200x, — 20x, — x5
z = 100x; + 10x; + x,.

Xs

After the first iteration:

X, = 1 - Xq

xs= 80+ 20x, — x,

x¢ = 9,800 + 200x, — 20x, — x,
z = 100 — 100x, + 10x, + x.

After the second iteration:

X, = 1 - X4

X, = 80+ 20x4, — xs

x¢ = 8,200 — 200x, + 20x5 — x;

z

Il

900 + 100x, — 10x5 + x3.
After the third iteration:

X, = 1 - X,

x, = 100 — 20x;, — x5
8,000 + 200x; + 20x5 — x5
1,000 — 100x; — 10x5 + x;.

After the fourth iteration:

X =

z

X4 = 1 - X,
100 — 20x; — x5
8,000 + 200x, + 20x5 — x¢

I

X2

X3

I

z = 9,000 + 100x; + 10x5 — x4.
After the fifth iteration:

x, = 1 - X4

x, = 80+ 20x, — xs

x; = 8,200 — 200x, + 20x; — x¢

z = 9100 — 100x, + 10x5 — xq.

After the sixth iteration:
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Xy = 1 - Xq

xs= 80+ 20x, — X,

x;3 = 9,800 + 200x, — 20x, — x¢
z = 9900 + 100x, — 10x, — xq.

After the seventh iteration:

X4 = 1 - Xy
xs= 100 = 20x; — x,
x3 = 10,000 — 200x, — 20x, — x¢

z

10,000 — 100x, — 10x, — x¢.

In the first iteration, we were led to an unfortunate choice of the entering variable:
had we made x, rather than x, enter the basis, we would have pivoted directly to the
final dictionary. In view of this blunder, it is natural to question the expediency of
the largest-coefficient rule: perhaps the simplex method would always go through
only a small number of iterations if it were directed by some other rule. In fact, the
largest-coefficient rule is not quite natural. More specifically, it ranks the potential
candidates for entering the basis according to their coefficients in the last row of the
dictionary: variables with larger coefficients appear to be more promising. But
appearances are misleading and the ranking order is easily upset by changes in the
scale on which each candidate is measured. For instance, the substitution

X, = x;, X, =001Ix,, X; = 0.0001x,
converts the Klee—Minty problem (4.3) into the form
maximize 100x, + 1,000x, + 10,000%,
subject to Xy 1
20x, + 100x, 100
200x, + 2,000x, + 10,000%; < 10,000
X1, X5, X 0.

IA

IA

v

X5 X2, X3

In the first dictionary associated with this new version of (4.3), the nonbasic variable

%5 appears most attractive, and so the simplex method reaches the optimal solution
in only one iteration.

ALTERNATIVE PIVOTING RULES

Thus we are led to ranking the candidates x; for entering the basis according to
criteria that are independent of changes of scale. One criterion of this kind is the in-
crease in the objective function obtained when x; actually enters the basis. The
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resulting rule (always choose that candidate whose entrance into the basis brings
about the largest increase in the objective function) is referred to as the largest-
increase rule. On the Klee—-Minty examples (4.2), the largest-increase rule leads the
simplex method to the optimal solution in only one iteration, as opposgd to the
2" — 1 iterations required by the previously used largest-coefficient rule. However,
the new rule does not always lead to a small number of iterations: R. G. Jeroslow
(1973) constructed LP problems that are to the largest-increase rule what the Klee—
Minty problems are to the largest-coefficient rule. (More precisely, the number of
iterations required by the largest-increase rule grows exponentially with m and n.)
Again, these examples exploit the myopia inherent in the simplex method. It is
conceivable that every easily implemented rule for choosing the entering variable
can be tricked in a similar way into requiring very large numbers of iterations.

Which of the two rules is better? On problems arising from applications, the
number of iterations required by the largest increase is usually smaller than the
number of iterations required by the largest coefficient. Simulation experiments lead
to a similar outcome (see Table 4.2).

Table 4.2 Average Numbers of Iterations
Required by the Largest-Increase Rule

n
m 10 20 30 40 50

10 7.02 9.17 10.8 12.1 12.6

20 16.2 20.2 24.2 273
30 28.7 345 394
—T | 433 39.9
B 50 | 58.9

Source: D. Avis and V. Chvatal (1978).

Nevertheless, as the largest-coefficient rule takes less time to execute than the
largest increase, it is the former that usually wins in terms of total computing time.
More generally, the number of iterations is a poor criterion for assessing the effi-
ciency of a rule for choosing the entering variable. It is the total computing time that
counts, and rules that tend to reduce the number of iterations often take too much
time to execute. In this light, even the largest-coefficient rule is found too time-
consuming and therefore rarely, if ever, used in practice. The choice of entering
variables in efficient implementations of the simplex method is influenced by the

logistics of handling large problems on a computer; this matter will be studied in
Chapter 7.
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A systematic rule that always leads to an unambiguous choice of the entering
variable, and to an unambiguous choice of the leaving variable in case of a tie, is
called a pivoting rule. The largest-coefficient rule and the largest-increase rule,
amended by unambiguous instructions for tie-breaking, are two examples of pivoting
rules; the smallest-subscript rule of Chapter 3 is another.

EFFICIENCY OF ALGORITHMS IN THEORY AND PRACTICE

As noted in Chapter 1, the theoretical and the practical criteria for judging the efficiency of
algorithms are radically different. From the theoretical point of view, an algorithm is satisfactory
if its running time increases only slowly with the size of the problem. This is a vague definition
as it stands; we are going to make it precise.

Let us consider a fixed class of problems (such as linear programming problems in the standard
form) and a fixed algorithm (such as the simplex method) for solving problems in this class. A
fair interpretation of the “size of the problem” is the time required to transmit the data. To put
it differently, the size of a problem is the number of times you have to hit the keyboard of your
typewriter in order to write down the data. For instance, the size of the Klee~Minty problems
(4.2) is roughly n3/3 when n gets very large (each of the i — j + 1 digits in each coefficient 2 - 10~/
has to be written down). A fair interpretation of “running time” is the total number of elementary
steps (such as adding up, multiplying, or comparing two one-digit numbers; executing a “go to”
instruction in a computer program; and so on) that have to be executed. (Thus it is implicitly
assumed that each elementary step requires one unit of time.) Now for each s, there may be many
(but only finitely many) different problems of size s in our class, and our algorithm may require
different amounts of time 1, t,, .. ., t) for different problems P,, P,, ..., P,, of this size. Only
the largest of these numbers ¢; matters in the theoretical context. Of course, this largest ¢; depends
on s; we shall denote it by #(s). Thus, our algorithm solves every problem of size s within ¢(s) units
of time and actually uses up these t(s) units of time in the worst case. Finally, the algorithm is
considered satisfactory if t(s) grows only slowly with s. More precisely, the algorithm is satis-
factory if there is a polynomial p such that ¢(s) < p(s) for all s.

This definition, proposed by J. Edmonds (1965), is one of the most fruitful and stimulating
concepts in theoretical computer science. [Those wishing for more information on this subject
are referred to Garey and Johnson (1979).] Nevertheless, even though this concept does reflect
to some extent the reasons why practitioners are satisfied by some algorithms and unsatisfied
by others, it fails to capture these reasons fully. Two of the features that make it unrealistic from
a-practical point of view are:

(i) The worst-case criterion.
(ii) The asymptotic point of view.

The inadequacy of the worst-case criterion is demonstrated most dramatically on the case of the
simplex method itself: even eminently useful algorithms may be labeled unsatisfactory on the
basis of a few isolated examples of a kind that might never come up in practice. The average
running time ( t;/M) might provide a more realistic criterion than the worst running time
(max t;); unfortunately, a rigorous analysis of the average performance is often much more

m]
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difficult than an analysis of the worst performance. The inadequacy of the second feature may
manifest itself even when the running time depends only on the size of the problem, so that the
average performance and the worst performance coincide. The point is that the actual values
t(s), with s restricted to a finite range, do not matter at all; the only thing that counts is the rate
of growth of t(s) as s increases beyond every bound. Thus, a hypothetical algorithm with,a running
time ¢ = 10%!:000:000:000 (ronded up to the nearest integer) would be found theoretically un-
satisfactory even though t(s) < 10 whenever s < 10; on the other hand, an algorithm with a
running time t(s) = 10*:°%% would be found theoretically satisfactory even though t(s) > 101-°°°
for all 5. Theorists judge algorithms by their worst performance on problems of sizes outside the
range of practical interest, whereas practitioners judge algorithms by their typical performance
on problems whose sizes are limited to a finite range. (In all fairness, it should be admitted that
the theoretical definition is not all that bad. As it turns out, the polynomials bounding the running
time of theoretically satisfactory algorithms often assume reasonably small values for reasonably
small values of s and, on the other hand, even the typical running time of theoretically unsatis-
factory algorithms will often get out of hand already for small values of s.)

For many years, while practitioners were trying to reduce the typical running time of the
simplex method by yet another 10% or 20%, theorists were trying to answer a fundamental
question: Is there a theoretically satisfactory algorithm for solving linear programming problems?
Eventually, L. G. Khachian (1979) provided an affirmative answer by presenting such an algo-
rithm. This “ellipsoid method” is surprisingly simple and elegant; we shall describe its details
in the appendix. Will this beautiful gem of pure mathematics ever become a serious challenger
of the simplex method’s supremacy in solving practical LP problems? That remains to be seen;
at the time of this writing, it seems very likely that the answer is no.

PROBLEMS
r

14.1 Compare the performance of the three pivoting rules discussed in this chapter on the
following examples:
a. maximize 4%, + 5x,
subject to 2%, + x, <9
X, <4
X, <3
Xy, %, 2 0
b. maximize 2x; + x,

subject to 3x; + x, <3
X1, %X, =0

c. maximize 3x; + 5x,

subject to Xy + 2x,
Xy

*

~
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In the Klee-Minty problem (4.2), denote the slack variables by s, s, ..., s, rather than
bY X, 41> Xnt2»- -« » X2, Prove that in every feasible dictionary, precisely one of the two
variables x;, s; is basic.

Use the result of problem 4.2 and induction on n to prove that, when the simplex method
with the largest coefficient rule is applied to (4.2), the resulting dictionaries have the following
properties:

(i) After 2"~! — 1 iterations, the last row reads

n—2
z = 10(100"‘Z - Y 10"y — s,,_1> + x,,

i=1
(ii) After 2"~ ! iterations, the last row reads

n—2
z = 90-100""2 + 10(2 10" ix; + s,,_1> — Sy

i=1
(iii) After 2" — 1 iterations, the last row reads

n—1
z=100""" — ¥ 10"7'x; — s,

i=1
(iv) After each iteration, all the coefficients in the last row are integers.



The Duality Theorem

Every maximization LP problem in the standard form gives rise to a minimization
LP problem called the dual problem. The two problems are linked in an interesting
way. Every feasible solution in one yields a bound on the optimal value of the other.
In fact, if one of the two problems has an optimal solution, then so does the other,
and the two optimal values coincide. This fact, known as the Duality Theorem, is
the subject of the present chapter. We shall also note that, in managerial applications,
the variables featured in the dual problem can be interpreted in a very useful way.

MOTIVATION: FINDING UPPER BOUNDS
ON THE OPTIMAL VALUE
bt

We shall begin this chapter with the following LP problem:
maximize 4x; + X, + 5x3 + 3x,
subject to Xy — X;— X3+ 3x,< 1
Sxy + x5 4+ 3x3 +8x, <55
—X; + 2x; 4+ 3x3 — 5x,

<
X1s Xo, X35 Xg =
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Rather than solving it, we shall try to get a quick estimate of the optimal value z*
of its objective function. To get a reasonably good lower bound on z*, we need only
come up with a reasonably good feasible solution. For example, the bound z* > 5
comes from considering the feasible solution (0,0, 1,0). The feasible solution
(2,1,1,%) shows that z* > 15. Better yet, the feasible solution (3,0, 2, 0) yields
z* > 22. Needless to say, such guesswork is vastly inferior to the systematic attack
by the simplex method: even if we were lucky enough to hit on the optimal solution.
our guess would provide no proof that the solution is indeed optimal.

We shall not pursue this line any further: the subject of this chapter stems from
a similar quest for upper bounds on z*. For example, a glance at the data suggests
that z* < 273, Indeed, multiplying the second constraint by § we obtain the inequality

éx +§x + 5x +i49*< <2—7-é
37T 372 P 3 AT 3

Hence every feasible solution (x,, x,, X3, x,) satisfies the inequality

275

25 S 40
4%, + x5 + Sx3 + 3x, < —?,—x, + =Xy + Sx3 4+ x4 < =

3 3

In particular, this inequality holds for the optimal solution and so z* < 2J3. With
a little inspiration, we can improve this bound considerably. For instance, the sum
of the second and third constraints reads

dx; + 3x, 4+ 6x3 + 3x, < 58.

Therefore, z* < 58. Rather than searching for further improvements in a haphazard
way, we shall now describe the strategy in precise and general terms.

We construct linear combinations of the constraints. That is, we multiply the first
constraint by some number y,, the second by y,, the third by ys;, and then we add
them up. (In the first case, we had y, = 0, y, = £, y; = 0; in the second case, we had
y1 =0, y, = y3 = 1.) The resulting inequality reads
(y1+5y2=ya)xy + (= y1 + Y2+ 2y3)%a+(—yy + 3y, + 3y3)x3+ Byy + 8y, — Sya)xs

<y;+55y,+3ys. (5.1
Of course, each of the three multipliers y; must be nonnegative: otherwise the cor-
responding inequality would reverse its direction. Next, we want to use the left-hand
side of (5.1) as an upper bound on z = 4x, + x, + 5x; + 3x,. This can be justified
only if in (5.1), the coefficient at each x; is at least as big as the corresponding co-
efficient in z. More explicitly, we want-
yi+5,— y3=4.
—y1+ yat+2y3 2
—y1 + 3y, + 3y,

1
5
3y, + 8y, —5y3 =3

v v
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If the multipliers y; are nonnegative and if they satisfy these four inequalities, then
we may safely conclude that every feasible solution (x,, x,, x5, x,) satisfies the
inequality

4X1 + X, + 5X3 + 3X4 <y + 55y2 + 3y3
In particular, this inequality is satisfied by the optimal solution; therefore

z* < y; + 55y, + 3yi.

Of course, we want as small an upper bound on z* as we can possibly get. Thus, we

are led to the following LP problem:
minimize y1 + 55y, + 3y,

subject to yi+ Sy, — y3 =4

Y1+ Y2+ 2321

—yi+ 3y, +3y325

3y1 + 8y, — 5y; 23

V1, Y2, Y3 = 0.

I\

THE DUAL PROBLEM

-]

This problem is called the dual of the original one; the original problem is called the
primal problem. In general, the dual of the problem

n
maximize Y cx;
i=1

Subject to Z ainj < bi (1 = 1; 25 ey m) (52)
j=1

x; =20 G=12,...,n
is defined to be the problem

minimize Y. biy;
i=1
subject to Yayize, (j=12...,n (53)

i=1
=0 i=L1L2...,m).
(Note that the dual of a maximization problem is a minimization problem. Further-

more, the m primal constraints Y a;;x; < b, are in a one-to-one correspondence with
the m dual variables y;; conversely, the n dual constraints ) a;;y; > c; are in a one-
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to-one correspondence with the n primal variables x;. The coefficient at each variable
in the objective function, primal or dual, appears in the other problem as the right-
hand side of the corresponding constraint.)

As in our example, every feasible solution of the dual yields an upper bound on
the optimal value of the primal. More explicitly, for every primal feasible solution
(x4, X5, - - -, X,) and for every dual feasible solution (yy, y,, . . ., ¥,,) we have

The proof of (5.4), which was illustrated at the beginning of this section, can be
written down succinctly as

i=1

'Mi

b;y;. (5.4

i=1

Inequality (5.4) is extremely useful: if we happen to stumble across a primal
feasible solution (x}, x%, ..., x¥) and a dual feasible solution (y¥, y%, ..., y¥) such
that

.M=
o

= Z by}
i=1

1

J

then we may conclude that both of these solutions are optimal. Indeed, (5.4) implies,
that every primal feasible solution (x,, x,, . . ., x,) satisfies

by¥ Zc

CjX;j <

oF
‘MS

[}
-
LI}

J 1

and that every dual feasible solution (y,, y,, . . . , ¥,,) satisfies

n m
> Y exF =Y byt
j=1 i=1

.Ms
o

i=1

For instance, we have an easy way of showing that the primal feasible solution
x, =0,x, =14, x3 = 0, x, = 5 of our original example is optimal: just consider
the dual feasible solution y, = 11, y, = 0, y3 = 6. It is not at all obvious, however,
that an analogous proof of optimality can be given for every LP problem that has
an optimal solution; this fact is the central theorem of linear programming.

THE DUALITY THEOREM AND ITS PROOF

—_— —

The explicit version of the theorem comes from D. Gale, H. W. Kuhn, and A. W.
Tucker (1951); its notions originated in conversations between G. B. Dantzig and
J. von Neumann in the fall of 1947.
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THEOREM 5.1 (The Duality Theorem). If the primal (5.2) has an optimal

solution (x}, x%,..., x¥), then the dual (5.3) has an optimal solution (y%,
¥, ..., y%) such that
Y oexf =Y bk (5.5)

Before presenting the proof, let us briefly illustrate its crucial point: the optimal
solution of the dual problem can be read off the z-row of the final dictionary for the
primal problem. In the example that we used to motivate the concept of the dual
problem, the final dictionary reads

X, = 14 — 2x; — 4x3 — 5x5 — 3x4
Xg= 55— Xy — X3— 2X5— Xq
X = 1+ 5x; + 9x3 + 21xs5 + 11x,

z =29 — x; —2x3 — llxs — 6x,.

Note that the slack variables xs, x¢, X, can be matched up with the dual variables
V1> Y2, ¥3 in a natural way: for instance, x5 is the slack variable in the first constraint,
whereas y, represents the multiplier for the same constraint. By the same logic,
X goes with y, and x, goes with y;. In the z-row of the dictionary, the coefficients
at the slack variables are

—11atxs, Oatxs, —6atx,.

Assigning these values with reversed signs to the corresponding dual variables, we
obtain the desired optimal solution of the dual:

yp=11, y, =0, y; =6

At first, this may seem like pulling a rabbit out of a hat; however, the following
general argument explains the magic.

PROOF OF THEOREM 5.1. Weneed only find a feasible solution (y¥, y3,..., %)
satisfying (5.5); indeed, such a solution will be optimal by virtue of the remarks
following (5.4). In order to find that solution, we solve the primal problem by the
simplex method; having introduced the slack variables

Xpyi = b,‘ - Z aiJ'Xj (l = ]., 2, ey m) (5.6)
j=1
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we eventually arrive at the final dictionary. For the sake of definiteness, let us say
that the last row of that dictionary reads

n+m
z=72*+ Y X (5.7
k=1
In(5.7), each T, is a nonpositive number (in fact, ¢, = 0 whenever x, is a basic variable).
In addition, z* is the optimal value of the objective function, and so

% =) cxk (5.8)
j=1
Defining
VE = —Coui (i=12...,m (59)
we claim that (y¥, y%, ..., y}) is a dual feasible solution satisfying (5.5); the rest of

the proof consists of a straightforward verification of our claim. Substituting Y ¢;x;
for z and substituting from (5.6) for the slack variables in (5.7) we obtain the identity

=

1

J

n m n
cx; =254+ ) Tx;— Y y;"<bi -2 aijxj)
j=1 i=1

j=1

which may be written as
m n m
cxj = (z* -y b,-y?‘) + (Ej + Y a,-jy;">xj.
i=1 j=1 i=1
This identity, having been obtained by algebraic manipulations from the definitions

of the slack variables and the objective function, must hold for every choice of values
of x4, X,, ..., x,. Hence we have

™=

j=1

=Y byt (5.10)
i=1
and
G=T;+ Y ayy¥ (j=L1,2...,n). (5.11)
i=1

Since G, < Oforeveryk = 1,2,...,n + m, (5.11) and (5.9) imply
Zaijy?ZCj (j=1,2,...,n)
i=1

yE>0  (i=1,2...,m)
Finally, (5.10) and (5.8) imply (5.5). n
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RELATIONSHIP BETWEEN
THE PRIMAL AND DUAL PROBLEMS
C

Next, let us point out that the dual of the dual is always the primal problem. Indeed,
the dual problem may be written as

maximize Y (= by
i=1
subject to Y(—ajyi< —¢; (i=12...,n
=1
yi = 0 (l = 19 2’ ) m)

The dual of this problem is
minimize

subject to

(—ayx; = —b; i=12...,m
5= 0 (=12...,n)

which is clearly equivalent to the original problem. A nice corollary to this observa-
tion and to the duality theorem is that the primal problem has an optimal solution
if and only if the dual problem has an optimal solution. Note also that if the primal
is unbounded, then the dual must be infeasible [this follows directly from (5.4)].
By the same argument, if the dual is unbounded then the primal must be infeasible.
However, both primal and dual may be infeasible at the same time. For example,
both the problem

maximize 2x, — X,

IA

subject to Xy — Xq 1
—X; + X, £ =2
X;,Xx; = 0

and its dual are infeasible. These conclusions are summarized in Table 5.1.

Table 5.1
Primal-Dual Dual
Combinations
Optimal Infeasible Unbounded
Optimal Possible Impossible Impossible
Primal Infeasible Impossible Possible Possible
Unbounded Impossible i Possible ; Impossible |
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In particular, if the primal problem has a feasible solution and if the dual problem
has a feasible solution, then both problems have optimal solutions.

Duality has important practical implications. In certain cases, we may find it
advantageous to apply the simplex method to the dual of the problem that we are
really interested in. (Of course, the optimal solution of the primal problem can then
be read directly off the final dictionary for the dual) For example, if m = 99 and
n = 9, then dictionaries will have 100 rows in the primal problem but only 10 rows
in the dual. Since the typical number of simplex iterations is proportional to the
number of rows in a dictionary and relatively insensitive to the number of variables,
we shall most likely be better off solving the dual problem.

From a theoretical point of view, duality is important because it points out an
elegant and succinct way of proving optimality of solutions of LP problems: as we
have observed, an optimal solution of the dual problem provides a “certificate of
optimality” for an optimal solution of the primal problem, and vice versa. Further-
more, the duality theorem asserts that for every optimal solution there is a certificate
of optimality. To appreciate the impact of this fact, consider a student who is sup-
posed to solve the problem

n
maximize Y ex;
i=1

subject to Y agx; < by (i=12...,m (5.12)
ji=1

;>0 (j=1,2,...,n)

J

Applying the simplex method to (5.12), the student finds simultaneously an optimal

solution x¥, x%, ..., x}* of (5.12) and an optimal solution y%, y%,. .., y¥ of the dual
problem
minimize Y by
i=1
m . (5.13)

subject to Yajyizce (i=12...,n

i=1

=0 (i=1,2...,m)

Then he shows both solutions to his supervisor. The supervisor has an easy way of
checking the correctness of the answer. To check the feasibility of the allegedly
optimal solution, she has to verify the inequalities

a‘..x’?sbi (i=1,2,...,m)
L b2 (5.14)

*
Xj

v

0 (=1L2...,n.

To check its optimality, she has to verify the inequalities
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Za,*jy?‘zcj' (j=1,2,~~',n)

i=1 (515)
yFE=>0 i=12,...,m
and the equation
Y = Y byt (5.16)
j=1 i=1

Of course, the computational effort involved in these verifications is much smaller
than the computational effort required to solve (5.12) from scrdtch by the simplex
method.

COMPLEMENTARY SLACKNESS

1}

Now we shall show how the supervisor can often recover the certificate of optimality
yi, ¥%, ..., y¥ from the optimal solution x¥, x%, ..., x¥ alone. The key to the pro-
cedure is a convenient way of breaking down equation (5.16) into simple constituents.

THEOREM 5.2. Let x{, x3,..., x; be a feasible solution of (5.12) and let
¥ vi, ..., y¥ be a feasible solution of (5.13). Necessary and sufficient condi-
tions for simultaneous optimality of x¥, x¥, ..., x¥ and y}, y%, ..., y¥ are

Y ayy¥=c¢; or x¥=0 (orboth) forevery j=1,2,....,n (517)
=1

and

M=

a;x¥ =b; or y¥ =0 (orboth) forevery i=1,2,...,m (518)

~
[}
-

PROOF. Assumptions (5.14) and (5.15) imply

cxf < (Z aijy?‘>x;" G=1,2...,n (5.19)

=1

(Z ayx} ) < by¥ (i=1,2...,m (5.20)
and so
> ¢

j=1

< Y byt (5.21)

~*
IlM:
N
s
K~
<
Y
\_/
‘-*
'Mi
(-\
M=
R
~
=
%
N———
=
|
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Hence, (5.21) holds with equalities throughout if and only if equalities hold in (5.19)
and (5.20). One way to guarantee the equality ¢;x¥ = (3 a;;y)x} is to insist that
x}¥ = 0; failing that, we must require ¢; = Za,-jy;“. Hence, equalities hold in (5.19)
if and only if condition (5.17) is satisfied. Similarly, equalities hold in (5.20) if and only
if condition (5.18) is satisfied.

To summarize, conditions (5.17) and (5.18) are necessary and sufficient for (5.16)
to hold. On the other hand, the Duality Theorem shows that (5.16) is necessary and
sufficient for simultaneous optimality of x¥, x%,...,x* and y*, y%, ..., y*. The
proof is completed. ||

Conditions (5.17) and (5.18) gain simplicity as soon as we introduce the slack
variables

n
Xpai = by — Y, aix; i=12...,m
j=1

Ym+j = _Cj+ Zaijyi (]=1,2,,n)
i=1

As we observed once before, the primal slack variables x,. 1, Xp42,- -, Xy4m are
naturally matched up with the dual decision variables y,, y,, ..., y,: each variable
X,+; denotes the slack in the ith primal constraint, whereas the corresponding y;
represents the multiplier at the same constraint. Similarly, each primal decision
variable x; is matched with the dual slack y,, , ;. Conditions (5.17) and (5.18) require
that in each of the m + n matching pairs, at least one variable must have value zero.
These conditions are usually called the complementary slackness conditions; Theo-
rem 5.2 itself is referred to as the Complementary Slackness Theorem.

It is an easy task to convert Theorem 5.2 into a form in which its applicability
becomes evident.

_|
THEOREM 5.3. A feasible solution x¥, x%,..., x* of (5.12) is optimal if

|

i

and only if there are numbers y*, y%, ..., y* such that |
i

|

m

4;1 a;y¥ = c¢; whenever x¥ >0
] (5.22)
y¥ =0 whenever Y a;x* <b;
j=1
and such that
2 agyf = ¢ fordl j=1,2,...,n
= (5.23)

v

yE>0 forall i=1,2,...,m
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PROOF. 1If x}, x%,...,x¥ is optimal, then, by Theorem 5.1, there is an optimal
solution y¥, y%,..., y¥ of (5.13). That solution, being feasible, satisfies (5.23). By
Theorem 5.2, the two optimal solutions satisfy the complementary slackness condi-
tions (5.22).

Conversely, if y¥, y%, . . ., y¥ satisfy (5.23), then they constitute a feasible solution of
(5.13). If they satisfy (5.22) as well, then, by Theorem 5.2, x}, x%, ..., x¥ is an optimal
solution of (5.12) and y%, y%, ..., y¥ is an optimal solution of (5.13). ]

Theorem 5.3 is often useful in checking the optimality of allegedly optimal solu-
tions when no certificate of optimality is provided. Confronted with an allegedly
optimal solution x¥, x%, ..., x¥ of (5.12), we first set up the system of linear equations
(5.22) and solve for y¥, y%, ..., y¥. If the solution y%, y%, ..., y* is unique, then we
are in business: x¥, x%, ..., x¥ is optimal if and only if (5.23) holds. We shall illus-
trate this situation with two examples.

First, let us consider the claim that

xF=2 x3=4 x¥=0, x=0, x¥r=7 xft=0

is an optimal solution of the problem

maximize 18x; — 7x, + 12x5 + 5x, + 8x¢
subject to 2x; — 6xy + 2x3 + Tx4 + 3x5 + 8xg < 1
—3x; — X5 4+ 4x3 — 3x4+ X5+ 2xg < —2
8x; — 3x, + 5x;3 — 2x, +2xg < 4
4x, + 8x3+ Txg — x5 +3xg< 1
5%y + 2x5 — 3x3 + 6x4 — 2xs — X< 5
X1, Xg5 X35 X4, X5, Xg = 0.

In this case, (5.22) reads

2yF — 3y% + 8y% + 4yF + Syt = 18

—6yF — »y3 —3)% +2y8 = -7
Wyt + 3 - Vi-2% =

V3 = 0

y¢ = 0.

Since its solution (§, 0, 3, 1, 0) satisfies (5.23), the proposed solution x¥, x%, ..., x¥
is optimal.
Second, let us consider the claim that

x=0 x3=2 x(=0, x¥=7 xt=0

is an optimal solution of the problem
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maximize 8x; — Ix, + 12x3 + 4x, + 1lxg
subject to 2%, — 3%, + 4x3+ x4+ 3xs< 1
Xy + 7x, + 3x3 —2x, + x5 < 1
5%, + 4x, — 6x3 + 2x4 + 3x5 < 22
Xg, Xz, X3, X4, X5 = 0

Here (5.22) becomes
=3+ Ty + 45 = -9
VY= 2y5 + 25 =
V23 = 0

Since its unique solution (3.4, 0, 0.3) violates (5.23), the proposed solution
x¥, x%, ..., x¥ is not optimal.

Of course, this straightforward strategy for verifying optimality of allegedly
optimal solutions is applicable only if the system of equations (5.22) has a unique

solution. The following result points out conditions under which this is always the
case.

—

THEOREM 5.4. 1If x¥, x%,..., x¥ is a nondegenerate basic feasible solution !
of (5.12), then (5.22) has a unique solution.

The proof of this theorem is postponed until the end of Chapter 7, where it will
become an exercise (problem 7.3).

ECONOMIC SIGNIFICANCE OF DUAL VARIABLES

For many LP problems

maximize Y ex;
i=1

subject to Yoax;<b (i=1,2...,m) (5.24)
=1

=20  (j=1,2,...,n)

arising in applications, the variables y,, y, . .., ., in the dual problem can be given
a meaningful interpretation. An indication of the way these dual variables should be
interpreted follows from a heuristic argument occasionally used in elementary
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physics and known as “dimension analysis.” For instance, suppose that (5.24) is the
problem of maximizing profit in a furniture manufacturing firm. Each x; measures
the level of the output of the jth product (such as desks or chairs), and each b; specifies
the available amount of the ith resource (such as wood or metal). Note that each a;;
is expressed in units of resource i per unit of product j (in fact, each a;; is the"amount of
resource i required in making a unit of product j) and that each c; is in dollars per
unit of product j (in fact, each c; is the net profit brought in by a unit of product j).
To make the left-hand side, Y a;;y;, of each dual constraint commensurate with the
right-hand side ¢;, we must express each y; in dollars per unit of resource i. Thus, one is
led to suspect that each y, measures the unit worth of the ith resource. The following
theorem will validate this suspicion.

THEOREM 5.5. If (5.24) has at least one nondegenerate basic optimal solu-
tion, then there is a positive ¢ with the following property: If |t| < e foralli =
1,2,..., m, then the problem

maximize Y cx;
j=1
subject to Z ax; < b + t; (i=12...,m) (5.25)
j=1
x; =20 (G=12,...,n

has an optimal solution and its optimal value equals
m
* 4+ Yyt
i=1

with z* standing for the optimal value of (5.24) and with y%}, y%, . . ., y¥ standing
for the optimal solution of its dual.

We postpone the proof of this theorem also until the end of Chapter 7, where it
will become an exercise (problem 7.4). At this moment, let us note only that the
uniqueness of y¥, y%,. .., y* is guaranteed by Theorems 5.4 and 5.2.

Theorem 5.5 reveals the effects of small variations in the supplies of the resources
on the total net profit of the firm. With each extra unit of resource i, the profit increases
by y¥ dollars. Hence, y# specifies the maximum amount that the firm should be
willing to pay, over and above the present trading price, for each extra unit of resource
i. For this reason, y¥ is often called the marginal value of the ith resource, the adjective
“marginal” referring to the difference between the trading price and the actual worth
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of the resource. Another term commonly used for y¥ in this context is the shadow
price of the ith resource.

To illustrate these findings, imagine a forester who has 100 acres of hardwood
timber. Felling the hardwood and letting the area regenerate would cost $10 per
acre in immediate resources and bring a subsequent return of $50 per acre. An
alternative course of action is to fell the hardwood and plant the area with pine; that
would cost $50 per acre with a subsequent return of $120 per acre. Hence, the net
profits resulting from the two treatments are $40 and $70 per acre, respectively.
Unfortunately, the more profitable second treatment cannot be applied to the entire
area since only $4,000 is available to meet the immediate costs. Clearly, the forester’s
problem is to

maximize 40x, + 70x,

subject to xg + x, < 100
10x, + 50x, < 4,000
Xy, Xy > 0.

Its optimal solution is xf = 25 and x¥ = 75. Hence, the forester should fell the
hardwood throughout the entire area, letting 25 acres regenerate and planting the
remaining 75 acres with pine. According to this program, the initial investment of
$4,000 yields the ultimate net profit of $6,250.

Evidently, the forester’s initial capital represents a valuable resource. In fact, the
forester might be well advised to increase the level of this resource by taking out a
short-term loan; the resulting extra profit might make up even for a drastic interest
rate. For example, suppose that she could borrow $100 now and pay back $180 later;
should she do that? On the other hand, she might be tempted to divert some of her
$4,000 to other lucrative enterprises. For example, suppose she could invest $100
now and collect $180 later; should she do that? According to Theorem 5.5, the
answers lie hidden in the optimal solution

y¥ =325 y¥ =075
of the dual problem: the forester should take out (limited) loans if and only if the
interest is lower than 75 cents per dollar and she should make (small) investments if
and only if the profit is greater than 75 cents per dollar.

These claims, whose validity is guaranteed by Theorem 5.5, are easy to justify
directly. Having borrowed ¢ dollars, the forester aims to

maximize 40x; + 70x,

100

subject t + x, <
ject to 1T X (5.26)
10x; + 50x, < 4,000 + ¢
Xy, Xy = 0.
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Every feasible solution x;, x, of this problem satisfies the inequalities

40x, + 70x, = 32.5(x, + x,) + 0.75(10x, + 50x,)

(5.27)
< 3,250 + 0.75(4,000 + t) = 6,250 + 0.75¢

and so the extra profit will never exceed 0.75z. In fact, if t < 1,000, then the forester
can realize the additional profit of 0.75¢ by letting

x, = 25 — 0025, x, = 75 + 0.025¢. (5.28)

Investments in other enterprises give rise to negative values of ¢ in (5.26); as a result
of such investments, the net profit from the original enterprise diminishes. If —¢
dollars are diverted to alternative investments (—¢ is positive!) then, by (5.27), the
profit from the hardwood felling enterprise will drop by 0.75(—1t) or even more. In
fact, if —¢ < 3,000, then the drop can be limited to only 0.75(—t) by choosing x,
and x, according to (5.28).

It should perhaps be emphasized that Theorem 5.5 deals with small changes t; in
the resource levels; its conclusions may fail when the t;’s are large. For instance, our
forester has no use for loans exceeding $1,000 and, should she wish to invest all of her
$4,000 in another enterprise, she would be ill advised to demand only 75 cents of
profit on each dollar. (A part of Theorem 5.5 can be salvaged even if the t;’s are large;
see problem 5.9.)

Now suppose that a previously unavailable opportunity arises for the forester to
engage in an activity such as, say, felling the hardwood and planting the area with
conifer. For a quick assessment of this activity, the forester may appeal to the marginal
values of her resources: $32.5 per acre of hardwood and $0.75 per dollar of capital.
If the new activity requires a dollars per acre, then the resources consumed by this
activity per acre are valued at $(32.5 + 0.754) and the activity is worth considering
if and only if its net profit per acre exceeds this figure. Further examples of this kind
are presented in problems 5.6 and 5.7.

In closing, let us mention that models of economy often fall into the realm of linear
programming. In particular, many theorems concerning economic equilibria may be
deduced from the Duality Theorem and the Complementary Slackness Theorem.
Their discussion exceeds the scope of this text; the interested reader is referred to
D. Gale (1960) and R. Dorfman, P. A. Samuelson, and R. M. Solow (1958).
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PROBLEMS
2

5.1  Ilustrate Theorem 5.1 on each of the three LP problems in problem 2.1.

A52 Maximize —X; — 2x,

subject to =3x; + X,
Xy — Xy

—2x, + 7x,

9x, — 4x,

—5x; + 2x,

Tx, — 3x,

Xy, X

SAAWLWARN —

IV IA A IAIA N IA

AS53  For each of the two problems below, use Theorem 5.3 to check the optimality of the
proposed solution.

a. Maximize  7x; + 6x, + 5x3 — 2x, + 3x5

subject to Xy + 3x; + 5x3 — 2x4 + 2x5 < 4
4%, + 2x; — 2x3 + X4 + X5 <3
2x; + 4x, + 4x3 — 2x, + S5x5 < 5
3y + Xp 4+ 2x3 — x4 — 2x5 < 1

Xy, X3, X3, X4, X5 2 0.

. 4 2 5
Proposed solution: xf =0, x% = 3 x%¥ = 3 x¥ = 3 x¥=0.
b. Maximize 4x; + 5x; + X3 + 3x4 — S5x5 + 8xg
subject to X, —4x3 4+ 3x4 + X5+ Xxg<1
5% + 3x, + x5 — 5x5 + 3xg < 4
4%, + 5x; — 3x3 + 3x4 — 4x5 + xg < 4
- X, + 2x4 + X5 — 5% <5

=2% + Xp+ X3+ X4+ 25 + 2x6 <7
2%y — 3%; + 2x3 — X4+ 4xs + Sxg < 5
X1, X2, X3, X4, X5, Xg = O.

5 7
5, X4 =5,

DN

Proposed solution: x;, =0, x, =0, x; = xs =0, x6 =

AS54  Inproblem 1.6, one of the possible strategies is as follows:
* Smoke all 400 bellies on regular time.
* Smoke 20 picnics on regular time and 210 on overtime.
* Smoke 40 hams on overtime and sell 440 fresh.
Use Theorem 5.3 to find out whether this strategy is optimal or not.

55 In problem 1.7, one of the possible strategies is as follows:

* Blend 3,754 barrels of alkylate, 2,666 barrels of catalytic, 920 barrels of straight-run,
and 543 barrels of isopentane into 7,883 barrels of Avgas A.

® Blend 60 barrels of alky"late,' 3,096 barrels of straight-run, and 672 barrels of isopentane
into 3,828 barrels of Avgas B.

® Sell 85 barrels of isopentane raw.
Use Theorem 5.3 to find out whether this strategy is optimal or not.
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5.6

5.7

5.8
5.9

5.10

5 The Duality Theorem

In the optimal solution to problem 1.6, all the bellies and picnics are smoked. However,
sufficiently drastic changes in market prices might provide an incentive to change this
policy. Assume that the market price of fresh bellies increases by x dollars, while all the
other prices remain fixed at their original levels. How large would x have to be in order
to make it profitable for the plant to sell fresh bellies? Ask and answer a similar question
for picnics. How would the sales of small amounts of fresh bellies and picnics affect the
rest of the operation? What precisely do “small amounts” mean in this context?

In the optimal solution to problem 1.7, 85 barrels of isopentane are sold raw at $4.83
per barrel. Find the break-even selling prices for raw alkylate, catalytic, and straight-run.
Next, assume there is a demand for Avgas C with PN at least 80 and RVP at most 7. Find
the break-even selling price of this gasoline.

Can you interpret the complementary slackness conditions in economic terms?

Let z* be the optimal value of (5.24) and let yf, y%, ..., y¥ be any optimal solution of the
dual problem. Prove that

n m
Yoex < zF+ Y yEy
ji=1 i=1
for every feasible solution x,, x,, . .., x, of (5.25).

Construct an example showing that the conclusion of Theorem 5.5 may fail if the hypothesis
that (5.24) has a nondegenerate basic optimal solution is omitted.



Gaussian Elimination
and Matrices

This chapter reviews facts about systems of linear equations and matrices that will
be needed later. We shall begin with Gaussian elimination and discuss ways of
enhancing its accuracy and speed. Then we shall introduce the notion of matrix
multiplication and review Gaussian elimination in terms of matrices. Finally, we
shall establish a few fundamental facts concerning nonsingular matrices.

GAUSSIAN ELIMINATION

Perhaps the most popular method for solving systems of linear equations is known as Gaussian
elimination. This method consists of a successive elimination of variables followed by a back
substitution. We shall illustrate it on the system
5x; + 4%, + 3x3+ 9x4 = 49
3%, + 2+ X3+ 2, = 19
—14x, — 8x, — Tx3 + 5x4, = —68
12x, + 6x, — 25x3 + 10x, = —38.

6.1)

71
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The first equation in (6.1) may be converted into the formula
x; = 9.8 — 0.8x, — 0.6x; — 1.8x,. 6.2)
Substituting from (6.2) into the remaining equations in (6.1) we obtain
398 — 0.8x, — 0.6x3 — 1.8x4) + 2x; + x5+ 2x,= 19
—14(9.8 — 0.8x, — 0.6x; — 1.8x,) — 8x, — 7x3 + 5x, = —68
12(9.8 — 0.8x, — 0.6x; — 1.8x,) + 6x, — 25x; + 10x, = —38
and, after simplification,
—04x, — 08x; — 34x,= -—104

32x, + l4xs + 302x, = 692 : (6.3)
—36x, — 322x; — 11.6x, = —1556.

Clearly, numbers x,, x,, x3, X, satisfy (6.1) if and only if they satisfy (6.2), (6.3). In this sense,
system (6.1) is equivalent to system (6.2), (6.3). Since variable x, does not appear in (6.3), we say
that it has been eliminated. Just as we eliminated x, from (6.1), we may now eliminate x, from
(6.3). The first equation in (6.3) may be written as

X, = 26 — 2x5 — 8.5x,. (6.4)

Substituting from (6.4) into the remaining two equations in (6.3) we obtain, after simplification,
the system

—5x;3 + 3x,= —14
(6.5)
—25x3 + 19x, = —62.
To eliminate x, from (6.5), we write the first equation of (6.5) in the form
X3 = 2.8 + 0.6x,. (6.6)
Substituting from (6.6) into the remaining equation in (6.5) we obtain

4x, = 8.

6.7

Now, (6.7) yields

Xg = 2. (6.8)
Substituting from (6.8) back into (6.6) we find

s = 4 (69)
Substituting from (6.9) and (6.8) back into (6.4) we find

x, = 1. (6.10)
Finally, substituting from (6.10), (6.9), and (6.8) back into (6.2) we obtain

X, = 3. (611)

The same strategy applies in general: we eliminate x,, X,, ...in this order and then find
the values of x,,, x,_y, ..., X, by back substitution. The elimination process merits a comment.
When the variables x,, x5, ..., x,_, have been eliminated, we are confronted with a system of
n— k + 1 equations in the remaining n — k 4+ 1 variables x,, X, ..., X, Among these
n — k + 1 equations, we choose an equation
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n

Y ax;=b (6.12)

i=k
such that a, # 0; this number g, is called the pivot. Substituting from

b 5 a;
X =—— = x;
A j=k+t G
into the remaining n — k equations, we eliminate x, and obtain a system of n — k equations in
n — k variables. (However, it may happen that each of the n — k + 1 equations of (6.12) has
a, = 0. In other words, the system of n — k + 1 equations may involve only the n — k variables
Xk+1> Xk+ 25 - - - » X, This circumstance indicates that the original system of n equations in n
variables either has no solutions at all or it has infinitely many of them. Since this case is of no
importance in our present discussion, we shall not elaborate on the details until Theorem 6.1,
which will follow later.)
It is natural to ask how much work is required to solve a system of n equations in n variables
by this method. For our example, Table 6.1 gives a detailed account of the work involved.

Table 6.1 Operations Count

To calculate Additions Multiplications Divisions

(6.2) 0 0 4
(6.3) 12 12 0
(6.4) 0 0 3
(6.5) 6 6 0
(6.6) 0 0 2
(6.7) 2 2 0
(6.8) 0 0 1
(6.9) 1 1 0
(6.10) 2 2 0
(6.11) 3 3 0
Total 26 26 10

Note: Additions and subtractions are essentially the same operation;
therefore we count both under the heading Additions.

In general, the work required to eliminate x, amounts to n — k + 1 divisions, followed by
(n = k)(n — k + 1) multiplications and (n — k)(n — k + 1) additions. Then, evaluating x, by
back substitution takes » — k multiplications and n — k additions. The totals are:

Additions: i mn—kn—k+1)+ i (n — k) = n(n — 1)(2n + 5)/6.
k=1

k=1

Multiplications: Y (n — k)(n — k + 1) + Z”: (n — k) = n(n — 1)(2n + 5)/6.
=1 k=1

k=
Divisions: Y (n—k+'i)=n(+ 1)/2.
k=1

Hence, there are about n3/3 additions, n*/3 multiplications, and n?/2 divisions to carry out.
Since the additions are relatively easy and the divisions are relatively few, the main computational

O
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burden comes from the multiplications. (Incidentally, note that the method applied to 2n equa-
tions in 2n variables takes roughly 8n°/3 multiplications, eight times the amount required by n
equations in n variables.)

Similar methods for solving small systems of linear equations have been in use for centuries.
An ancient Chinese text, “Nine Chapters on the Mathematical Art,” includes examples of three
equations in three variables solved by an elimination procedure. This book dates from the Han
dynasty of 206 B.C.—A.D. 220 (the period in which the I-Ching was written), but some of its contents
may be as old as 1100 B.c. Other examples appear in various writings scattered throughout the
ages. However, a systematic study of the method as a tool for solving arbitrary systems of linear
equations was first undertaken by C. F. Gauss (1777-1855) and A. M. Legendre (1752-1833).
Additional information on the history of elimination methods may be found in Eves (1964),
Smith (1953), and Struik (1967).

Two obvious criteria for assessing the performance of any numerical algorithm are (i) the
accuracy of results and (ii) the speed of execution. We shall analyze Gaussian elimination from
both points of view, beginning with numerical accuracy.

Accuracy of Gaussian Elimination

Numerical computations are usually done in floating-point arithmetic. That is, each nonzero
number is represented in the form x - 10* such that k is an integer and 0.1 < |x| < 1. The number
x is stored only to a d-digit precision (or “d significant digits”) for some fixed positive integer d;
that is, only the first d digits of x following the decimal point are stored. Since the same con-
vention applies to results of arithmetical operations, floating-point computations are subject
to rounding errors. For instance, if d = 3, then the result of

(0.523-10% x (—0.324-107%) = —0.169452 - 103

is stored as —0.169 - 1073, In long chain calculations, these rounding errors may accumulate
to such an extent that the final result is useless.

It would be a grave misconception to assume that only long chain calculations lead to numeri-
cally inaccurate results: even small systems of linear equations may cause trouble. To illustrate,
we shall solve the system

00001x, + x, =1
0.5x, + 0.5%, = 1 (6.13)

rounding the intermediate results to three significant digits. Using the first equation to eliminate
X, we obtain

x; = 10,000 — 10,000x,
~5,000x, = — 5,000

whereupon back substitution yields x, = 1 and x; = 0. But the true solution of (6.13), rounded
to three significant digits, is x; = 1 and x, = 1. What went wrong? The pivot 0.0001 was
too small relative to the remaining coefficients. In our first outline of Gaussian elimination, we
observed that zero pivots must be avoided since division by zero is impossible. Now it seems
reasonable to infer that small pivots should be avoided since division by small numbers is likely
to produce serious rounding errors. This precaution may be implemented in various ways. For
instance, while eliminating x,, x,, . .. in this order, we might always choose the pivot that has
the largest magnitude among all the available candidates. Or, going a step further, we might
also change the order in which the variables are eliminated, so that the pivot magnitude in each
iteration is as large as possible. The latter strategy is known as complete pivoting, whereas the
former, with the order of elimination fixed, is known as partial pivoting. Our discussion will
be restricted to partial pivoting since this strategy is quite adequate in practice. In our example,
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partial pivoting tells us to eliminate x, from the second equation. Rounding the intermediate
results to three significant digits, we obtain

Xy =2 — X,

X, =1

whereupon back substitution yields x, = 1 and x; = 1. Thus, all is well—at least in this case.

Investigation into the numerical accuracy of elimination methods has an interesting history.
An early paper by H. Hotelling (1943) established a discouraging fact: Even when n = 100, the
computed solution X,, X,,..., X, of

Yoax;=b  (i=12...,n (6.14)
i=1

may differ from the true solution X, x,, . .., x, to such extent that (unless we work to the pre-
cision of more than 60 decimal digits) the computations are meaningless. Although comparing
the computed solution X, X,, . . . , X, with the true solution x,, x,, . . ., x, seems to be the natural
way of assessing the accuracy of the computations, this point of view, nowadays known as the
forward error analysis, fell out of favor around the 1950s. The computed solution may suddenly
look much better, if it turns out to be the precise solution of a system

Y ag=>b (=12...,1n (6.15)

whose coefficients &;; differ from the original coefficients a;; only slightly. This new point of
view, known as the backward error analysis, makes perfect sense in applications where the co-
efficients a;; are often obtained by imprecise measurements and/or estimations. The idea of
backward error analysis, implicit in papers by J. von Neumann and H. H. Goldstine (1947)
and by A. M. Turing (1948), was put forth by W. Givens (1954) and championed by J. H. Wilkinson
(1963). Wilkinson subjected elimination methods to backward error analysis and found that
Gaussian elimination with partial pivoting yields remarkably accurate results. His arguments
guarantee the existence of a system (6.15) that is very close to (6.14). Roughly speaking (the
precise statement is a little more intricate), each difference a;; — a;; amounts to at most n of
the individual errors made in the process of solving (6.14).

Of course, this guarantee loses much of its appeal when the individual rounding errors are
large compared with a;;. This situation may happen when the various coefficients differ from
each other so widely that the individual rounding errors resulting from handling large a;; become
overwhelming when compared with small g;;. To illustrate, let us solve the system

x; + 10,000x, = 10,000
05x, + 0.5x, =1 (6.16)

by Gaussian elimination with partial pivoting, working to three significant digits. Eliminating
x, from the first equation, we obtain

x, = 10,000 — 10,000x,
—5,000x, = —5,000

whereupon back substitution yields x, = 1, x, = 0. This result is unsatisfactory even from the
point of view of backward error dnalysis since every system

dy X, + a,,%, = 10,000
a

2% + 3% =1

]
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satisfied by X, = 0, X, = 1 must have 4,, = 1, and therefore differ significantly from (6.16).
Fortunately, there is often a way of avoiding such blunders. Individual rounding errors tend
to become less significant when the various nonzero coefficients a;; have roughly the same mag-
nitude. Systems with this property are called “well-scaled.” Many systems

Soax;j=b (i=12...,n 6.17)
ji=1

that arise in practice are well-scaled; other systems can often be made well-scaled by simple
transformations. Having chosen positive numbers r, 75, ..., r,, and s, S,, . . ., S,, we multiply
each row iin (6.17) by r; and substitute sx; for each x;. The resulting system reads Yragsx) =
r:b;, or

Y (rags)x;=rb;  (i=12...,n) (6.18)
j=1

The transformation of (6.17) into (6.18) is called scaling, with the numbers r; and s; referred to
as scaling factors. A suitable choice of these scaling factors helps to smooth out discrepancies
among the magnitudes of the various nonzero coefficients and often yields a well-scaled system
(6.18). For instance, if (6.17) reads
0.5x; + 0.002x, + 2x3 + 40x, = 12
30x, + 04x, + 500x; + 1000x, = 600
2x; + 001x, + 30x3 + 300x, 90
0.1x, + 0.005x, + 4x3 + 20x, = 14

and if we choose

ry =10, r, =01, ry=1, r,=10

sy =1, s, =100, s3 =01, s, =001
then (6.18) assumes the well-scaled form

5x7 + 2x5, + 2x5 + 4x, = 120

3xy + 4x, + 5x53 + x, = 60

2xy + x5 + 3x3 + 3x, = 90

Xy + 5x4 + 4x53 + 2xy, = 140.
Incidentally, note the advantage of choosing powers of 10 for the scaling factors. Since we are
working in the decimal notation, each evaluation of r;a;;5; amounts to a mere shift of the decimal
point. For the same reason, the scaling factors in machine computations (working in binary

notation) are chosen to be powers of 2. Given any system (6.17), one can always find scaling

factors that are powers of 10 and yield a system (6.18) that is nearly well-scaled or, more pre-
cisely, equilibrated in the sense that

1 < max |rags;| <1 forall i
i
and

0.1 < max|rags;| <1  forall j

(In the binary system, powers of 10 would be replaced by powers of 2, and the lower bounds
0.1 would be replaced by 0.5.) The procedure is easy: first find scaling factors r; such that
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0.1 < max|ra; < 1
i

for all i, and then complete your choice by suitable values of s;. For instance, this procedure
applied to (6.16) yields first r, = 107%, r, = 1 and then s, = 1, 5, = 1. Next, the resulting
system (6.13) is solved by Gaussian elimination with partial pivoting. As observed previously,
the resulting computed solution is X; = 1, X, = 1. Note that this result is satisfactory even
from the point of view of backward error analysis: X, X, constitute the precise solution of the
system

%, + 9,999%, = 10,000

0.5%, + 05%, =1
whose coefficients differ relatively little from those of (6.16).

Scaling is a common practice whose theoretical properties are not completely understood.
There is often more than one way of scaling a system (6.17) into an equilibrated system (6.18),
and it is not clear, a priori, which choice of scaling factors yields the best results. For instance,
setting r;, = 1,7, = 1,5, = 1,5, = 10™* in (6.16), we obtain the equilibrated system

X, + x5 = 10,000
0.5x; + 0.00005x%, = 1.

Now Gaussian elimination with partial pivoting, working to three significant digits, delivers
x, = 10,000 and x; = 0. Thus we obtain once again the unsatisfactory solution x, = 0,x, = L.
Fortunately, examples such as this illustrate the exception rather than the rule. In practice,
Gaussian elimination with partial pivoting, preceded by some form of scaling (such as equi-
libration), produces results whose numerical accuracy is quite adequate. For more information
on this subject, the reader is referred to G. Forsythe and C. B. Moler (1967).

Speed of Gaussian Elimination
Now we turn to an analysis of the speed of Gaussian elimination. As we have already observed,
Gaussian elimination requires about n3/3 multiplications to solve a system

n

a
i=1

Xi=b  (i=12...,n). (6.19)

However, it may happen that many of these #n*/3 multiplications are multiplications by zero,
in which case the number of genuine multiplications is considerably reduced. Typically (the
atypical case is illustrated in problem 6.2), such reductions occur only if many of the coefficients
a;; in (6.19) are zeros. Systems with this property are called sparse, whereas systems with most
of the coefficients a;; nonzero are called dense. Large systems (6.19) encountered in practice
are often very sparse: even when n runs to thousands or more, each variable x; may occur with
anonzero coefficient a;; in only five or ten equations. However, sparsity alone does not guarantee
noticeable reductions in the running time of Gaussian elimination. For instance, consider the
sparse system

Xy + Xp4+ X3+ X4+ X5+ Xg =4

Xy + 6x, =5
X4 + 6, . =5
Xy + 6x, =5 (6.20)
X4 + 6x5 =5

Xy + 6xg = 5.
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Eliminating x, from the first equation, we obtain the completely dense system
53 — X3 — X4 — X5 — Xg=
—X; + 5X3 — X4 — X5 — Xg=

1
1
—X; — X3+ 5x4 — X5 — Xg=1
—X; — X3 — X4+ 5x5— xg=1

1

—X, — X3 — X4 — X5+ Sxg=

and no time savings can be claimed in the subsequent iterations of Gaussian elimination. This
example illustrates a phenomenon known as fill-in: when a few variables have been eliminated,
the remaining system may become considerably denser than the original one.

Attempts to curb fill-in rely on freedom in the choice of pivots. The variables x, x,, ..., X,
can be eliminated in an arbitrary order, and each can be eliminated from an arbitrary equation
in which it appears with a nonzero coefficient; a judicious choice of the next variable to be elimi-
nated, and of the equation from which to eliminate it, may reduce fill-in considerably. An early
proposal along these lines was made by H. M. Markowitz (1957). It goes as follows: let p; stand
for the number of nonzero coefficients in the ith equation, and let g; stand for the number of
equations involving x;. In the first iteration, when a variable x; has to be eliminated from an
ith equation, choose i and j so that the product (p; — 1)(g; — 1) is as small as possible (and,
of course, a;; # 0). In each subsequent iteration, follow the same rule, with the p’s and ¢’s updated.
For example, in (6.20) we have

Pi=6 p=2 p3=2 p=2, ps=2 psg=2
and
41 =6 q:=2 g3=2 qg.=2 qs5=2 q¢=2

Since the product (p; — 1)(g; — 1) attains the minimum value 1 if and only if 2 < i < 6 and
2 < j < 6, Markowitz’s rule directs us to eliminate a variable x; with 2 < j < 6 from the jth
equation (we have to have g;; # 0!). Breaking the tie arbitrarily, we eliminate x, from the second
equation,

Xy

(=

5
X2=g—

and obtain the system

5 19
gx,+ X3+ X4+ X5+ X6=‘6—
X; + 6x5 =5
Xy + 6x, =5
X, + 6x5 =5
X4 + 6xg = 5.

This is a significant improvement over the elimination of x, from the first equation in (6.20);
now we have created no new nonzero coefficients at all. (Furthermore, this phenomenon persists
throughout the remaining iterations as long as the pivots are selected by Markowitz’s rule.)

We shall return to ways of curbing fill-in by judicious choice of pivots later in this chapter,
after Gaussian elimination has been described in terms of matrices.
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Summary of Elimination Methods

Gaussian elimination offers a great deal of flexibility in the choice of pivots; this flexibility may
be exploited to enhance the accuracy as well as the speed of the method. When the choice of
a pivot dictated by considerations of accuracy (partial pivoting) disagrees with a choice suggested
by considerations of speed (fill-in reduction), it is usually the latter that gets preference. Con-
siderations of accuracy take over only in extreme situations, such as when a choice of another
equation (and the same variable) would increase the size of the pivot a thousand times or even
more. (Of course, when Gaussian elimination is applied to completely dense systems, partial
pivoting may be given full rein since all hopes of enhancing speed vanish.)

In many textbooks, Gaussian elimination is presented together with a variant, in which each
%, is eliminated not only from the remaining system of equations in x, . ;, X, 45, - . - , X, but also
from the substitution formulas for x;, x5, ..., X,_,. This method appeared in a posthumous
edition of a textbook written by a German geometer, W. Jordan, and became known as Gauss—
Jordan elimination. It is inferior to Gaussian elimination on at least three counts: it requires n3/2
multiplications on completely dense systems, it is liable to suffer from more fill-in on sparse
systems, and its numerical accuracy tends to be worse. For these reasons, we shall not discuss it.

MATRIX MULTIPLICATION

The system of linear equations
¥y = 4x; + 3x,
Vo= =Xy 44X,
y3 = —3x; + 2x, (6.21)
Ya= 2% + 5%,

may be thought of as a device transforming inputs x,, x, into outputs y,, y,, y3, ya:

Y1 ——

Y2 —— ——— X,
(6.21)

Y3 ——— s X,

Similarly, the system

zp= 5y, = 2y, + 3y3 + y,
;= Y1+ 2y, — y3+ 3y, 6.22)
z3= —y; — 3y, + 3y3 + 2y,

may be thought of as a device transforming inputs y,, y,, y5, y, into outputs z,, z,, Z5:

]

—_— )
)2

I —— (6.22) :

V3

r——<—)’4

]
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Plugging the outputs of (6.21) into the inputs of (6.22),

Zl < y] <

V2 X
I ———1 (6.22) (6.21)

Y3 —— X,
Iyt

Va

amounts to substituting for y,, y,, y3, y4 from (6.21) into (6.22): after simplification, we obtain
zy = 15x; + 18x,
7z, = 1lx; + 24x, (6.23)
73 = —6xy + X,

Thus, the concatenation of the two devices (6.21) and (6.22) may be replaced by a single device:

Zy ——6—
e Xy
7, ———  (623)

< X,
Z3 ———

More generally, consider a device that transforms inputs x,, X, . . ., X, into outputs
=% byx, (k=12...,p (6.24)
j=1

and another device that transforms inputs y,, y,, ..., y, into outputs

P
z; = Z Ve i=12...,m. (6.25)
k=1

Plugging the outputs of the first device into the inputs of the second amounts to substituting
for y;, y2,. .., y, from (6.24) into (6.25):

14 n 14
7= 3 aik< x bij,) =2\ X aikbkj>xj'
k=1 i=1 \k=1

j=1

Again, the concatenation of the two devices may be replaced by a single device

j=1
defined by
P
¢y = X auby. (6.26)
k=1

It is customary to represent systems of linear functions by rectangular arrays of the corresponding
coefficients. Thus,

5 -2 3 1 ‘:3 15 18

A=| 1 2 -1 3| B= , and C= |11 24

-1 -3 3 2 -3 2 -6 1
25
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represent (6.22), (6.21), and (6.23), respectively. Such arrays are called matrices. [ The term matrix
first appeared in a memoir published by A. Cayley in 1858. For historical details, see T. Hawkins
(1974)]

A matrix with m rows and »n columns is referred to as a “matrix of size m x n” or simply as
an “m x n matrix.” It is convenient to denote the entry in the ith row and in the jth column of
a matrix A by a;;, the corresponding entry in a matrix B by b;;, and so on. This convention is
often stressed in phrases such as “let A = (a;;) be an m x nmatrix.” The product ABofanm x p
matrix Aanda p x nmatrix Bisthem x nmatrix C defined by (6.26). This definition is motivated
by the fact that the matrix C = AB represents the device obtained by concatenating the devices
represented by A and B. (Note that the product AB is defined only if the number of rows in B
matches the number of columns in A.) The terminology derives from the special case m = p =
n = 1, when all three of the matrices A, B, and AB reduce to single numbers, and the number AB
is the ordinary product of the numbers A and B. However, the familiar properties of number
multiplication do not always extend to the more general context of matrix multiplication. For
example, if A and B are matrices, then we do not necessarily have AB = BA: to begin with, one or
both of these products may be undefined; and even if both AB and BA are defined (which is the
case if and only if A and B are square matrices of the same size), they may be not equal to each
other. For instance, if

SIEH R

then
11 0 1
AB:[I 0]’ Az[l 1]‘

Nevertheless, just as (ab)c = a(bc) for any choice of numbers a, b, ¢, so we have
(AB)C = A(BC) (6.27)

for any choice of matrices A, B, C such that the products AB and BC are defined. This property
of matrix multiplication is known as its associativity. In view of our motivation of matrix multi-
plication, (6.27) is intuitively obvious: either of its two sides represents the device obtained by
concatenating the three devices represented by A, B, C. Verifying (6.27) directly from the defini-
tion of matrix multiplication is easy; we omit the routine details. Once (6.27) is established, we
may delete the parentheses on either side and write simply ABC without any ambiguity.

In number multiplication, the number “one” plays a special part: we have 1 - x = x-1 = x
for all numbers x. In matrix multiplication, this part is played by so-called identity matrices,
square matrices with ones on the diagonal and zeros off the diagonal. For instance, we have

1 00 5 =2 3 1 5 =2 3 1
01 0] 1 2 -1 3| = 1 2 -1 3
001 -1 =3 4 2 -1 =3 4 2
and
5 =2 3 1 1.0.0°0 5 =2 3 1
0100
2 -1 3 001 0l= 1 2 -1 3
-1 -3 4 2 — —
00 0 1 1 3 4 2

a



O

82 6 Gaussian Elimination and Matrices

More generally, with 1, standing for the identity matrix of size k x k, we have
I,A = AL, = A

for every m x n matrix A. This fact, apart from being easy to verify mechanically, is also intu-
itively obvious: the identity matrix I, represents a transformation device that tramsfers the k
inputs directly into the k outputs without a change. When there is no danger of confusion, we
shall sometimes denote the identity matrix I, simply by I.

A matrix having only one row is called a row vector, and a matrix having only one column is
called a column vector. The entries in a (row or column) vector are referred to as its components,
and their number is the vector’s length. Note that anm x n matrix may be multiplied by a column
vector of length n on the right, and by a row vector of length m on the left. (The following obser-
vation concerning matrix products AB is often handy: if a is the ith row of A and if b is the jth
column of B, then aB is the ith row of AB and Ab is the jth column of AB.)

The formalism of matrices provides a succinct way of recording systems of linear equations.
For instance, the system

4%, + 3%, +9x, =3
2%y — X, + 2x3 =1
8x; + 7x, — 5x; = 4

may be recorded as Ax = b with

4 3 9 x 3
A=1{2 -1 2|, x=|x,|, andb=|1].
8 7 -5 X4 4

More generally, every system of n linear equations in n variables may be recorded as Ax = b
such that A isan n x n matrix and x, b are column vectors of length n.

SPARSE AND SPECIALLY STRUCTURED MATRICES

As we have already observed, matrices A appearing in large systems Ax = b found in practice
are sparse. most of their entries a;; are zeros. Such matrices may be multiplied fast and stored
compactly. For instance, the matrix

™ 2000000 0 O]
0025006000
0008200000
0904000000
0000564000
0000020000
000000400 7
0000006 507
0000000230
0 0000O0G6 0 7 0

may be stored in the following “packed form”:
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column 1: 3in row 1.
column 2: 2inrow 1,9 in row 4.
column 3: 2 in row 2.
column 4: 5inrow 2, 8 in row 3, 4 in row 4.
column 5: 2 inrow 3,5 in row 5.
column 6: 6 in row 5, 2 in row 6.
column 7: 6 in row 2,4 inrow 5, 4 in row 7, 6 in row 8, 6 in row 10.
column 8: 5in row 8, 2 in row 9.
column 9: 3inrow 9, 7 in row 10.
column 10: 7 inrow 7, 7 in row 8.

The actual technical details involving memory locations and so on would lead us astray; the
interested reader is referred to R. P. Tewarson (1973) and J. de Buchet (1971).

We shall sometimes emphasize sparsity by using a suggestive notation. For example, the
sparse matrix shown previously might be recorded as

3 2 7
25 6
8 2
9 4
S 6 4
2
4 7
6 5 7
2 3
L 6 7_4

and, more generally, some or all of the zero entries omitted in a presentation of a sparse matrix.
Three special kinds of matrices will play an important part in our discussions: permutation
matrices, eta matrices, and triangular matrices. A permutation matrix, such as

1

1

arises from the identity matrix by permuting its rows and/or columns. To put it differently, a
permutation matrix has precisely one nonzero entry in each row and precisely one nonzero
entry in each column; all of these nonzero entries are ones. An eta matrix, such as

1 3

N AW

1

differs from the identity matrix in only one column, referred to as its eta column. A matrix
A = (a;)) is called lower triangular if a;; = 0 whenever j > i and upper triangular if a; = 0
whenever j < i. Thus,

]
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W =

6
9 8 and
7 1

3
5
0
1 2

—_ N N
® O O

are lower and upper triangular, respectively.

THE ALGEBRA OF MATRICES

Matrices can be not only multiplied; they can also be added. If A = (a;;) and B = (b;;) are ma-
trices of the same size, then their sum A + B is the matrix C = (c;;), defined by ¢;; = a;; + b;,
This operation generalizes ordinary number addition and obeys several familiar laws of ordinary
number arithmetic. For instance,
A+B=B+ A
A+B+C)=A+B+C
and
(A + B)IC = AC + BC
AB + C) = AB + AC
whenever either side is defined. Finally, matrices may be multiplied by ordinary numbers: if t
isa number and if A = (a;;) is a matrix, then tA denotes the matrix B = (b;;) defined by b;; = ta;;.
Again, we have
t(A+ B)=1tA + B
(s+ A = A + (A
and so on.
For every m x n matrix A = (a;5), the n x m matrix (a;) is called the transpose of A and is
denoted by A”. In particular, the transpose of every row vector is a column vector and vice

versa. Relying on this convention, we shall often record the column vector with components
T
X1y X5 ooy Xy 88 [X1, Xg,. .., %,]".

GAUSSIAN ELIMINATION IN TERMS OF MATRICES

Suppose that we have eliminated x,, x,, x5 from a system of six linear equationsin x,, X,, . .., X4
Now we are left with a system of three linear equations in x4, x5, X and with back substitution
formulas for x,, x,, x5. For definiteness, let us write the formulas as

Xy =dy — 12X, — C13X3 — C14Xs — C15Xs — C16¥Xs

X, =d, T €23X3 T C24X4 — Cp5Xs5 — C26Xs (6.28)

X3 = dy T C34X4 — C35Xs — C36Xg

and the remaining system as

C4aXs + CasXs + CaeXe = dg
Cs4X4 + Cs5Xs5 + CsXg = ds (6.29)

CeaXs + CosXs + CoeXe = de.
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Now we may convert the first of the last three equations into

d, Cas Cae
Xy =— — — X5 — — Xg (6.30)
Cs4  Caa Caa

and, substituting from (6.30) into (6.29), eliminate x,:

Cas Ca6 -d dy
Css — Csq4 — | X5 + 656—654_0 Xe = s — Csq——

Caa, 44, Cas
(6.31)
Cas Ca6 dy
<C65 — Cea "‘) Xs + <566 — Coa— | X6 = dg — Coa —.
Caq, Cas. Caq

In matrix notation, the intermediate results (6.28), (6.29) before the elimination of x, may be
recorded as

1 ¢y €13 cia €15 cie Xy dy
I €33 € Cas C26 X2 d,
1 34 €35 C36 REEA dy (6.32)
Caq Cas Cue X4 dy ’
Cs4 Css Cse Xs ds
Céa Ceés Cos Xs, ds

whereas the intermediate results (6.28), (6.30), (6.31) after the elimination of x, may be recorded as

r Myl r B
Locp ez €y Cis Ci6 Xy d;
1 ¢35 c3a C2s C26 X3 d,
1 ey C3s C36 X3 dy
Cas Cs6 A
1 —_ e X4 —_
Ca4 Caq . = Caq (633)
Cas Ca6 d dy
Cs5 — Cs4—— Csg — Csq —— Xs 5~ Csq 7
Cas Caq Caq
Cas Ca6 d d,
Ceés — Cea—— Ce6 — Coa —— X6 6 — Céa T
L Cas Csa ) L L Cas |

Note that the transformation of (6.32) into (6.33) amounts to multiplying both sides of (6.32) by
the matrix

K |

L Caa

]
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on the left. Of course, if ¢,y = 0, then this transformation cannot be carried out and we are
forced to use a different row of (6.29) in order to eliminate x,. For instance, if we use the last
row of (6.29), then we obtain

and

. Ces Ce6 -d de
Css — Csa = | Xs + [ Cs6 — Cs4 — | Xg = ds — Csq4 ~—
Cea. Céa, Cea

Ces Ce6 -d de
C4s — 044;— Xs + | Cas — 0446—“ Xg = G4 — C4q —

64, 64, Cea

In matrix terms again, this operation may be viewed as passing from (6.32) to

—
1 c;; ¢13 €4 €5 Cis X1 d;
1 c23 €24 €35 C26 X2 d,
I 34 cas Cagf | X3| dy (6.34)
Céa Cés5 Ceo X4 ds
Cs4 Css Csg Xs ds
L Caa Cas Cae X d,
and then to
r r r 9
1 ¢ €13 €4 C1s Ci6 ] X1 dy
1 ¢33 €2 Cas C26 X2 d,
S C3s C36 X3 d;
Cos Ce6 de
1 X4 —
Céa Cea . = Cea - (6.35)
Ce5 Cé6 d ds
Css — Csq—— Cs6 — Csq—— Xs 5 — Csqa ——
Ceéa Cea Céa
Ces Co6 d o ds
C4s — Caa —— Cae — Caa—— Xg L 4 — Caa——
L Ceéa Ceald L Cea |

Note that the passage from (6.32) to (6.34) amounts to multiplying both sides of (6.32) by the
matrix

1

on the left and that the passage from (6.34) to (6.35) amounts to multiplying both sides of (6.34)
by the matrix
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1
L= Ceéa
Csa
-— 1
Ce4

_Caa 1

L Ceés .

on the left.

More generally, having eliminated xy, x5, ..., x,_, in this order from a system of n linear
equations in x,, X5, . . . , X,, we may record our intermediate results in matrix notation as

Cx = d. (6.36)
The first k — 1 rows of this system provide substitution formulas for x,, x,,. .., X, _, whereas
the last n — k + 1 rows constitute the residual system of equations in x;, X, 1, - . . , X,. Hence,

the matrix C = (c;;) has a rather special structure. In its first k — 1 columns, all the entries
on the diagonal are ones, whereas all the entries below the diagonal are zeros. The subsequent
elimination of x, yields a similar system,

Cx=d (6.37)

in the first k columns of C, all the entries on the diagonal are ones whereas all the entries below
the diagonal are zeros. As in our example, the transformation of (6.36) into (6.37) amounts to
multiplying both sides of (6.36) on the left first by a permutation matrix P = P, and then by a
lower triangular eta matrix L = L,. The permutation matrix P is obtained from the identity
matrix by interchanging its row k with some row r such that r > kand ¢, # 0.(We shall comment
later on the case ¢y = Oforalli = k, k + 1,..., n.) Thus, the matrix T = PC arises from C by
interchanging its rows k and r. In particular, writing T = (t;;) we have t, = ¢, # 0. The lower
triangular eta matrix L, differs from the identity matrix only in its kth column whose entries [;;,
are defined by

0 if i<k
1
— if i=k
Ly =4 b
t.
o ik
Lrk

Thus, the new system (6.37) reads L,P,Cx = L,P,d. The elimination process applied to a system
Ax = b may be seen as moving through a sequence of systems

Ax =b
L,P,Ax = L,P,b
L,P,L,P,Ax = L,P,L,P,b

LpL, ,P,_, --LPAx=LPL, ,P,_, - LPb

O
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Since the last system in this sequence consists entirely of substitution formulas, the matrix
v=LPL, ,P_, - LPA

is upper triangular and all of its diagonal entries are ones.

Triangular Factorization
In Gaussian elimination, as described at the beginning of this chapter, the matrices P,,L,,...,P,,
L, are not stored explicitly; instead,

¢c=L_,P_, - L,PA and d=L_,P,_,---LPb
are updated into
C=LPC and d=LPd

in each iteration. Nevertheless, the description given just now suggests a way of computing P,,
L,...,P,,L,and U = L,P,---L,P,A explicitly and independently of the right-hand side b
in the original system. That is, in each iteration, having just computed P, and L,, we merely
have to update C into C = L,P,C. Thus the total amount of work involved in computing
P,,L,,...,P,, L,and U is roughly equal to the total amount of work involved in solving

Ax=b (6.38)

by Gaussian elimination. Since U and the eta matrices L,, L,, ..., L, are triangular, we shall
refer to the matrices Py, Ly, ..., P,, L, and U as a triangular factorization of A. (Strictly speaking,
this term is a misnomer, as it is U rather than A that is being factorized. Nevertheless, we shall
let it stand. A closely related concept is the LU-decomposition of A ; see problem 6.11.)

Once the triangular factorization of A is available, system (6.38) may be solved fast for an
arbitrary right-hand side b. We first compute

v=LpPL, ,P,_, -LPb
and then solve the system
Ux =vw

To see that this procedure yields the correct solution x of (6.38), recall that Ux = v is precisely
the set of substitution formulas that would have been obtained by Gaussian elimination. In
particular, as U = (y;;) is an upper triangular matrix with u; = 1 for all i, solving the system
Ux = v amounts to a simple back substitution. We obtain the values of x,, x,_y, . - . , X in this
order by setting

n
x;=v,— 3 U
j=i+1

iXj

in each iteration. Thus, once v is known, the total amount of work involved in solving Ux = v
comes to only n(n — 1)/2 multiplications and the same number of additions; if the matrix U
is sparse, then this number reduces even further. Similarly, the long chain calculation of v may
be implemented quickly: we first compute P b, then L,(P,b), then P,(L,P,b), then L,(P,L,P;b),
and so on. Each multiplication of a P, by a column vector on the right is done without any
arithmetic; each multiplication of an L, by a column vector on the right takes only n — k + 1
multiplications and n — k additions. Thus, the total amount of work involved in computing v
comes to only n(n + 1)/2 multiplications and n(n — 1)/2 additions; again, if the kth column of
each L, is very sparse, then these numbers are reduced much further.
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The practical impact of these observations is clear: when faced with the task of solving scveral
different systems

Ax=b, Ax=1b, Ax=b", - (6.39)

with the same left-hand side Ax, one is well-advised to first “preprocess” the matrix A by finding
its triangular factorization. The preprocessing step takes about as much work as solving just one
of the systems (6.39) by Gaussian elimination: about n/3 multiplications and n3/3 additions
when A is completely dense and possibly much less when A is sparse. As soon as this step is
executed, each of the systems (6.39) may be solved relatively quickly: the number of multiplications
and the number of additions are roughly equal to the total number of nonzero entries in the matrix
U and in the eta columns of L, L,, . . ., L,. Even in the completely dense case, n? multiplications
and n?> — n additions suffice.

Similarly, every system yA = ¢, with y and ¢ standing for row rather than column vectors, may
be solved by first solving the triangular system wU = c and then evaluatingy = wL,P,---L,P,;
now yA = wU = ¢. Again, no more than n?/2 multiplications and additions are required in solving
wU = ¢ and roughly the same number of operations suffice to evaluate y = (((wL,)P,) - - L,)P,.

Computing Accurate and Sparse Triangular Factorizations
The tricks used to enhance the accuracy and speed of Gaussian elimination in solving systems
of linear equations apply just as well in computing triangular factorizations. In particular, partial
pivoting amounts to a judicious choice of the permutation matrix P, in each iteration, so that each
off-diagonal entry —t;/t,, in the eta column of L, has a size of at most one. A more detailed
explanation is called for in the case of tricks such as Markowitz’s pivot selection, which change
the order in which the variables x,, x5, . . ., x, are eliminated.

To begin, note that the sequence of pivots selected by Markowitz’s strategy may be determined
without carrying out the numerical computations. For an illustration, consider the system

X, + ay6Xs = by
a31Xy + A%, + 24X4 + d35Xs + AyeXs = b,
asz1Xy + d33X3 = by (6.40)
Qg1 %y T+ G43X3 + AgaX4 + G45Xs =b, )
54Xy + Ass5Xs = b,
AgyX5 + Ag3X3 + AgaXy + agexe = bg.

Markowitz’s selection rule is independent of the actual values of the coefficients a;; shown in
(6.40): as long as all of these coefficients are nonzero, the rule tells us to choose a, 4, as3 or ass [all
of them having (p; — 1) (g; — 1) = 2] for the first pivot. Breaking the tie arbitrarily, we choose a, ¢.
Unless lucky cancellations (such as those illustrated in problem 6.2) occur, the system that results
from the elimination of x¢ from the first equation in (6.40) will read

ag1xy + dy;X, + ahaxs + asxs = bY

. , ,
a3 X + a33X3 = b3
Ag1Xq + dh3X3 + a4aXs + aysXs = by

, , ,
asaXy t+ dssxs = bl
ag1Xy + Gg2Xp + dgaXy + agaX, = b

(with the nonzero coefficient ay, = —a;,a¢¢/a,¢ created by fill-in). In the second iteration,
Markowitz’s rule suggests a3; or ass [both of them having (p, — 1)(q; — 1) = 2 again] as the

O
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pivot; breaking the tie arbitrarily, we choose a4,. Again, the resulting system of equations may
be recorded symbolically, the next pivot chosen, and so on. As the reader may verify, a contin-
uation of this process may lead to the sequence of pivots

Q16 Q33, dss, Qz, G415, ey (6.41)

(where we write a5 for a%; and so on).

Gaussian elimination with a prescribed sequence of pivots yields itself to a neat description
in terms of matrices. The trick is to permute the variables and the equations of the system Ax = b
in such a way that, in the resulting system A% = b, the prescribed pivots appear on the diagonal
in the prescribed order. We leave it to the reader to verify (problem 6.6) that

A=PAQ, ¥=Q"x, b=Pb

with permutation matrices P and Q determined by the prescribed sequence of pivots: if the kth
pivot in this sequence is a;;, then the kth row of P is the ith row of the identity matrix I and the
kth column of Q is the jth column of I. For instance,if Ax = bis(6.40), and the prescribed sequence
of pivots is (6.41), then A% = b reads

a16Xe6 + a1, =b,
a33X3 + asz1x, = by

AssXs + asaXy = bs

Q26X6 + Gy5Xs + 22X + 451X + X4 = by
Qg3X3 T A45Xs Ag41Xy + A4aXq = by

GgeXe T A3X3 + Qg2X; + agaxy = bg

and we have

Now Gaussian elimination applied to Ax = b with the prescribed sequence of pivots is nothing
but Gaussian elimination applied to AX = b with the first variable eliminated from the first
equation in the first iteration, the second variable eliminated from the second equation in the
second iteration, and so on. Thus, it transforms AX = b first into L;AX = L;b, then into
L,L;AR = L,L,;b, and so on until an upper triangular system

Lo, LAx=LL.,Lb
is obtained.

When fill-in in Gaussian elimination is curbed by a suitable choice of a pivot sequence, the
resulting triangular factorization

LL, ,-LA=0
is sparser than the triangular factorization

LL_, - LA=U.
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(This is the case in our example; as the reader may verify by symbolic computations, fill-in creates
four extra nonzeros in the triangular factorization of A and only one in the triangular factorization
of A) Thus Markowitz’s pivot selection may be viewed as producing permutation matrices P
and Q with the aim of reducing the number of nonzeros in the triangular factorization of A = PAQ.

Why is it important to curb the number of nonzeros in the triangular factorization of
A = PAQ? Sparse triangular factorizations are computed faster than dense ones, but that is not
the main point. As we have remarked, every system Ax = b may be permuted into AX = b with
% = Q"xand b = Pb; similarly (problem 6.6 again), every system yA = ¢ may be permuted into
y& = ¢, with § = yPT and € = ¢Q. Hence, Ax = b may be solved by first permuting b into
b, then solving AX = b, and finally permuting X into x; similarly, YA = c may be solved by first
permuting ¢ into &, then solving JA = € and finally permuting ¥ into y. In either case, this round-
about procedure requires only one multiplication and one addition per each nonzero in the
triangular factorization of A (not counting the diagonal ones in L,, L, ..., L,). Thus, sparser
triangular factorizations of A allow faster solutions of systems Ax = band yA = c.

The early work of Markowitz was followed by intensive research into reducing the number
of nonzeros in the triangular factorization of PAQ by an appropriate choice of permutation
matrices P and Q. Reducing this number to its absolute minimum seems difficult [in fact, D. J.
Rose and R. E. Tarjan (1978) proved that it is difficult when Q is required to be P”]. Nevertheless,
algorithms for finding a good (although not necessarily the best) choice of P and Q may be guided
by simple observations on the nature of fill-in in computing the triangular factorization

Li,-,--L,A=0 (6.42)

For instance (problem 6.7), if the kth column of A has no nonzeros above the diagonal, then the
pattern of nonzeros in this column is carried intact into the eta column of L, and, in addition,
the kth column of U has no nonzeros at all except the diagonal one. To put it differently, fill-in
may occur only in those columns where A has nonzero above the diagonal; such columns are
called spikes.

A particularly successful procedure, designed by E. Hellerman and D. C. Rarick (1971, 1972),
aims to permute A into an A = PAQ, with the nonzeros above the diagonal confined to small
“bumps”, as illustrated in Figure 6.1, and with only a few spikes in each bump. On sparse

Figure 6.1

O
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matrices A that are encountered in practice, typically with up to ten nonzeros per column,
this procedure yields excellent results. Usually, the number of nonzeros in the triangular factoriza-
tion of A (discounting, as usual, the diagonal ones in L,, L,, . . ., L,) is within 120% of the num-
ber of nonzeros in A, and the total number of spikes is less than a hundred or so even
when A has several thousand columns. (Of course, these empirical findings hinge on¢he special
structure of sparse matrices encountered in practice, which allows these matrices to be permuted
into the near-triangular form. On randomly generated sparse matrices, even the most sophisticated
procedures would fail miserably: since the nonzeros in such matrices A form a patternless mosaic,
nearly all columns in any PAQ are spikes and fill-in is catastrophic.)

The potential conflict between accuracy and speed, discussed earlier in the context of solving
systems of linear equations, arises in the same way when triangular factorizations are computed,
and may be resolved by the same compromise. More precisely, the kth pivot in the sequence
prescribed by P and Q may vanish or at least become dangerously small in the first k — 1 iterations
of Gaussian elimination, in which case (6.42) has to be replaced by

iLp, - -LPA=0
with B, # L The vague phrase “dangerously small” may be interpreted as “more than c times
smaller than another entry in the last n — k rows of the kth column of L,_,P,_, - - - L,P,A”
for some fixed value of c. Setting ¢ equal to 100 or so represents a concession to the rigid rules
of partial pivoting (which would require c to be equal to 1) and yet it forces only a few of the

matrices P, to differ from I As a result, numerical accuracy hardly suffers, while the number

of nonzeros in the triangular factorization increases only slightly (typically by a fraction of a
percent).

SINGULAR AND NONSINGULAR MATRICES

Gaussian elimination will fail to deliver a triangular factorization of A if and only if there will
be no available pivots in some iteration. If this happens in the kth iteration, then the matrix

C=L P, LPA
has a rather special structure. In its first k — 1 columns, all the entries on the diagonal are ones
and all the entries below the diagonal are zeros; furthermore, ¢, = Oforalli = k, k + 1
For instance, if n = 6 and k = 4, then
L ¢12 €13 €4 €15 Ci6

I ¢33 €4 Cys Ca6

1 ¢ c c
34 C3s C36
C =
Cas  Cae
Css  Cse
Cé5 Cé6

In this case, defining
W3 = C34
Wz = Ca4 — C23W3
Wy = €14 — €Wy — Cy3Ws

and wy, = —1, ws = 0, wg = 0, we obtain
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W, 0
w, 0
wy 0
C- = .
W, 0
Ws 0
We 0

In the last equation, all the components of the right-hand side vector are zeros; such vectors
are called zero vectors and are denoted by 0 when there is no danger of confusion between row
and column vectors of different lengths. Our example with n = 6 and k = 4 illustrates a gen-
eral procedure for finding a column vector w such that w # 0 but Cw = 0: having defined
Wk-1,- - - » Wy in this order by

k-1
W= Cu— 3, W
j=it1

we set w, equal to —1 and w; equal to 0 whenever i > k. Now we are in a position to prove a
fundamental fact.

THEOREM 6.1. Every square matrix A has precisely one of the following two properties: !
|
|

(i) Forevery right-hand side b, the system Ax = b has either no solution at all or infinitely
many solutions.

(1) For every right-hand side b, the system Ax = b has precisely one solution.

PROOF. The procedure discussed above either finds those matrices Py, Ly, ..., P, L,
and a nonzero vector w such that

Li_,P,_, --LPAw =0

or else it delivers a triangular factorization of A. In the former case, we recall that, for every
right-hand side b, the two systems

Ax=b and L,_,P,_, ~-L,PAx=L,_,P,_,---L,P,b

have the same set of solutions. In particular, setting b equal to 0, we conclude that Aw = 0. But
then A has property (i): as soon as Ax = b for some x, we also have A(x + tw) = b for every
real number z. On the other hand, if the procedure delivers a triangular factorization
P,,L,P,,L,,...,P, L, UofA, then we recall that, for every right-hand side b, the two systems

Ax=b and Ux=L/P,---L/Pb
have the same set of solutions. Since the triangular system Ux = v has precisely one solution

for every right-hand side v, it follows that A has property (ii) in this case. |

Because property (i) is atypical, matrices with this property are called singular. Matrices with
property (ii) are called nonsingular.

m]
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The Inverse of a Matrix

Returning to the similarities between matrix multiplication and number multiplication, we
observe that the reciprocal a~' of a number a is a number b such that ab = ba = 1. By analogy,
we might say that a matrix B is a reciprocal of a matrix A if each of the two products AB, BA is
an identity matrix. Nowadays, the term reciprocal sounds a little archaic; it has been replaced
by the term inverse. In order for B to be an inverse of A, both products AB and BA must be
defined; hence A and B must be square matrices of the same size.

[ THEOREM 6.2. A matrix has an inverse if and only if it is nonsingular.

PROOF. To establish the “if” part, consider a nonsingular n x n matrix A. For each of the n
columns b of the n x n identity matrix I, the system Ax = b has a solution; these n solutions
may be seen as the n columns of a matrix X such that AX = I. We claim that XA = I, and so
X is an inverse of A. Our claim may be justified by observing that A(XA) = (AX)A = A and that
Al = A:now if XA and I differed in their kth columns, then the system Ax = b, with b standing
for the kth column of A, would have two different solutions (namely, the kth column of XA and
the kth column of I), contradicting the nonsingularity of A.

To establish the “only if” part, consider an n x n matrix A along with its inverse B and an
arbitrary vector b. If Ax = b, then x = BAx = Bb; on the other hand, A(Bb) = b. Hence, Bb
is the unique solution of Ax = b and A is nonsingular.

Note that an inverse of A, if it exists at all, is unique: BA = I and AC = I imply B = Bl =
B(AC) = (BA)C = IC = C. Hence, we may speak of the inverse, rather than an inverse, of A.
Just as the reciprocal of a number ais denoted by a™ !, the inverse of a matrix A is denoted by A™".

Inverses will interest us only as theoretical concepts, never as computational devices. The
reasons for this are summarized in Box 6.1.

BOX 6.1 Why Inverses Should Not Be Used in Solving Systems
of Linear Equations
One might be misled into the belief that the inverse A™! is a handy device for solving
systems Ax = b: the straight evaluation of x = A~ !b takes only n* multiplications and
n? — nadditions. However, there are several good reasons for using a triangular factoriza-
tion of A instead.

(i) Computing A~! takes considerably longer (about three times as long in the com-
pletely dense case) than computing the triangular factorization.

{ii) Since extra calculations are involved in computing A~ !, the results are more likely
to suffer from rounding errors.

(ili) The calculation of v = L,P, - - - L,P,b and the solution of Ux = v are considerably
| streamlined when the matrix U and the eta columns of L;, L,, ..., L, are sparse. (As we
have seen, this is the case when A is sparse and has only a few spikes.) However, similar time-
savings cannot be claimed in the straight evaluation of x = A~ 'b:even very sparse matrices
tend to have dense inverses.




Problems

PROBLEMS

6.1  Scale the system
0.3x; + 0.08x, + 0.002x; +

2,000x, + 200x, +  60x; + 20,000x, +
60x; + 6x, + 0.7x3 +  500x, +
400x, + 40x, + 8x;5 + 2,000x, +
5%, + 0.2x, + 0.06x; + 30x, + 0.004x,

A62  Solve the system

3x; — 9%, + 6x3 + 3x4 — 3x5 — 6x¢ =
2%y + X + 4x3 + 2x4 — 2x5 — 4%
Xy + 2x; + 5X3 + X4 — x5 — 2Xg
1+ 5%+ x3 4+ 2x4 — 3x5 — 6x6 =
Xy + 4x; — 2x3 + 3x4 + 2x5 — 2X¢
2xy + 3%, + X3 — 4X4 + 5X5 + xg =

3

=

A63  Solve the system

4x, + 3x4 + 2x5 =
2x, + 3x5 + 4xg =

3x; + 2x, + 6x5 =
3x, + 2x3 =
6x, + 4x, + 5x5 =
5x3 + 6x4 + 2xg =

A64 Find a triangular factorization of the matrix
1 3 =2 4
1 S -1 5
1 3 =3 6/
-1 -3 3 -8

A=

Use this result to solve the systems Ax = b, Ax = b’, Ax = b” with

6 8 1
10 12 4
b= b = b =
77 9 b 0
-1 —11 0

and the systems yA = ¢, yA = ¢’ with
c¢=[7,23,-16,33], ¢ =[2,8 -3,9]
65 Prove that (AB)” = BTAT.

l
w

14
18
19

7
24
26.

Do — AN

4x, + 0.0002x5

3x,
0.04x
0.3x5

1.19
1,500
28
210

95

66 Let P and Q be permutation matrices of the same size as a square matrix A. Prove that
A% = b with & = PAQ, % = Q7x, and b = Pb is just another way of recording the
system Ax = b, and that JA = & with A = PAQ, § = yP”, & = ¢Q is just another way

of recording the system yA = c.

6.7 The statement that “in computing the triangular factorization L,L,_, - - -

LA=U.

fill-in occurs in the jth column” means that L; has a nonzero entry I;; where a; = 0 or
U has a nonzero entry u;; where a;; = 0. Prove that fill-in is restricted to the spikes of A.
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6.8

6.9

6.10

6.11

6.12

6 Gaussian Elimination and Matrices

Prove that the product of two lower triangular matrices is lower triangular and that the
inverse of a nonsingular lower triangular matrix is lower triangular.

Prove that the product AB of two square matrices is nonsingular if and only if both A
and B are nonsingular.

LetLP, - L,P;A = U bea triangular factorization of A; let matrices Q,, Q,_1, ..., Q,
be defined by Q, =1 and Q,_, = QP, (k =n,n —1,...,1) and let L¥ stand for the
matrix Q,L,Q/. Prove that:

(i) Each Q, is a permutation matrix agreeing with I in the first k rows and columns.
() LP, --L,Py =L} --L}Qo.

(i) Each L} is a lower triangular eta matrix whose eta column is the kth column.

An LU-decomposition of a matrix A consists of a lower triangular matrix L, an upper tri-
angular matrix U, and a permutation matrix P such that PA = LU. Use the results of prob-
lems 6.8, 6.9, and 6.10 to prove that every nonsingular matrix has an LU-decomposition.

At the end of this chapter, the claim was made that “even very sparse matrices tend to
have dense inverses.” Artificially constructed examples do not support empirical claims
such as this one very convincingly, but here is one anyway:

1 1 0.5 05 -05 05 —-05
11 -0.5 0.5 05 -05 0.5
if A= 11 then A7! = 0.5 —-05 0.5 05 —051.
11 -0.5 05 -05 0.5 0.5
11 05 —-05 05 —05 0.5

Compute a triangular factorization of A and compare its density with the density of A™'.
Generalize this example to arbitrary sizes n x n such that n is odd. (Why is there no
generalization with n even?)



The Revised Simplex Method

In each iteration of the simplex method, one basic feasible solution is replaced by
another. When the old solution is represented by a dictionary, the new solution is
easy to find, and only a small part of the dictionary is actually used for that purpose.
This part may be reconstructed directly from the original data and the new solution
found without any reference to dictionaries. The resulting implementations of the
simplex method are known under the generic name of the revised simplex method,
the implementation of the simplex method that updates a dictionary in each iteration
is known as the standard simplex method. We shall see that each iteration of the
revised simplex method requires solving two systems of linear equations. Typically,
these systems are not solved from scratch; instead, some device facilitating their
solution is used and updated in each iteration. The device presented in this chapter
is essentially the same as the popular “product form of the inverse” developed by
G. B. Dantzig and W. Orchard-Hays (1954).

Each iteration of the revised simplex method may or may not take less time than
the corresponding iteration of the standard simplex method. The outcome of this
comparison depends not only on the particular implementation of the revised simplex
method but also on the nature of the data. We shall see that, on the typical large and
sparse LP problems solved in applications, the revised simplex method works faster

97



98 7 The Revised Simplex Method

than the standard simplex method. This is the reason why modern computer pro-
grams for solving LP problems always use some form of the revised simplex method.

MATRIX DESCRIPTION OF DICTIONARIES

J

Our preliminary task is to develop an understanding of the relationship between
dictionaries and the original data. For illustration, we shall consider the dictionary

X, = 54 — 05x, — 0.5x, — 05x5 + 0.5x¢
X3 = 63 —05x, — 0.5x, + 0.5x5 — 1.5x¢ 1)
x; = 15 4+ 0.5x, — 0.5x, + 0.5x5 + 2.5x¢
z = 1782 — 25x, + 1.5x, — 3.5x5 — 8.5x¢
arising from the problem
maximize 19x, + 13x, + 12x5 + 17x,
subject to 3x, + 2x5 + X3+ 2x, < 225
X+ X3+ X3+ x, <117 (72)
4x; + 3x, + 3x3; + 4x, < 420
Xy, X9, X3, X4 = 0

after two iterations of the standard simplex method. To relate the coefficients in
(7.1) to the data in (7.2), we first recall that the top three equations in the dictionary
are equivalent to the three equations

3X1 + 2x2 + X3 + ZX4 + Xs = 225
X+ Xa+ X3+ x4 + Xg = 117 (7.3)
4x; + 3x, + 3x3 + 4x, + x, = 420.

Hence they arise by solving (7.3) for x,, x5, and x,. In matrix terms, this solution
may be described quite compactly. First, we record system (7.3) as Ax = b with
]
X2
225 X5
b=|117], X = X4 |.
420 Xs
X6

>

I
H = W
W o= N
U =
Ho= N
[N R
S = O
= o O

X7

To emphasize the fact that only the basic variables x,, x3, x, are treated as unknowns, :
we write AX as AgXz + Ayxy with
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310 2210 X4 2
X
Ag=|1 1 0f Ay=|[1 10 1|, xp=|x3], xy=|"*
4 3 1 3400 X, s
X6
and then cast the system Ax = b in the form
Apxp = b — Ayx,. (7.4)

Since the square matrix Ap happens to be nonsingular, both sides of (7.4) may be
multiplied by A5 ! on the left. Thus we obtain

xg = A5 'b — A5 'Ayxy (7.5)

which is a compact record of the top three equations in (7.1). To obtain the fourth
equation, we record the objective function z as cx with

¢ =[19,13,12,17,0,0,0]
or, more suggestively, as cpXp + cyXy, with

cg =[19,12,0] and ¢y = [13,17,0,0]
Substituting for x from (7.5) we obtain

z=cp(A5'b — A7 "ANXy) + Cyxy = c5A5 D + (cy — cA5 1ANXy.
Thus, dictionary (7.1) may be recorded in matrix terms as

Xz = Ag'b — A5 'Axy
-1 -1 ’ (7.6)
z = cgAg'b + (cy — cgA5'AN)xy

More generally, consider an arbitrary LP problem in the standard form

n
maximize Y ox;

subject to Y oayx; < b i=12....m
j=1

;20 (j=1,2,...,n).

After the introduction of the slack variables x,,; 1, X,,4 2, - - « » X4 m, this problem may
se recorded as

maximize cx

subject to Ax =b
> 0.
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(The matrix A has m rows and n + m columns, of which the last m form the identity
matrix. The column vector x has length n + m and the column vector b has length m.
The row vector ¢ has length n 4+ m and its last m components are zeros.) Each basic
feasible solution x* of this problem partitions x;, X,, ..., X,+, into m basic and n
nonbasic variables. As in our example, this partition induces a partition of A into Ay
and Ay, a partition of x into x5 and Xy, and a partition of ¢ into ¢z and cy. We propose
to show that

matrix A is nonsingular (1.7

by showing that the system Agxy = b has precisely one solution. The existence of a

solution is evident: since the basic feasible solution x* satisfies Ax* = b and x} = 0,

it satisfies Agx} = Ax* — Ayx¥% = b. To verify that there are no other solutions,

consider an arbitrary vector X such that A;X; = bandset Xy = 0. Since the resulting

vector X satisfies AX = AgXp + A\Xy = b, it must satisfy the top m equations in the

dictionary representing x*. But then X, = 0 implies Xz = x¥. Thus the proof of
(7.7) is completed. Now the arguments given above show that the dictionary repre-

senting x* has the form (7.6). The matrix Ay is called the basis matrix or (when there .
is no danger of confusion with the set of basic variables) simply the basis. It is cus-

tomary to denote the basis matrix by B rather than A ;. We shall bow to this conven-

tion and record the dictionary as

xg = B7'b — B 'Ayxy
z =cgB b + (cy — czBTTANXy.

Of course, B™'b is nothing but the vector x} specifying the current values of the basic
variables.

THE REVISED SIMPLEX METHOD

)

In each iteration of the simplex method, we first choose the entering variable, then
find the leaving variable, and finally update the current basic feasible solution. An
examination of the way these tasks are carried out in the standard simplex method
will lead us to the alternative, the revised simplex method. For illustration, we shall
consider the update of the feasible dictionary (7.1) in the standard simplex method.
The corresponding iteration of the revised simplex method begins with

x¥ 54 310
x}f=|xf|=|63] and B={1 1 0}.
x* 15 4 3 1

The entering variable may be any nonbasic variable with a positive coefficient in the
last row of the dictionary. As previously observed, the coefficients in this row form
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the vector cy — czB~*A. If the standard simplex method is used, then this vector is
readily available as part of the dictionary; in our example, we have

2= — 25x, + 1.5x, — 3.5x5 — 8.5x,. (7.8)

If the revised simplex method is used, then the vector ¢y — ¢;B~'Ay is computed in
two steps: first we find y = ¢;B™' by solving the system yB = ¢, and then we
calculate ¢y — yAy. In our example, we would first solve the system

0

31
[yi,y29:1-|1 1 0] =1[19,12,0]
4 3 1

tofindy = [y, ¥2» 3] = [3.5, 8.5, 0] and then we would calculate

2210
[13,17,0,0] — [35,85,0]-|1 1 0 1|=[-25 15 —35, —8.5]
340 0

to find the vector featured in (7.8). As the only positive component of this vector is its
second component, the second component x, of the vector xy = [x,, X4, Xs, Xg]"
enters the basis. Incidentally, note that the components ofcy — yAy may be calculated
individually; if a nonbasic variable x; corresponds to a component ¢; of ¢y and to a
column a of Ay, then the corresponding component of ¢y — yAy equals ¢; — ya.
Thus, the entering variable may be any nonbasic variable x; for which ya < ¢;. The
corresponding column a of A is called the entering column.

To determine the leaving variable, we increase the value t of the entering variable
from zero to some positive level, maintaining the values of the remaining nonbasic
variables at their zero levels and adjusting the values of the basic variables so as to
preserve the constraints Ax = b. As ¢ increases, the values of the basic variables
change until a variable whose value is the first to drop to zero leaves the basis. To
find the leaving variable and the largest admissible value of ¢, we have to know how
precisely the values of the basic variables change with the changes of . If the standard
simplex method is used, then this information is readily available as part of the
dictionary; in our example, we have

x; =54 —05x,-" x; = 54 — 0.5t
X3 =63---—0S5x, -+, andso x3 = 63 — 0.5¢. (7.9)
x; =15 —=05x, - x; =15 — 0.5¢

More generally, the top m equations of the dictionary read xz = x} — B™!Ayxy.
and so xp changes from x% to x§ — td, with d standing for the column of B~ 'A,
that corresponds to the entering variable. Note that d = B~ 'a, with a standing for
the entering column. If the revised simplex method is used, then only x} is readily
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available, whereas d is obtained by solving the system Bd = a. In our example, we
would solve the system

310 2 0.5
1 1 0)]-d=]|1] tofindthevector d =]0.5
4 3 1 4 0.5

featured in (7.9). We find easily that ¢ can be increased all the way to 30, at which
point 54 — 0.5t = 39,63 — 0.5t = 48, 15 — 0.5t = 0, and x, leaves the basis.

So far, the revised simplex method has been requiring computations not needed
in the standard simplex method. This trend gets reversed at the end of the iteration:
whereas the standard simplex method requires a laborious update of the entire
dictionary, no such computations are needed in the revised simplex method. In our
example, the revised simplex method merely enters the next iteration with

x¥ 39 31 2
X =|x5|=|48] and B=|1 1 1]
x3 30 4 3 4

Incidentally, note that the order of the columns of B is unimportant as long as it
matches the order of the components of x¥: the next iteration could just as well be
entered with

x3% 48 1 23
x§f=|{x¥|=130] and B=|1 1 1}.
x¥ 39 3 4 4

To put it differently, the fact that the variables x,, x,, . . ., X, 4., happen to be ordered
by their subscripts is just coincidental; the columns of B may be presented in any
other order. An ordered list of the basic variables that specifies the actual order of the
m columns of B is called the basis heading. We shall find it convenient to replace the
leaving variable by the entering variable in each update of the basis heading:
the corresponding update of B amounts to a replacement of the leaving column
by the entering column.
Our development of the revised simplex method is summarized in Box 7.1.

An Economic Interpretation of the Revised Simplex Method

The revised simplex method is intimately related to two subjects presented in
Chapter 5: the Complementary Slackness Theorem and the economic interpretation
of dual variables. To illustrate the relationship, we shall consider a hypothetical
furniture-manufacturing company.

* A bookcase requires three hours of work, one unit of metal, and four units of
wood, and it brings in a net profit of $19.
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BOX 7.1 An Iteration of the Revised Simplex Method ‘
Step 1. Solve the system yB = c;. .

Step 2. Choose an entering column. This may be any column a of A such ;
that ya is less than the corresponding component of c,. If there is no such
column, then the current solution is optimal.

Step 3. Solve the system Bd = a. )

Step 4. Find the largest t such that x} — td > 0. If there is no such ¢, then
the problem is unbounded; otherwise, at least one component of x} — rd
equals zero and the corresponding variable is leaving the basis.

e

Step 5. Set the value of the entering variable at t and replace the values
.. x} of the basic variables by x} — td. Replace the leaving column of B by the
entering column and, in the basis heading, replace the leaving variable by |
the entering variable.

* A desk requires two hours of work, one unit of metal, and three units of wood,
and it brings in a net profit of $13.

* A chair requires one hour of work, one unit of metal, and three units of wood,
and it brings in a net profit of $12.

* A bedframe requires two hours of work, one unit of metal, and four units of
wood, and it brings in a net profit of $17.

» Only 225 hours of labor, 117 units of metal, and 420 units of wood are available
per day.

Note that the problem of maximizing the total net profit of the company, under the
fi’ssumption that all the furniture can be sold, is nothing but our old example (7.2).
g:; Now suppose that a program of making 54 bookcases and 63 chairs per day has
{been proposed to the company. To find out if this program is optimal, we may appeal
‘to the Complementary Slackness Theorem (the version presented as Theorem 5.3):
¥a feasible solution x* is optimal if and only if there are numbers y,, y,, . .., ym that
satisfy a certain system of equations and a certain system of inequalities. In this
iparticular example, x* is the basic feasible solution with

x¥ 54
xf=|x¥|=[63
x* 15

the system of equations is
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3y1+ ya + 4y =19
Y1+ Yy, + 3y3 =12 (7.10)
y3= 0

Il

and the system of inequalities is

2y; + ya + 3y; = 13
2y, + y, + 4y; = 17
Y1 0

Y2 > 0.

1%

(7.11)

\%

Note that (7.10) is nothing but yB = ¢, that (7.11) is nothing but yAy > cy, and that
this observation generalizes: if x* is a nondegenerate basic feasible solution, then the
system of equations featured in the Complementary Slackness Theorem is nothing
but yB = ¢ and the system of inequalities is nothing but yAy > cy. But yB = ¢;is
precisely the system of equations solved in step 1 of an iteration of the revised simplex
method and yA, > cy is the system of inequalities considered in step 2. Thus the
first two steps in each iteration of the revised simplex method may be seen as checking
the current feasible solution x* for optimality by the Complementary Slackness
Theorem. (Actually, this statement is not quite correct: if x* happens to be degenerate;
then the system of equations featured in the Complementary Slackness Theorem
consists of fewer than m equations and forms a proper subsystem of yB = ¢.)

Furthermore, these first two steps may be given an economic interpretation along .
the lines described in Chapter 5. Solving system (7.10), or yB = c; in general, may
be interpreted as assigning temporary shadow prices to the resources (time, metal,
and wood) in such a way that the total shadow price of the resources consumed by
each of the three basic activities (making bookcases, making chairs, and leaving wood
unused) matches the net profit returned by this activity. Thus, the solution y, = 3.5,
y2 = 85,y = 0 of (7.10) appraises time at $3.50/hour, metal at $8.50/unit, and
wood at $0/unit. Evaluating the left-hand side of (7.11), or yA, in general, may be¢’
interpreted as finding the total shadow price of the resources consumed by each of the
nonbasic activities (making desks, making bedframes, leaving working time unused, .
and leaving metal unused); this operation is sometimes referred to as pricing cut the
nonbasic activities. If none of these activities pays back more than it consumes (that
is, if ¢y < yAy), then the current program is optimal. (A converse of this implication,
although guaranteed by the Complementary Slackness Theorem whenever x* is
nondegenerate, does not hold in general: a degenerate x* may be optimal even if
some of the inequalities in ¢y < yAy are violated. In that case, the simplex method
will go through a few degenerate iterations without changing x* until it comes up
with a basis that yields a vectory with yAy > cy.) In our example, making bedframes
does pay back more ($17) than it consumes (time worth $7, metal worth $8.50, and
wood worth nothing under the current pricing scheme).
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Where the Complementary Slackness Theorem leaves off, the revised simplex
i;ncthod continues: it attempts to construct an improved program by substituting
fthe profitable entering activity (making bedframes) for a suitable mix of the basic
§ﬁivities. The mix, d; units of each basic activity i per unit of the entering activity,
‘st consume resources at the same rate as the entering activity itself. In our example,
,' is requirement gives rise to the system

3d1 + d3 = 2
4dy +3dy + dy = 4

sand the solution of this system, d; = 0.5, d; = 0.5, d; = 0.5, specifies the concentra-
ﬁ_'ons d; of the constituents i in the mix: each bedframe will be substituted for half a
*bookcase plus half a chair plus half a unit of unused wood. [Of course, (7.12) is
cnothing but the system Bd = a solved in step 3 of the iteration.] Since the substitution
;‘iiéjses the company’s profit (by $1.50 per bedframe), the largest admissible number ¢
{gf chairs should be substituted for 0.5t bookcases plus 0.5t chairs plus 0.5t units of
;j:ihused wood; since only 15 units of unused wood are available, the value of t is
‘gj;nited to 30. (This is step 4 of the iteration, where the largest admissible value of ¢ is
{determined.) The resulting improved program calls for 39 bookcases, 48 chairs, and
“30 bedframes to be made every day. The three new basic activities are making
“bookcases, making chairs, and making bedframes; the old basic activity of leaving
fwood unused has just become nonbasic. (This is step 5, where the substitution is
‘actually carried out.)

= Along similar lines, each iteration of the revised simplex method may be interpreted
‘m economic terms of pricing and substitution. The interpretation becomes a little
ég_ss intuitive when some of the numbers y,, y,,..., y Or dy, d>, ..., d, come out
inegative, but it may be justified even in those cases.

-’blj:ta Factorization of the Basis
‘The efficiency of the revised simplex method hinges on the ease of implementing
steps 1 and 3 of each iteration. Typically, the systems yB = ¢z and Bd = a are not
Solved from scratch; instead, some device is used to facilitate their solutions and is
updated at the end of each iteration. Thus our description of the revised simplex
method encompasses a whole class of implementations, each depending on the
EFchoice of device that facilitates solutions of the two systems. We are about to describe
the simplest of these devices, almost the same (see problem 7.13) as the popular
fproduct form of the inverse” developéd by G. B. Dantzig and W. Orchard-Hays
(1954). A class of devices that are more efficient, but also more complicated, will be
presented in Chapter 24.

Let B, denote the basis matrix obtained after k iterations of the simplex method,
so that each B, differs from the preceding B, _, in only one column. Consider a fixed
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k and say that it is the pth column in which B, differs from B, _ ;. Now the pth column
of B, is the entering column a selected in step 2 of the kth iteration and appearing as
the right-hand side in the system B,_;d = a, which is solved in step 3 of the same
iteration. Hence

B, = B,_E, (7.13)

with E, standing for the identity matrix whose pth column is replaced by d. (To
verify this matrix equation, we need only compare its two sides column by column,
keeping in mind that the jth column of B,_,E, equals B,_, multiplied by the jth
column of E, on the right.) For instance,

31 2 31 0] 1 0.5

11 1|=|1 1 0Of- 1 05

4 3 4 4 3 1 0.5
in the example just used. The importance of equation (7.13) for the revised simplex-
method is paramount: no matter what device is used to solve the two systems'
yB,_, = czand B,_,d = a, its update invariably relies on the fact that B, = B, _,E,
with the eta matrix E, readily available.

When the initial basis consists of the slack variables, we have B, = I and succes- .

sive applications of (7.13) yield B, = E,, B, = E\E,, B; = E,E,E;, and so on.
Thus we have

B,=EE, E,.

This eta factorization of B, suggests a convenient way of solving the two systems of
equations: the system yB, = cz may be seen as

(((YE)Ey) - E, = ¢p

and the system B,d = a may be seen as
E(E,( - (Ed)) = a.

For instance, yB, = ¢ may be solved by solving the sequence of systems
uE, =cz VE;=u wE,=v, and yE, =w

(so that yB, = yE,E,E,E, = wE,E,E, = vE ;E, = uE, = ¢, as desired) and
B,d = a may be solved by solving the sequence of systems

Eu=a, Ey;v=u Esw=v, and Ed=w

(so that B,d = E,E,E;E,d = E,E,E;w = E,E,v = E;u = a as desired). At first,
this way of solving yB, = ¢ and B,d = a may seem rather awkward: in order to
solve one system of linear equations, we resort to solving k systems. Note, however,
that systems such as vE; = uor E;y = u are extremely easy to solve: if the eta column
of E; has s nonzero entries, then only s — 1 multiplications, s — 1 additions, and
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one division are required. Before discussing the efficiency of this scheme any further,
let us illustrate it with an example.
The example is again problem (7.2),

maximize c¢x subjectto Ax =b, x>0

with
3212100 225
A=(1 1 1 1 0 1 Of, b=}|117], c=[19,13,12,17,0,0,0].
4 3 3 4001 420

s usual, we let the slack variables form the initial basis, so that B, = I and

x¥ 225
xXp=|x¥t|=|117|.
x* 420

‘The first iteration of the revised simplex method begins.

Step 1. The system yB, = ¢z reduces toy = [0, 0, 0].
1
Step 2. Since ¢; — y| 1| = 12, we may let x; enter the basis.
3
Step 3. The system Bod = a reduces to
1
d=]1].
3

Step 4. The largest t such that 225 — t >0, 117 — ¢t >0, 420 — 3t > 0 is
t = 117. Since 117 — t = 0, the leaving variable is x.
Step 5. Now we have

x¥ 225 — ¢t 108 11
x| = t =([117| and B, =E, = 1
x* 420 — 3t 69 31
The second iteration begins.
Step 1. Solving the system yB; = cg, which reads
11 A
y 1 ={0,12,0], wefindy = [0, 12,0].
31 ~ -
3
Step 2. Since ¢; — y| 1 | = 7, we may let x, enter the basis.

4
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Step 3. Solving the system B;d = a, which reads

11 3 2
1 d=|1], wefind d={1]|
31 4 1

Step 4. The largest t such that 108 — 2t >0, 117 — ¢t >0, 69 — ¢t >0 is
t = 54. Since 108 — 2t = 0, the leaving variable is x.

Step 5. Now we have

x¥ t 54
x¥|=1|117-¢t|{=|63] and B, =EE, with E,=|1 1 .
x% 69 —t 15 1 1

The third iteration begins.
Step 1. We shall solve the system yB, = ¢y as (yE,)E, = cp. Solving the system
uE, = c;, which reads

ull 1 =[19,12,0], wefind u = [35,12,0]

Solving the system yE; = u, which reads

11 ]
y 1 = [35,12,0], wefind y = [35,825,0]
L 3 1]
2
Step 2. Sincec, — y| 1 | = 1.5, we may let x, enter the basis.
4

Step 3. We shall solve the system B,d = a as E(E,d) = a. Solving the system
E,u = a, which reads

(1 1 7 2] 1
1 cu=|1|, wefind u=|1]|.
| 3 1] 4] |1
Solving the system E,d = u, which reads
2 ] (1] 0.5
11 d=|1{, wefind d=]05]
1 1] 1] | 05

Step 4. The largest ¢ such that 54 — 0.5t > 0,63 — 0.5t > 0, 15 — 0.5t > Ois
t = 30. Since 15 — 0.5¢ = 0, the leaving variable is x-.
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Step 5. Now we have

x*] [54—05t] [39 1 05
xt|=163-05t|=|48| and B,=E,E,E, with E;=| 1 05].
x¥ t 30 0.5

The fourth iteration begins.

Step 1. We shall solve the system yB; = ¢y as ((yE,)E,)E; = cg. Solving the
system uE; = cg, which reads

1 05
ul 1 05|=1[191217], wefind u = [19,12,3].
0.5

Solving the system vE, = u, which reads
o 7
11 =[19,12,3], wefind v =[2,12,3]
1 1

-

Solving the system yE, = v, which reads
11
y 1 =1[2,12,3], wefind y=[21,3]
31

Step 2. Since
2 100
cN_yAN=[13707010]_[29 173]' 1 010 =[*l,—2,—1, _3]
3001

we find no candidate for entering the basis. Hence the current solution is optimal.

Even though B, = I whenever the initial basis consists of the slack variables, the
case of an arbitrary B is worth considering. In this case, the identity B, = E\E, - - - E;
generalizes into

B, =B,E,E, - E,
and the two systems yB, = ¢z, B,d = a may be solved as (((yBo)E;) - )E; = ¢p
and Bo(E, (- - - (E,d))) = a, respectively. Now a triangular factorization

LP, - LPB, = U '
of the initial basis B, may be computed before the first iteration and then used again
and again in conjunction with the growing sequence E,, E,, . . ., E,. Note that

U=U,U,_, U,
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with each U; standing for the eta matrix obtained when the jth column of I is replaced
by the jth column of U (a verification of this claim is left for problem 7.6), and so

L.,P, - L,PB, = U,U,-, - UEE, - - E,.

In this notation, the system yB, = c; may be solved by first solving (((yU,,)U,.,)
-+ )E, = ¢y and then replacing y by ((yL,,P,,) - - )L, P;. The details of this procedure
may be spelled out as follows.

1. Seti=kandy = c.

2. Ifi>1, then set v =y, replace y by the solution of yE; = v, replace i by:

i — 1, and repeat this step. .

Setj = L.

4. If j < m, then set v =y, replace y by the solution of yU; = v, replace j by

j + 1, and repeat this step.

Setj = m.

If j = 1, then replace y by yL;P;, replace j by j — 1, and repeat this step.
Similarly, the system B,d =a may be solved as U,U,_( " (Ed))) =
(L,P,( - - (LyP,a))); the details of this procedure may be spelled out as follows.

1. Setj=1andd = a.
2. If j < m, then replace d by L;P;d, replace j by j + 1, and repeat this step.
3, Setj=m.
4. Ifj > 1, then set v = d, replace d by the solution of U;d = v, replace j by
Jj — 1, and repeat this step.
Seti=1.

ENEY

If i < k, then set v = d, replace d by the solution of Eid = v, replace i by
i + 1, and repeat this step.

To store each E;, we need only store its eta column and record the position of this
column in the matrix. Furthermore, if the eta columns are sufficiently sparse, then-
they may be stored in the “packed form” mentioned in Chapter 6, so that only the
nonzero entries are stored and their positions in the column recorded. The same _
remark applies to the triangular eta matrices L; and U;. Each of the permutation
matrices P;, obtained by interchanging some row of I with the jth row, may be
represented by a single pointer specifying the interchanged row. A sequential file
storing the matrices

Pl’ L19P2’L27~"9Pm’Lma Um, Um—-b"',Ul’ Eh EZa""Ek

in this fashion is called the eta file. This file is scanned backward, from E, to Py, in
solving the system yB, = cp, and it is solved forward, from P, to E,, in solving the
system B,d = a. For this reason, the procedure for solving yB, = ¢y is sometimes
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sreferred to as the backward transformation, or BTRAN, and the procedure for solving

Bd = a is referred to as the forward transformation, or FTRAN. Note that the
backward and the forward scans alternate and that each new item E, , , is added to
the open end of the file after the file has been scanned forward all the way to E, and
before the next scan backward to P, begins. (The reader should be warned that the
term eta file is usually employed in connection with the “product form of the inverse,”
in which case it refers to a different file; see problem 7.13.)

Refactorizations

Since the eta file grows with each iteration, BTRAN and FTRAN become progres-
sively more and more laborious; eventually, they could even take longer than solving
the two systems yB, = c; and B, d = a from scratch. Such counterproductive uses
of the eta file may be avoided by discarding the whole file from time to time and
treating the current B, as a new B,: compute a fresh triangular factorization of this
matrix, and let a new sequence E;, E,, E, . . . grow from that point on. These periodic
refactorizations of the basis keep the overall time spent on executions of steps 1 and
3 within acceptable limits. (For historical reasons, refactorizations are sometimes
feferred to as “reinversions.”)

How often should the basis be refactorized? If T, stands for the time spent on the
refactorization, if T, stands for the time spent on BTRAN and FTRAN in the kth
fiteration after refactorization, and if the basis is refactorized after r iterations, then
the average time per execution of steps 1 and 3, including an appropriate share of the
overhead T, comes to

T* 1 Y, T (7.14)
V=1

Obviously, r should be chosen so as to minimize T¥. A trivial way of doing so relies
on the observation that T%, T%, T%,... first decrease (as the overhead T, gets
distributed over more and more iterations) and then they begin to grow (as the
length of the eta file begins to take over). Thus, we need only keep track of the cumu-
lative total Ty, + T, + - -- + T, and refactorize as soon as this quantity divided by
k stops decreasing. (A rigorous proof of this claim, relying only on the natural as-
sumption that Ty < T, < T3 < - - - is left for problem 7.7.)

In solving large sparse problems arising from applications, the basis is refactorized
[quite frequently, often after every twenty iterations or so. An exact analysis of the
reasons behind these frequent refactorizations is both impossible and unnecessary:
mpossible, since the relevant statistics vary unpredictably from one problem to the
next and unnecessary, since there is no point in a theoretical justification of a policy
:f'Whose practical success has been firmly established. All the same, the insight provided
by an inexact analysis is better than no insight at all. For this reason, we are going

lo present a few observations concerning the behavior of the large sparse problems
encountered in practice.
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The matrices featured in these problems are very sparse, typically with at most ten nonzeros’
per column. Furthermore, they have an implicit special structure allowing each basis matrix to
be permuted into a near-triangular form, as discussed in Chapter 6. The resulting triangular:
factorizations of B, are very sparse, typically with up to 12m nonzeros or so (discounting, as-
usual, the diagonal ones in L, L,,...,L,). If B, = I, then the eta columns of E;, E,, E,,...
are initially very sparse: in particular, the eta column of E, is nothing but some column of A.
However, as more and more slack variables are pivoted out of the basis, the density of these eL’L
columns increases until it reaches a steady state that persists after subsequent refactorizations.
Typically, the eta columns are 25%-50%, dense in this steady state, although densities outside
this range do occur.

These statistics permit us to estimate the time required to execute BTRAN and FTRAN mr
each iteration of the revised simplex method. Taking the time required to execute one multipli#
cation and one addition as our basic unit, we observe that the time required to execute BTRAN:
equals the length of the eta file; assuming that the eta columns are 50%; dense, we may estimate
the length of the eta file in the kth iteration by 12m + 0.5m(k — 1). The same quantity provides
an upper bound on the time required to execute FTRAN. However, many of the multiplications
in FTRAN are multiplications by zero, and so considerable time-savings can be claimed in this}
case. In short, the point is that the right-hand side a of the system B,d = a will be very sparse;
but the right-hand side cp of the system yB, = ¢z may be completely dense. More precisely,
consider the last stage of FTRAN, where systems E;d = v are solved. Since the right-hand sidé
v is a solution of B;_ ;v = a, about m/2 or more of its m components may be expected to be zeros?
v would have been the eta column in the (i — 1)th iteration after the last refactorization if &
were the entering column then. Thus there is at least an even chance that v will have a zero if,
that position in which the eta column of E; occurs; if that is the case, then the system Ed ="
reduces to d = v. Since similar, if not better, time-savings occur in the earlier stages of FTRAN,
we estimate the time required to execute FTRAN by a half of the time required to execute BTRAN:
Thus, we are led to estimate the total time required to execute BTRAN and FTRAN in the kthg
iteration by

T, = 18m + 0.75m(k — 1).

Estimating the time T, required to refactorize B, is much trickier: permuting B, into the
near-triangular form may take just about as much time as the subsequent computation of the
triangular factorization. For the sake of argument, we make an educated guess at

Ty ~ 100m.

Substituting these estimations into (7.14), we obtain

T* ~ '—:—l (100 + Y (18 + 0.75(k — 1))) =~ m<¥ + 18 + 0.375r>‘
k=1
Now a routine exercise in calculus (left for problem 7.8) shows that right-hand side is minimized:
by r & 16, a value within the range of the typical refactorization frequencies used in practicé?
For future reference, note that refactorizations with this frequency (i) keep the average tunt:
required to execute steps 1 and 3 (including the refactorization overhead) down to an estxmated
30m or so, and (ii) keep the average length of the eta file down to an estimated 16m or so. '
One flaw in this approximate analysis is the assumption that the density of the eta columns
has reached its steady state. This steady state is reached only after most of the slack variables®
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have been pivoted out of the basis, which takes about m iterations. But the simplex method may
terminate after just about m iterations, in which case the steady state is simply never reached.
Nevertheless, the results of the analysis are not completely misleading. True, the density of the
eta columns will fall far below the estimated 509 in the early iterations. However, B, will share
many columns with I in this case, and so the time required to find its triangular factorization
and the number of nonzeros in this factorization will be reduced as well. Even though 30m will
become a gross overestimate of the average time required to execute steps 1 and 3. the optimal
refactorization frequency will remain in the neighborhood of twenty or so.

THE REVISED SIMPLEX METHOD VERSUS
THE STANDARD SIMPLEX METHOD

On the large sparse problems encountered in practice, an iteration of the revised
simplex method takes less time than an iteration of the standard simplex method.

To gain an insight into this phenomenon, let us extend the approximate analysis just presented.
We have estimated the average time required to execute steps 1 and 3 by 30m or so; the time
required to execute step 2 does not exceed the total number of nonzeros in A, estimated at no
more than 10n. Since step 4 requires up to m divisions and step 5 requires up to m multiplications
and additions, we are led to estimate the total time per iteration of the revised simplex method
at about

32m + 10n.

On the other hand, the time required to update the dictionary in an iteration of the revised simplex
method equals the number of nonzeros in the pivot row times the number of nonzeros in the
pivot column. Since each eta column is nothing but a column of the corresponding dictionary,
and since we have estimated the density of the eta columns at 50%, we shall estimate the density
of the dictionaries by the same figure. Now about n/2 nonzeros may be expected in each row and
about m/2 nonzeros in each column of the dictionary; thus, we are led to estimate the total time
per iteration of the standard simplex method at

mn/4.

Note that we may assume n > m, for otherwise it would be easier to solve the problem by solving
its dual, as noted in Chapter 5. In fact, n is considerably bigger than m in many of the problems
encountered in practice; even n > 2m is quite usual. Thus, we are led to conclude that, on the
‘typical sparse problems encountered in practice, the revised simplex method beats the standard
simplex method as soon as the number of rows exceeds 100. (Problems with 100 rows are con-
sidered small by present-day standards some people call a problem large only if it has at least
2,000 rows.)

Furthermore, when the sunp]ex method is applied to very large problems, its running time is
influenced by another factor, the nature of which is more engineering than mathematical. This
factor arises from the way computers are constructed: data may be stored either in central core

O
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memory, which can be accessed fast but whose capacity is relatively small, or in peripheral

memory (on disks, drums, or tapes), which has practically unlimited capacity but is slow to access.

The time required to retrieve data from peripheral memory may be considerable compared to

the time required to execute the various arithmetical operations. When the length of the eta file

(estimated before at about 16m on the average) exceeds the capacity of the central memory, the

file has to be retrieved from peripheral memory twice in each iteration of the revised simplex

method: first in step 1 (BTRAN) and then in step 3 (FTRAN). In addition, when the number of

nonzeros in A (estimated before at no more than 10n) exceeds the capacity of central memory, .
then these nonzeros, or at least some of them, have to be retrieved from the peripheral memory-
in step 2. Thus we are led to estimate the average number of items retrieved from the peripheral

memory in each iteration of the revised simplex method at

32m + 10n.

On the other hand, even if the dictionaries used in the standard simplex method remain reasonably
sparse, new nonzeros in these dictionaries are created in unpredictable places with each iteration.
Thus storing the dictionaries in a packed form would create awkward difficulties. If all their_
entries, including the zeros, are stored explicitly, then the total number of items retrieved from”
the peripheral memory in each iteration of the standard simplex method comes to

mn.

We conclude that considerations of the retrieval time favor the revised simplex method even
more decisively than considerations of the time required to carry out the various arithmetical
O operations.

For these reasons, it is the revised simplex method rather than the standard
simplex method that is used in computer programs for solving LP problems. The
sparsity and the special structure of the data make the revised simplex method
superior and constitute the two leitmotifs of large-scale linear programming.

However, it would be wrong to believe that the revised simplex method is always
faster than the standard simplex method: an easy argument, left for problem 7.9, shows
that an iteration of the revised simplex method takes longer than an iteration of the
standard simplex method whenever the bases B, are completely dense and n < 2m.

Incidentally, it may be a good policy to use the revised simplex method even in
solving small LP problems by hand. In addition to its obvious didactic value, this’
practice makes it possible to spot numerical mistakes immediately by comparing:
yB with ¢, Bd with a, and Bx} with b.

PRICING IN THE REVISED SIMPLEX METHOD

The fact that the components of ¢y — yA, may be computed individually in the revised simplex
method has important practical implications. One may discover quite a few candidates for
entering the basis by computing only a part of the vector ¢y — yAy. This strategy is known as
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partial pricing; the generic term pricing refers to any method of computing the vector ¢y — yAy,
ora part of it, for the purpose of selecting an entering variable. Variations on partial pricing are
unlimited. For instance, the heuristic assumption that a current candidate for entering the basis
islikely to remain eligible during the next few iterations suggests the following strategy. Compute
the first, for instance, n/3 components of ¢y — yAy and set aside perhaps 40 of the most promising
candidates for entering the basis. In the subsequent iterations, limit your choice of entering
variables to these 40 candidates. When only about 20 of these candidates remain eligible, com-
‘pute the next n/3 components of ¢y — yAy and repeat the whole process. Another popular
alternative is known as multiple pricing: having selected, say, 10 promising candidates for entering
the basis, consider the restricted problem that involves only these 10 nonbasic variables along
‘with the m current basic variables. Only after an optimal solution of the restricted problem is
found, go on to select the next 10 candidates and to repeat the whole process. The effect of these
strategies on the overall number of iterations is hard to predict; the motivation behind their
development is the desire to minimize the overall computing time by reducing the time per
iteration.

The merits of partial and multiple pricing become even more pronounced when the problem
s 50 large that the matrix A has to be stored in peripheral memory and its columns retrieved in
step 2 of each iteration. Partial pricing reduces the retrieval time by retrieving fewer columns;
multiple pricing transfers the 10 or so columns into central memory and solves the restricted
problem there. (Because of its special format, the restricted problem is solved by the standard
simplex method; each dictionary, having m + 1 rows and only 10 or so columns, is small enough
to fit in core.)
= Incidentally, judging candidates for entering the basis simply by the magnitude of the com-
ponents of ¢y — yAy is not the best policy: typically, the number of iterations may be reduced
by the use of another criterion. Two such criteria, closely related to each other, have been devel-
oped by P. M. J. Harris (1973) and D. Goldfarb and J. K. Reid (1977); they are known as Devex
and steepest edge, respectively. The extra computations involved in these alternatives do pay off:
the overall running time decreases in most cases and sometimes it drops to only 50% or less of
the original figure.

ZERO TOLERANCES

The number zero plays a special role in the selection of an entering variable: a nonbasic variable
iseligible for entering the basis if and only if the corresponding component of ¢y — yAy is greater
than zero. Rounding errors can make zeros or small negative numbers appear as small positive
numbers; making the corresponding nonbasic variables enter the basis would be a blunder.
To safeguard against this trap, a small positive number ¢, called a zero tolerance, is chosen in
advance; then a component of ¢y — yAy is considered positive if and only if its computed value
exceeds ;. Another zero tolerance, ¢,, safeguards against divisions by extremely small numbers
(which tend to produce the most dangerous rounding errors): if some choice of the entering
‘variable leads to an eta matrix whose diagonal element in the eta column is less than ¢, in mag-
‘nitude, then this choice is rejected and another nonbasic variable is made to enter the basis.
“Yetanother zero tolerance, &3, is used in monitoring the accuracy of computations by comparing
Bxj with b: if these two vectors differ in any component by more than &5, then the basis is refac-
‘torized immediately. Setting the actuz] values of the various zero tolerances is a delicate matter
requiring some expertise; in particular, an inappropriate choice of ¢; might lead the computations
astray. B. A. Murtagh (1981) gives ¢, = 1075, ¢, = 1078, ¢35 = 107 as typical values for com-
putations with 15 decimal digit precision. O
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7.1
7.2

73
7.4
ATS

1.6

7.7

78
79

7.10

7.11

712

Solve problem 2.1 by the revised simplex method.

Solve problem 1.6 by the revised simplex method and interpret each iteration in economic
terms.

Prove Theorem 5.4.
Prove Theorem 5.5.

Solve the systems yE,E,E,E, = [1,2,3] and E,E,E;E,d = [1,2,3]" with

13 2 1 1] —-05
E, = 0.5 , E; =111 , E3= 1 3|, E,= 3 1 .
4 1 4 1 1 1 1

Let U be an m x m upper triangular matrix and let U; be the eta matrix obtained when
the jth column of I is replaced by the jth column of U. Prove that U = U, U,,_, - - U,.

Let Ty, Ty, T,,... be a sequence of numbers such that T,,, > T, whenever k > 1.
Prove that the sequence T%, T%, T% - - - defined by

1
T?‘=-z T,
¥ k=0

has the following property: if T¥ < T¥, ,, then T#*,, < T%, ,.

Given positive numbers q, b, ¢, minimize a/r + b + cr.

Show that an iteration of the revised simplex method takes longer than an iteration of
the standard simplex method whenever the bases B, are completely dense and n < 2m.

What is the optimal refactorization frequency in the revised simplex method when all the
bases are completely dense?

Show that, if all the bases are completely dense, an iteration of the revised simplex method
takes less time on the average than an iteration of the standard simplex method as long as
(i) the basis is refactorized with an appropriate frequency, (ii) n > 5m, and (iii) only n/3
out of the n nonbasic variables are priced out in each iteration. (Note, however, that
assumption (iii) makes the comparison unfair. First, the number of iterations tends to
increase when partial pricing is used. Secondly, (iii) is untenable when there are only a
few candidates for entering the basis, which is the typical situation in the last iterations)

Design a procedure that, given an m x m nonsingular matrix B,, finds eta matrices
E} E%, ..., E¥ such that

B, = EYE% --- E*.
(Hint: Assuming that you have found E¥, E%, ..., E¥, whose product agrees with By in .
the first j columns, show how to find E¥, ,.) In the revised simplex method, this eta fac--
torization of B, may be updated into

B, = EfE% - - EX

‘m+k

(by setting EX,; = E; in the ith iteration) and used to solve the two systems yB, = c;
and B,d = a. However, it is better to use a triangular factorization of B, instead (as we
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have done in the text): triangular factorizations are sparser and easier to compute than
eta factorizations.

713 The device commonly presented in place of our “eta factorization of the basis” is the
“product form of the inverse,” which consists of a sequence of eta matrices whose product
is By !. How can this device be used and updated in each iteration? (Hint: Consult
problem 7.12.)

714 Tradition seems to be the reason for clinging to the product form of the inverse: early
versions of the revised simplex method used By *, represented by its individual entries, to
solve the systems yB, = ¢z and B,d = a. How can this device be used and updated in
each iteration? Why is it unsuitable for solving the large sparse problems typically en-
countered in practice? (Hint: Consult problem 6.12.)



General LP Problems:
Solutions by the Simplex Method

Many linear programming problems involve explicit upper bounds on individual
variables. For instance, one might be confronted with the problem

n
maximize Y ex;
i=1

subject to Y ax; < b i=12...,m @1
j=1
OSXjSuj (j=1,2,...,n)

such that each u; is a positive number. This problem may be cast in the standard
form

n
maximize > cpx;
i=1

subject to Y agx; < b; (i=12...,m)
j=1

Xj i (}=1,2,,n)

u
0 (G=12...,n

vV IA

Xj
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and then solved by the simplex method; when the revised simplex method is used,
the size of each basis matrix is (m + n) x (m + n). Alternatively, the simplex method
can be made to work on (8.1) directly in such a way that, when the revised simplex
method is used, the size of each basis matrix is only m x m. This technique, suggested
by G. B. Dantzig (1955) and known as upper bounding, can be applied in the more
general context of problems

n
maximize Y ex;
=1

- 8.2
Subject to Z a;jX; = b; (l = l, 2, ey m) ( )
j=1

L<x;<u  (G=12...,n)

Here, each [; is either a number or the symbol — co, meaning that no lower bound
is imposed on x;, and each u; is either a number or the symbol + co, meaning that
no upper bound is imposed on x;. [To cast (8.1) in the form of (8.2), we need only
add the slack variables X, 1 1, Xp42, -« - » Xpam, With [,,; = O and u,,; = + oo for all
i.] No generality is lost in assuming that I; < u; for all j [otherwise (8.2) is trivially
infeasible] but, for technical reasons, it is convenient to admit variables x; with
l; = u; (even though such variables, whose values are fixed, can be deleted at once
and the right-hand side adjusted appropriately).

The modifications that enable the simplex method to handle (8.2) directly are the
subject of this chapter. Thus, we shall learn to solve even the most general LP prob-
lems, for every LP problem is easily presentable in the form of (8.2). To justify this
claim, we need only observe that minimizing Y c;x; is tantamount to maximizing
Y(—¢;)x; and that every inequality constraint can be converted into an equation
by the introduction of an appropriate slack variable. (The only inequalities not
converted into equations are the explicit bounds on individual variables; each of
these is simply recorded as x; > I; or x; < u;.)

HOW TO HANDLE EXPLICIT BOUNDS
ON INDIVIDUAL VARIABLES

In matrix terms, (8.2) may be recorded as

maximize c¢x subjectto Ax =b, I<x<u (8.3

We shall say that the matrix A has m rows and n columns; then b is a column vector
of length m, ¢ is a row vector of length n, and x, I, u are column vectors of length n.
Note that we allow variables x; with I; = —co and u; = + 0. Such variables are
called free or unrestricted, whereas the remaining variables are called bounded or
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restricted. We shall say that a solution x* of Ax = b is a basic solution of (8.3) if the
n components of x can be partitioned into m “basic” and n — m “nonbasic” variables
in such a way that (i) the m columns of A corresponding to the basic variables form
a nonsingular matrix and (ii) the value x¥ of each bounded nonbasic vagiable x; is
[; or u;. A basic solution x* is called feasible if | < x* < . [This definition is con-
sistent with our original definition of a basic feasible solution in the special case
when (8.3) arises from an LP problem in the standard form.] For instance, if

A 3 1 5 694 3 4 7 6 4 5 b 72
!t o 9 581 2 7 8 7 9 1| "|ey
ce= [2, 1, =2,-2,3,2, 3, —4, 0, -2 -3 3]

and

1=1[-5 —-o0,-4,-2,20, 0, 3, —o0, —00, —00, —0]"
u=[+0w, 3, =2, 351 +0x,+0, 0 5 400, +0]"
then

x*= [1, 0, —2, 3,20, 0, 3 0 5 —1, 1]7

is a basic feasible solution; the variables x,, x, are basic, whereas x;, X4, ..., Xy3
are nonbasic. (Note that, in the present context, a basic solution is not always deter-
mined by the choice of basic variables alone. For instance,

x*=[2, 2 -2 320 0 3 0 5 —1 0]

and
x*= [1, 1, =2, 3,21, 0 3 0 5 —1 0]

are other basic feasible solutions with x,, x, basic and x3, x4, . . ., X,, nonbasic in
our example.)

To solve problem (8.3), the simplex method replaces one basic feasible solution
by another in every (nondegenerate) iteration. Again, the idea is to change the value
of only one of the nonbasic variables (the entering variable) in such a way that, when
the constraints Ax = b are maintained by adjusting the values of the basic variables,
feasibility is preserved and the value of the objective function increases. For instance,
we might change the value of x, in our example from zero to some positive t. When
the values of the basic variables are adjusted to x; = 1 — 2t and x, = 3t, feasibility
is preserved (as long as ¢ is sufficiently small) and the value of the objective function
increases from —10 to —10 + 2¢. Alternatively, we might change the value of x,,
from1to1l — tfor some positive t. When the values of the basic variables are adjusted
tox; = 1 + tand x, = 2t, feasibility is preserved (as long as ¢ is sufficiently small)
and the value of the objective function increases from —10to —10 + t.
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General changes of this kind may be investigated along the lines of Chapter 7:
having defined B, Ay, x5, Xy and cg, ¢y, we observe that the constraints Ax = b are
equivalent to

xz = B7'b — B71A,x, (8.4)
and that every vector x satisfying these constraints satisfies
cx = yb + (cy — YAM) XN (8.5)

withy = ¢;B™*. Now consider a basic feasible solution x*; let a stand for the column
of Ay corresponding to some nonbasic x;, and write d = B~ 'a. If the value of x;
changes from x¥ to x¥ + t but the remaining nonbasic variables stay fixed at their
current values, then the right-hand side of (8.4) changes from B™'b — B™'A\x}%
(which equals x}) to B™'b — B™'Ayx} — B~ 'a (which equals x}¥ — td). Therefore,
to keep the constraints (8.4) satisfied, we must change the values of the basic variables
from x} to x} — td. The effect of this change on the value of the objective function
can be seen in (8.5): since the component of ¢y — yAy corresponding to x;is ¢; — ya,
the right-hand side of (8.5) changes from yb + (cy — yA,)x% (which equals cx*) to
yb + (cy — YAN)XF + (c; — ya)t (which equals cx* + (¢; — ya)t). To summarize:

If x; changes from x¥ to x¥ + t, then x; has to change from x} to x§ — td ],
and cx changes from ex* to ex* + (c; — ya)t. l

Replacing ¢ with —t, we see the following:

If x; changes from x¥ to x¥ — ¢, then x; has to change from x} to x} + ud
and cx changes from cx* to ex* — (c; — ya)t. :

We wish to increase the value of the objective function ¢x by changing the value
of the entering nonbasic variable from x¥ to x} + t or x¥ — t for some positive ¢.
The increase to x} + ¢ is allowed only if x} < u; and brings about the desired
increase in cx only if ¢; — ya > 0; the decrease to x¥ — t is allowed only if x} > /;
and brings about the desired increase in ex only if ¢; — ya < 0. Hence, the entering
variable x; must satisfy either

¢;—ya>0 and xf <uy; (8.6)
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or
c;—ya<0 and x¥ > [ (8.7)

The absence of nonbasic variables x; satisfying (8.6) or (8.7) implies optimality of
our current solution x*. To justify this claim, denote the row vector ¢y — yAy by
Ty. If no nonbasic variable x; satisfies (8.6), then x¥ = u; whenever ¢; > 0; if no
nonbasic variable x; satisfies (8.7), then x} = I; whenever ¢; < 0. But then ¢;x; <
¢;x¥ whenever I; < x; < u;. Thus, every feasible solution x of (8.3) satisfies Tyxy <
Cyxy and, by virtue of (8.5), it satisfies cx < cx*. Hence, x* is an optimal solution
of (8.3).

Asin Chapter 7, the vector y = ¢;B ™! may be found by solving the system yB = c,.
In our example, this system reads

31
y[l 0] =[2,1], andso wehave y =1, —1].

It is easy to check that the only nonbasic variables satisfying (8.6) are xs, x4, and
X1, whereas the only nonbasic variables satisfying (8.7) are x,, X,, and x,,. Hence,
the entering variable may be any of the nonbasic variables x4, x5, X7, X10, X11, X12-
It will be convenient to write
xi(t) = x¥ +1, xp(t) = x5 —td
if the entering variable x; satisfies (8.6), and
xj(t) = x¥ —t, xp(t) = x5 + ud

if the entering variable x; satisfies (8.7). As in Chapter 7, the vector d = B™'a fea-
tured here may be found by solving the system Bd = a. We intend to replace x} =
x;(0) by x,(t) and x} = x,(0) by x(¢) for some positive ¢. The resulting solution of
Ax = b will remain feasible as long as

lj S xj(t) < uj and lB < XB(t) < Ug. (8.8)

Since the value of the objective function increases with ¢, we wish to make ¢ as large
as these constraints allow Let us distinguish among three cases:

(i) The upper bound on ¢ imposed by Iy < xp(t) < up is stricter than the upper
bound (if any) imposed by I; < x;(t) < u;.

(ii) The upper bound on t imposed by I; < x;(t) < u; is at least as strict as the
upper bound (if any) imposed by Iy < xg(f) < ug.

(iiiy Neither I; < x;(f) < u;nor Iy < xg(t) < ug impose any upper bounds on ¢.

Each of these three cases will be illustrated on our example.
If the entering variable is x5, then we solve the system
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2 e[ s o)

Now the constraints (8.8) assume the form
2<2+t<5 and -5<1-38 15t<3

which reduces to t < 0.2. This is an instance of (i): when ¢ is set at its largest admis-
sible value, one of the basic variables reaches its lower or upper bound. This variable
leaves the basis (whereas the entering variable enters). In our case, the new basic
feasible solution is

x* =[-06,3,-2,3,22,0,0,3,0,5 —1,1]7

with the variables x; and x5 basic.
If the entering variable is x,, then we solve the system

2 e[ mom =[]

Now the constraints (8.8) assume the form

—2<3—-t<3 and —-5<1+5 -9r<3

which reduces to t < 5. This is an instance of (ii): when ¢ is set at its largest admissi-
ble value, the entering variable switches from one of its bounds to the other, and the
basis remains unchanged. (In particular, the entering variable does not enter the
basis.) In our case, the new basic feasible solution is

x* = [26, —45, -2, -2,2,0,0,3,0,5, —1,1]7

with the old basic variables x,, x, remaining basic.
If the entering variable is x, o, then we solve the system

2] o +-[]

Now the constraints (8.8) assume the form
S—t<5 and —-S<1+ 7t —-15t<3

imposing no upper bound on ¢t whatsoever. This is an instance of (iii): as ¢ can be
made arbitrarily large, the problem is unbounded. In our case, every

x* =[1+ 7t —151,-2,3,2,0,0,3,0,5 — ¢, —1,1]7

with t > O constitutes a feasible solution with ex* = —10 + t.
To summarize, when thé revised simplex method is made to work directly on
(8.3), each of its iterations can be described as in Box 8.1.
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BOX 8.1 An Iteration of the Revised Simplex Method
Step 1. Solve the system yB = cp.

Step 2. Choose an entering variable x;. This may be any nonbasic variable
x; such that, with a standing for the corresponding column of A, we have
either ya < ¢;, x¥ < u;, or ya > ¢;, xf > ;. If there is no such variable
then stop; the current solution x* is optimal.

Step 3. Solve the system Bd = a.

Step 4. Define x(t) = x¥ + t and xp(t) = xj — td in case ya < ¢; and
xi(t) = x¥ — t,x5(t) = x§ + td in case ya > c;. If the constraints

l] < xj(t) < Uj, IB < XB(t) < up

are satisfied for all positive t then stop; the problem is unbounded. Other-
wise set t at the largest value allowed by these constraints. If the upper
bound imposed on t by the constraints I < Xxp(f) < wup is stricter than the
upper bound imposed by [; < x;(t) < u;, then determine the leaving vari-
able. This may be any basic variable x; such that the upper bound imposed
ontbyl; < x;(t) < u; alone is as strict as the upper bound imposed by all the
constraints in Iz < xp(t) < ug.

Step 5. Replace x¥ by x(t) and x} by x(?). If the value of the entering vari-
able x; has just switched from one of its bounds to the other, then proceed
directly to step 2 of the next iteration. Otherwise, replace the leaving variable

x; by the entering variable x; in the basis heading, and replace the leaving
column of B by the entering column a.

Degeneracy and Termination

Our definition of a basic feasible solution admits basic feasible solutions x* with x¥* = I; or
x¥ = u; for one or more basic variables x;. Such basic feasible solutions are called degenerate.
When a simplex iteration begins with a degenerate basic feasible solution x*, the constraints
I3 < x5(t) < uymay force t equal to 0 in step 4. In that case, the entering variable enters the basis
and the leaving variable leaves, but the solution x* remains unchanged. Such iterations are
called degenerate. The value of the objective function remains unchanged after each degenerate
iteration and increases with each nondegenerate one. Hence only a sequence of degenerate itera-
tions may create cycling, defined as the appearance of the same basic feasible solution with the
same set of basic variables in two different iterations. [ Note that, in the special case when (8.3)
arises from an LP problem in the standard form, this definition of cycling is equivalent to the
definition used in Chapter 3.] Theorem 3.1 told us that, on LP problems in the standard form,
cycling is the only reason why the simplex method may fail to terminate. Now we extend this
result to arbitrary LP problems.
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THEOREM 8.1. If the simplex method, applied to a problem ?
maximize ¢x subjectto Ax =b, 1 <x<u

|
fails to terminate, then it must cycle. {

PROOF. Assume that the simplex method fails to terminate and so goes through an endless
sequence of iterations. At the beginning of each iteration, ask (i) which variables are basic, (ii)
which nonbasic restricted variables are at their lower bounds, and (iii) which nonbasic restricted
variables are at their upper bounds. Since there are only a finite number of possible answers to
these three questions, one answer must come up in two different iterations. It remains to be proved
that the basic feasible solutions x’ and x” featured in these two iterations are also the same.
Since

xg=B7'b — B7'Ayxy and xj =B 'b — BT'Axy

proving that X' = x” reduces to proving that xy = xy. Since the answers to questions (ii) and
(ii) were the same in the two iterations, we have x; = x} whenever X; is a nonbasic restricted vari-
able. Now it only remains to be proved that x; = xj whenever x; is a nonbasic free variable.
But this conclusion follows at once from the observations that (a) if a nonbasic free variable
changes its value in some iteration, then it enters the basis in that iteration and (b) a basic free
variable never leaves the basis.

As noted in Chapter 3, cycling is very rare in practice, and its remote possibility is disregarded
in most computer implementations of the simplex method. Furthermore, Theorem 3.3 may be
extended as follows.

THEOREM 8.2. The simplex method, applied to a problem
maximize c¢x subjectto Ax=Db, I<x<u

terminates as long as the entering and the leaving variables are selected by the smallest-
subscript rule in each iteration.

The proof follows the proof of Theorem 3.3 almost completely, except that now some of the
inequalities in the argument may get reversed, depending on which of the three variables x,,

X,, X, are at their lower bounds and which of them are at their upper bounds. We leave the tedious
details for problem 8.3. O

The Two-Phase Simplex Method

Now the only remaining difficulty in applying the simplex method to problems with
explicit bounds on individual variables occurs in initialization: How do we get hold
of a basic feasible solution to begin with? This difficulty may be overcome by a
rumber of variations on the two-phase simplex method of Chapter 3. The idea re-
mains the same: first the constraints Ax = b are extended by means of artificial
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variables, making a basic feasible solution readily available, and then the values of
these variables are driven to zero by solving an auxiliary problem. This strategy can
be implemented in a variety of ways; one of them goes as follows.

When confronted with a problem

n
maximize Y cx;
=

. n 8.9

subject to Yoagxi=b (i=12...,m ®9)

j=1
ljSXjSuj (}=1,2,,n)
introduce the artificial variables x, 4 1, X442, .- . » Xs4+m and consider the constraints
a'..A+xn,~=b,~ (1=1,2,,m)
PR (8.10)
I < x; <y (G=1L2,....n+4+m

with [y, bivay o oos bpamand ¢, 44, Uys g, - . ., Uy, defined as follows. Choose num-
bers X, X;,..., X, such that X; = [; or X; = u; for every bounded variable x;, and
set X,,; =b; — ya;X; forall i =1,2,...,m If %,,; > 0, then set [,,; = 0 and
Upy; = +00;ifX,,; < O, thensetl,,; = —oo and u,,; = 0.

Now (8.9) has a feasible solution if and only if (8.10) has a solution with all the
artificial variables at zero. In a sense, the degree to which a solution of (8.10) fails to
provide a feasible solution of (8.9) can be measured by the sum of the magnitudes
of the artificial variables. This sum equals Y w, X+ With w,y; = 1 when l,,; =0
and w,,; = —1 when u,,; = 0; its value is nonnegative for every solution of (8.10),
and it equals zero if and only if all the artificial variables equal zero. Thus, the issue
of existence of a feasible solution of (8.9) may be settled by solving the auxiliary
problem,

m

minimize Y Wy Xp4i subject to (8.10)

i=1

or, in the maximization form,

maximize Y, (—w,+)X,+;  subject to (8.10).
i=1
The first phase of the two-phase simplex method consists of solving the auxiliary
problem by the simplex method; this phase is initialized by the basic feasible solu-
tion X just described, with the m artificial variables being basic. At the end of the
first phase, we either discover that the optimal value of the auxiliary problem is not
zero, and so the original problem (8.9) has no feasible solutions at all, or else we
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find an optimal solution x* of the auxiliary problem such that x}¥,; = x¥,, = -+ =
x¥,,. = 0. In the latter case, the basic feasible solution x* is used to initialize the
second phase of the two-phase simplex method. The second phase consists of apply-
ing the simplex method to an equivalent version of the original problem (8.9),

maximize Y e
=1
SubjeCt to Z a;iX; + Xp4i = bi (i = 1, 2, ey m) (8.1 1)
=1
L<x;<u,  (j=1,2,...,n

0<x.,:<0 (i=12..,m)

The only reason for retaining the artificial variables x,,; in (8.11) is the fact that
some of them may be featured as basic in the initial basic feasible solution x*. Each
artifical variable that is nonbasic in x* may be deleted at once; each artificial variable
that is basic in x* but becomes nonbasic later may be deleted as soon as it leaves
the basis.

It is often the case that at least some of the m artificial variables x, . ; involved
in the auxiliary problem may be omitted from the auxiliary problem from the
very start and that the roles these variables play in the solution X initializing the
first phase may be played by suitably chosen variables x; of the original problem
(8.9). In particular, this is the case for those artificial variables that simply duplicate
slack variables in the constraints of the auxiliary problem. For instance, if (8.9) reads

maximize 3 + x5+ X3+ 2x,
subject to 3%y + 2x, + 4x3 + 2x,4 = 2
4x; + X5 — 3x3 + X4 + Xs = -1
Xy — 3x, + X3 + 3x, + Xg = 3
2x, + X3 + X3+ 3x, + x; =
X1, Xg,.0.,X7 2> 0
then the auxiliary problem assumes the form
maximize — Xg+ Xg— Xy0— Xq;
subject to  3x; + 2x, + 4x3 + 2x, + Xxg = 2
4x; + X3 —3x3+ x4+ x5 + Xq = —1
x; —3x,+ X3+ 3x, + Xg + X0 = 3
2y + X3+ X3+ 3x, + X4 +x,= 5

X5 Xay o003 X720, x20,%x9<0,%x,0>0,x,, > 0.
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In the constraints of this auxiliary problem, the artificial variables x,, and x,,
duplicate the slack variables x4 and x-, respectively. Having made this observation,
we may replace the auxiliary problem by

maximize

— Xg + Xg
subject to 3xy 4+ 2x, + 4x3 + 2x, + Xxg = 2
4x, + X, — 3x3+ X4 + X5 +x9=—1
Xy — 3x; + x5+ 3x, + Xg =
2x; + X, + X3 + 3x, + X
X, X2, ..., X720, xg >0, xg< 0
which can be initialized by Xz = [Xg, %o, %6, X7]7 = [2, —1, 3, 5]7, Xy = 0. Thus,

we bypass two iterations in the first phase: the first iteration with x4 entering and
X, leaving, the second iteration with x, entering and x,, leaving. (In fact, some
people prefer not to use the term artificial variable at all. They would think of xg as
the slack variable x5, whose bounds I = 0,us = +o00 have been temporarily
changed to Iy = — o0, us = 0, and refer to x4 as “the slack variable of the equation
3x, + 2x, + 4x5 + 2x, = 2,” whose bounds lg = 0, ug = 0 have been temporarily
changed to lg = 0, ug = +0.)

Incidentally, observe that the original objective function ) c;x; does not affect the
auxiliary problem at all. This is only fair: the issue to be settled in the first phase is
that of feasibility, and the objective function is quite irrelevant there. Nevertheless, a
complete disregard for the original objective may have unpleasant side effects: if the
basic feasible solution delivered at the end of the first phase gives the original objective
function an extremely low value, then the second phase may require a relatively
large number of iterations to reach an optimal solution. (Of course, these statements
are just intuitive observations; even though they tend to be true in general, they are
not true under all circumstances.) It seems sensible, therefore, to keep an eye on the
original objective function while the artificial variables are being driven out of the
basis, so as to avoid unnecessarily sharp drops in its value. This idea is sometimes
implemented by maximizing

M=

m
cx; — M Z WitiXnti
i=1

j=1
rather than Z(—w,,+,-)x,,+,~ in the first phase. When the coefficient M is very large,
minimizing ) w, 4 X, is still the primary concern, but sharp drops in the value of
Y¢x; do become undesirable to some extent. This variation on the two-phase
method is referred to as the “big M method.” (There is no evidence to support the
belief that the “big M” stands for “big mother.”)

Other popular variations involve maximizing
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n m
r Z CjXj — Z SiWa+iXn+i
j=1 i=1
for suitably chosen “scaling factors” r and s,, s,, . . ., S,,. The actual choice of these
numbers may depend on the current values of the artificial variables x,. ;, and so it
may change from one iteration to the next. Then the auxiliary problem is no longer
a linear programming problem (the objective function ceases to be linear), but all is
well as long as all the artificial variables vanish in the end. The simplest example
arises when r = 0 and

{1 if Xp+i #0
S-:
“Z0 if x,.,=0

with each artificial variable x, . ; deleted as soon as it leaves the basis.
Finally, the two-phase simplex method may often be implemented without the use
of artificial variables. To do so on a problem

maximize cx subjectto Ax =b, l<x<u

with A having size m x n as usual, we require only a nonsingular matrix B formed
by some m columns of A. Now we may choose the values x} of the nonbasic variables
insuch a way that x} = l;or xf = u;for each bounded nonbasic x;. Having computed
the values x} of the basic variables by solving the system Bxj = b — A,x%, we
obtain a basic solution x* that, in general, is infeasible: for each basic variable x;,
we may have x¥ < [, or x} > u;. Writing i € P in the former case and i € Q in the
latter, we may measure the “infeasibility” of x* by the quantity

LU= xH) + Y (¥ — uy).

ieP ieQ
Since we wish to drive the basic variables inside their bounds, our momentary aim is
to increase the value of the objective function

YoxXi— Y X

ieP ieQ
subject to the original constraints Ax = b, I < x < u with [; replaced by —
whenever i e Pand y; replaced by + co whenever i € Q. For this purpose, we may use
the simplex method as usual. However, as the value of our objective function increases,
the value of some x; with i € P may rise to [;, or the value of some x; with i € Q may
drop to u;. At this very moment, the objective function must be updated and the
original bounds I;, u; restored (otherwise further changes in the value of the entering
variable might actually increase the infeasibility of the current solution); the variable
x; leaves the basis at the same time. Thus the first phase produces a sequence of basic
solutions whose infeasibility decreases with each nondegenerate iteration until a

basic feasible solution is found or its nonexistence established. We shall not go into
the details any further.
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Getting Rid of Artificial Basic Variables

Unless the first phase of the two-phase simplex method discovers that (8.9) is infeasible, it delivers
a basic feasible solution of the equivalent problem (8.11). This solution is not necessarily basic in
the original problem (8.9), for some of its basic variables may be the artificial variables x,,, ;. As
previously observed, the presence of artificial variables in the basis creates no problem in the
second phase of the two-phase simplex method. Nevertheless, it is only natural to question the
role of these variables. Our investigations begin with a procedure which, given a basic feasible
solution of (8.11), attempts to drive all artificial variables out of the basis (see Box 8.2). Without
loss of generality, let us assume that each artificial basic variable x, ., appears in the kth position
of the basis heading. Note that each column of B is either a column of A or a column of L.

BOX 8.2 Driving Artificial Variables Out of the Basis

Step 0. Let S denote the set of all the subscripts i such that x,.,; is a basic variable.
Step 1. 1f S is empty then stop. Otherwise delete some subscript k from S.

Step 2. Solve the system rB = e with e standing for the kth row of the identity matrix.
If rA is the zero vector, then return to step 1. Otherwise, there is a nonbasic variable x;

such thatra £ 0 for the corresponding column a of A. Replace the kth column of B by a;
replace x, 4, by X; in the basis heading and return to step 1.

To verify that the updated matrix B remains nonsingular after each execution of step 2, let B
stand for the matrix entering step 2 and note that its updated version equals BE with E standing
for the eta matrix whose kth column is B~ 'a. Thus we need only verify that E is nonsingular.
But E is nonsingular if and only if the diagonal entry in its eta column is nonzero; now it remains
-0 be observed only that this diagonal entry is (B~ 'a) and that (eB™!)a = ra # 0.

Upon termination of this procedure, some artificial variables may persist in the basis. This
ipparent failure is actually a success in its own way: persistence of x,,, in the basis means that
he kth equation in (8.9) is redundant and may be deleted altogether. More precisely, let J denote
he set of subscripts k such that x,,, persists in the basis, and let I denote the set of subscripts
,2,...,mthat do not belong to J. We claim that every solution of

n

Y apx;=b;, (iel) (8.12)

i=1
atisfies all the equations

n

Zaijszbi (i=12...,m).

i=1

‘o justify this claim, consider an arbitrary subscript k in J, along with the vector r computed
nmediately after the deletion of k from S. Since rA is the zero vector, we have

n

ria; = 0 forallj =1,2,...,n (8.13)

i=1

ncerB = e, we have r, = 1 and r; = O for all the remaining subscripts j in J. Hence (8.13) may
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be recorded as
Qj = — Z ridi;
iel

and every solution of (8.12) must satisfy

,; Xy = i (—Z "f“ij)xi =X ("i ]i aiixi) = Y (—rib). (8.14)

j=1 iel iel iel

In particular, (8.14) must be satisfied by the feasible solution x¥, x§, ..., x¥ of (8.9), and so

Y (- rb)_Zak,,z »

iel

We conclude that every solution of (8.12) must satisfy
Y ax; = b,
j=1

which is the desired result.
Thus (8.9) and the problem

maximize Y epx;
=

n 8.15
subject to Y agx;=b; (i€l ®.15)

j=1

[ <x;<u (=12,...,n

are equivalent in the sense that they have precisely the same set of feasible solutions. In partic-
ular, the feasible solution of (8.9) delivered by the first phase of the two-phase simplex method
is a feasible solution of (8.15). We claim that this solution is basic in (8.15), with the appropriate
set of basic variables having been delivered by the procedure described earlier. To justify this
claim, denote by B the set of subscripts j with 1 < j < n for which x; appears in the basis heading
upon termination of the procedure. We have to verify only that the system
Y oax;=b;  (iel)
jeB
has a unique solution. But this claim follows at once from the fact that the system
Y ax;=b; (i€l
jeB
Y oax;+ X =b  (ieJ)
jeB
has a unique solution.
Our findings may be summarized as follows.

THEOREM 8.3. 1f(89) hasa feasnble solution, then some set I of subscrlpts 1,2,...,m
has the following two properties: (i) problems (8.9) and (8.15) have precisely the same set
of feasible solutions and (ii) problem (8.15) has a basic feasible solution.

-
|

|
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Of course, more important than the mere statement of Theorem 8.3 is the fact that we can
actually find the set I, and that we can do so reasonably quickly. If our procedure fails to drive
all the artificial variables out of the basis, then we can apply the second phase of the two-phase
simplex method to the smaller problem (8.15), where each iteration requires less work than it
would have required in the larger problem (8.11).

Treatment of Free Variables

As the reader may have observed, each free variable x; may be eliminated from the
problem

maximize cx subjectto Ax =b, I <x<u

by first converting one of the equations into a formula for x; and then substituting
from this formula into the remaining equations. For illustration, consider the problem

maximize b
subject to Xy + Xy + X3+ X4+ X5+ x¢ — %7 =10
Xy + 2x, + x; =
X3 + 2x, + x; =
X5 + 2xg + X7 =
Xy, Xg, X3, X4, X5, Xg = 0, —00 < x5 < +00.
Having converted the first equation into the formula
X;= =10+ x; + X, + X3 + X4 + X5 + X¢

we substitute into the remaining three equations and obtain an equivalent version
of our problem,

maximize X,
subject to 2%y 4+ 3%, + X3+ Xg+ X5+ xg =12
Xy + Xy + 2x3 4+ 3x, + X5+ x¢ =15

Xy + X3+ X3+ x4+ 2x5 + 3xg = 18
X5 X3, X35 X4, X5, Xg = 0.

More generally, whenever all the free variables are eliminated in this manner, not
only do these variables disappear but the number of equations is reduced as well.
Now the following strategy suggests itself: first eliminate all the free variables, then
solve the new version of the problem by the simplex method, and finally determine
the values of the free variables by going back to the substitution formulas. Since the
new version is smaller than the original, this strategy has at least two apparent
advantages: (i) each of the systems yB = ¢z and Bd = a, being smaller in the new
version, is easier to solve, (ii) the number of iterations is likely to be smaller in the
new version. However, if the original problem is sparse, then the elimination of the
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free variables may yield a problem that, although smaller, is also much denser. In
that case, the first advantage is lost: relatively small but dense systems may be harder
to solve than relatively large but sparse ones. On the other hand, the effects of the
second advantage may be felt even without the elimination of free variables: when
a free variable has entered the basis, it will never leave again. Thus, a problem with
k free variables in the basis is like a problem with k equations deleted. For this reason,
it is good policy to pivot all the free variables into the basis as soon as possible.

THE FUNDAMENTAL THEOREM
OF LINEAR PROGRAMMING REVIEWED

In Chapter 3, we established a fundamental property of LP problems in the standard form:
whenever such a problem has a feasible solution, it has a basic feasible solution. This property
is not shared by every problem

maximize cx subjectto Ax =b, 1 <x<u. (8.16)

For instance, the problem

maximize Xy + X+ X3+ X4+ Xs

subject to 3x; + 4%, + 2x3 + Sxp + x5 = 6
2x; + X, + 3x, - x5 = —1 (8.17)
Xy + 2x, +3x, +x5= 4

Xy, X3, X3, X4, Xs = 0

has feasible solutions (x¥ = x¥ = x% = 0, x§ = x¥ = 1 is one) but it has no basic feasible
solution. To justify this claim, recall that (8.16) can have a basic feasible solution only if some
three columns of
3 4 2 5 1
A=|2 1 3 0 -1
1 2 0 3 1

form a nonsingular matrix B. But we have
[3,-2,—-5]-A =[0,0,0,0,0]

and so [3, =2, —5]-B = [0, 0, 0] for each matrix B formed by three columns of A. Now B
must be singular, for otherwise

[3,-2,—5] = [3, -2, —5]*BB™! = [0,0,0]-B~* = [0,0,0]

which is a contradiction.

More generally, (8.16) can have a basic solution only if some m columns of the m x n matrix
A form a nonsingular matrix. Not all matrices A have this property; those that do are said to
have full row rank. (If rA is the zero vector of length n for some nonzero vector r of length m,
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then, by the argument used in the previous example, A does not have full row rank. See also
problem 8.4.) Thus, Theorem 3.4 can be generalized only to problems (8.16) whose matrices
have full row rank.

Furthermore, a little care must be taken, so that the actual impact of Theorem 3.4, as well as
its statement, is generalized. An important consequence of Theorem 3.4 is the fact that the search
for an optimal solution of an LP problem in the standard form may be restricted to a finite set,
namely, the set of basic feasible solutions. Confining the search for an optimal solution of (8.16)
to the set of its basic feasible solutions would not hold the same attraction: problems involving
free variables may have infinitely many basic feasible solutions. For instance, if

A_2111 b_z
1o 3 o) T

and!l = [~ 0,0,0, —0]", u = [1, + 0,5, + 0]7, then [1 — ¢, ¢,0,t]" is a basic feasible solu-
tion of (8.16), with x, and x, basic, whenever ¢t > 0. To remove this blemish, we introduce the
notion of a normal basic solution: this is any basic solution in which each nonbasic free variable
is set at zero. Clearly, every problem (8.16) has only a finitely many normal basic solutions.

THEOREM 8.4. 1f (8.16) has no optimal solution, then it is either infeasible or un-
bounded. Furthermore, if A has full row rank, then (8.16) has the following two properties:

(i) Ifit has a feasible solution, then it has a normal basic feasible solution.
(ii) If it has an optimal solution, then it has a normal basic optimal solution.

PROOF. The first statement follows easily from an analysis of the two-phase simplex method
applied to (8.9). The first phase terminates either by discovering that (8.9) is infeasible or by
producing a basic feasible solution of the equivalent problem (8.11). In the latter case, the second
phase takes place. This phase terminates either by discovering that (8.11), and therefore also (8.9),
is unbounded, or by producing a basic optimal solution of (8.11) that yields an optimal solution
of (8.9). The termination of each phase is guaranteed by Theorem 8.2 as long as the smallest-
subscript pivoting rule is used.

To prove (i) and (ii), assume that A has full row rank. If (8.9) has a feasible solution, then the
first phase terminates by producing a basic feasible solution x%, x%, ..., x¥,,, of (8.11). The
procedure used in the proof of Theorem 8.3 will drive all the artificial variables out of the basis;
otherwise, it would find a nonzero row vector r of length m such that rA is the zero vector of
length n, contradicting the assumption that A has full row rank. Hence x¥, x%, ..., x} is a basic
feasible solution of (8.9) in this case. To ensure that this solution is normal, we need only choose
the numbers X, %, ..., X, used to construct (8.10) in such a way that X; = 0 whenever x; is
free. Indeed, as soon as the simplex method is initialized by a normal feasible solution, it will
construct only normal basic feasible solutions; if a nonbasic free variable actually changes its
value in some iteration, then it enters the basis in the same iteration and it remains basic from
that point on. Finally, if (8.9) has an optimal solution, then the second phase, initialized by the
normal basic feasible solution x¥, x%, ..., x}, finds a normal basic optimal solution. | ]

As observed earlier, the assumption that A has full row rank cannot be dropped in proving
(i) and (ii). Nevertheless, this assumption is satisfied whenever (8.16) arises from a problem in
the standard form. In this case, the last m columns of A form the identity matrix. Hence Theo-
rem 8.4 does generalize Theorem 3.4.
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PROBLEMS

A 81 Solve the following problems:

4. maximize —3x; — X3 — X3+ 2x4 — X5+ Xg+ X; — 4xg
subject to X, + 3x3 + x4 — 5x5 — 2xg + 4x; — 6xg = 7
X, —2x3 — X4+ 4X5+ Xg — 3X; + Sxg = — 3
0<x,< 8
0 < X, < 6
0<x;< 4
0<x,< I5
0 < Xs < 2
0<xs< 10
0<x,< 10
0<xg< 3.
b. maximize 3x; + x; + 4x; + 2x,
subject to Xy + 4x; + 3x3 +3x, < 2
X, 4+ 3x; — X3+ X4 < =2
Xy + 2% + 3%, +2x4 < 3
Xy + 3x; —2x3 + x, < -3

X3, %4 = 0.

c. maximize 5x; + 2x; — 3x3 + 3x, + 6x5 + X
subject to 3x; + x5 —4x3 4+ 2x4 + Sxs+ x¢ < 3
—5x; + 4%, + 2x3 — 3x, + 2x5 + 3x6 < 25
Xy + X3+ 2X3+ X4+ X5+ 2xg = 4

X, >0,2<x,<10,x3<0,-3<x, <3.

d. maximize 8x, + 6x; — 2x3 + 6x4 — 3x4
subject to 3x; + 2x; — X3 + 3x4 + 2x5 = 7
—Xxy + 2x; — 2x3 = 10
X —3x4 + 2x5 = 7
2x; — 3x; + 2x3 + 3x4 = —-10
2x, + X3 - x5 —6
Xy, X = 0.
e. Maximize X,
subject to 3xy + 5x; + 3x3 + 2x4 + X5+ 2xg + Xx;= 6
4x; + 6x, + S5x3 + 3x4 + 5x5 + Sx¢ + 6x, = 11
2xy + 4x; + X3+ x4 — 3x5 — xg— 4x, = 1
Xy + X3+ 2x3 + x4 + 4X5 + 3xg + Sx, = 5
X1y Xayeoor X7 = 0

8.2 Solve Polly’s diet problem from Chapter 1 and illustrate each iteration in cconomic terms.
8.3 Give a detailed proof of Theorem 8.2.

84 Prove that a matrix A does not have full row rank if and only if rA = 0 for some nonzero
row vector r.

85 Illustrate Theorem 8.3 on problem 8.1.e.
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8.6

8.7

88
8.9
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Construct an example of a problem
maximize ex subjectto Ax =b, 1<x<u

such that (i) there is a feasible solution, (ii) the m x n matrix A has a full row rank, (iii) in

every basic feasible solution, at least one free variable is nonbasic, and yet (iv) there are at
. v

most m free variables.

Prove the following theorem. If the problem

n
maximize Zl cx;
=

subject to Y oagx;=b; i=12...,m (8.18)
j=1

I <x; <y G=12,...,n
has at least one nondegenerate basic optimal solution, then there are uniquely defined

numbers y¥, y%, ..., y* and a positive ¢ with the following property: If Iti| < ¢ for all
i =1,2,...,m, then the problem

n
maximize Y ocx;
=

subject to Y ax;=b +t (i=12...,m)
i=1
L<x; <y G=1,2...,n

has an optimal solution and its optimal value equals

m
z* 4+ )yt
=

with z* standing for the optimal value of (8.18).

Tllustrate the economic significance of the preceding result on the example of problem 1.8.

State and prove a variation on problem 8.7, involving changes in the bounds /; and u; rather
than changes in the right-hand sides b;.
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General LP Problems:
Theorems on Duality
and Infeasibility

In Chapter 8, we learned to solve general LP problems by the simplex method. The
focus of this chapter is more theoretical : we shall extend the duality theorem, proved
in Chapter 5 for LP problems in the standard form, to the general context of arbi-
trary LP problems. Furthermore, we shall prove a theorem characterizing infeasible
LP problems: in other words, we shall characterize unsolvable systems of linear
inequalities and equations.

THE DUALITY THEOREM
—

In Chapter 8, we observed that every LP problem can be converted into the form
maximize cx subjectto Ax =b, I<x<u

In the present context, it will be convenient to view LP problems from a different
angle: (i) the inequalities ) a;;x; < b; will be left alone rather than converted into
equations with slack variables and (i) except for the nonnegativity constraints
x; > 0, explicit bounds on individual variables will be regarded as instances of
Ya;x; < b,. Thus, every LP problem will be presented as

137
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n
maximize Y ex;
j=1

subject to Y apx; < b (i€l
j=1

n (CRY
z a,-jx,- = bi (IE E)

j=1

x; =20 (jeR).

Here the set of the constraint subscripts 1, 2, . . ., m splits into subsets I and E cor-
responding to inequalities and equations, respectively. In the set of the variable
subscripts 1, 2,. .., n, the subset R marks out the variables x; that are explicitly
restricted to the nonnegative range. Variables x; with j ¢ R will be called free (even
though some of the constraints Zai %; < b; may reduce to explicit bounds on these
variables) and the corresponding set of variable subscripts j will be denoted by F.
In particular, (9.1) is in the standard form if and only if E = and F = .
By a linear combination of the constraints

Z aijijbi (ie])

n 92
Y oagx;=b (icE)

we mean any linear inequality
Y (Z aij)’i)xj < Z by 9.3)
j=1 \i=1 i=1

such that y,, y,, . . ., y,, are numbers satisfying
y; = 0 whenever iel. 9.4

Every linear combination of (9.2) arises by first multiplying both sides of each con-
straint by the appropriate y;, so that

yi< Z aijxj) < by, (iel
=1

yz’<z,1 aijxj) = by (ieE)
F=

is obtained, and then adding up the results, so that
n

Zl Yi<’z aijxj> < Zx biy;
i= J i=

=1

is obtained, and finally changing the order of summation in the left-hand side of
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the last inequality. Hence, every solution xy, x,,..., x, of the inequalities and
equations (9.2) must satisfy all their linear combinations (9.3).
Next, if numbers yy, ¥, . . . , y., are chosen in such a way that

Y a;y; = ¢; whenever jeR 9.5)
i=1

and
Y a;y =c; whenever jeF (9.6)

1}
[

then every feasible solution xy, x,, . .., x, of (9.1) satisfies

cx; < (Z a,»jyi>xj forall j=1,2,...,n
i=1
(with the sign of equality whenever j € F), and so

cx; < ) (Z aijyi>xj‘ 9.7)
j=1 \i

=1

[\/]:

=1
Finally, if numbers x,, x,, . . ., x, satisfy both (9.3) and (9.7), then they satisfy the
inequality

cx; < Y by (9.8)

1 i=1

s

J

To summarize, the number Y b;y; provides an upper bound on the optimal value
of (9.1) whenever the numbers y,, y,, .. ., y, satisfy (9.4), (9.5), and (9.6). Naturally,
we are interested in finding as good an upper bound as we can. Thus, we are led to

M=

minimize biy:

i=1

IngE]

subject to

\%
©

ai;Yi j UeR)

9.9)

1}
-

[wgkl

a;jyi = C; (jeF)
1

This linear programming problem is called the dual problem or simply the dual of
the linear programming problem (9.1); in this context, the original problem (9.1)
is sometimes referred to as the primal problem or simply the primal. [Note that, in
the special case when (9.1) is in the standard form, the present definition reduces to
that given in Chapter 5.] As we have just observed, every feasible solution x,, x5, . . ., X,
of the primal problem (9.1) and every feasible solution yy, y,, ..., y,, of the dual
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problem (9.9) satisfy the inequality (9.8). This inequality is sometimes referred to as
“the weak duality theorem” or “the easy part of the duality theorem.” (The more
difficult part, which we shall prove, asserts that the gap between the two sides of
(9.8) can always be closed by a suitable choice of x,, x,, ..., x, and Yo 255 Ym)

Incidentally, note that the variables of the dual are in a one-to-one correspondence
with the constraints of the primal and that the constraints of the dual are in a one-
to-one correspondence with the variables of the primal Table 9.1.

Table 9.1 Primal-Dual Correspondence

In the dual In the primal
Restricted variables Inequality constraints
Free variables Equation constraints
Inequality constraints Restricted variables
Equation constraints Free variables

Note also that the dual of the dual is the primal: problem (9.9) may be presented as

maximize Y (—byy;
i=1
subject to Y (—apyi< —¢;  (jeR)

i=1

M3

(—ai)yi = —¢; (jeF)
i=1
Vi = 0 (l el)
and its dual problem
minimize Y (—¢)x;
=1

subject to Y (—apx; > —b;,  (iel)
=1

i (—ap)x; = —b; (ie E)

Xj >0 (] € R)
is just another presentation of (9.1).

Occasionally, students get confused when asked to construct dual problems of
LP problems such as
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maximize 3%, + 2%, + 5x3

subject to 5%y + 3x, + x3 = —8
4x; + 2x, + 8x3 < 23
6x; + Txy +3x3 = |

X, <4,x3> 0.

The routine way of accomplishing this task consists of presenting the maximization
problem in the form of (9.1) and then writing (9.9). Thus, our example would be
presented as

maximize 3x; + 2x, + 5x4

subject to Sxy 4+ 3x; + x3 = —38

4x, + 2x; + 8x3 < 23

—6x; — Tx, — 3x3 < —1

X < 4

x3=>= 0

and its dual found to be

minimize —8yy + 23y, — ysz + 4y,
subject to S5y; + 4y, —6y; + y, =3
3yi+ 2y, —Tys =2
yi+ 8y —3y; >5
Y2, Y3, Va = 0.

Similarly, the routine way of finding the dual of a minimization problem consists of
presenting the problem as (9.9) and then writing (9.1). When this convention is
observed, the dual of a maximization problem is always a minimization problem
and vice versa.

THEOREM 9.1 (The Duality Theorem). If a linear programming problem
has an optimal solution, then its dual has an optimal solution and the optimal
values of the two problems coincide.

PROOF. We shall rely on an analysis of the simplex method as presented in
Chapter 8. Every LP problem may be presented in the form (9.1), whereupon its
dual assumes the form (9.9). If (9.1) has an optimal solution, then the simplex method,
applied to its equivalent version
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n
maximize Y ocx;
j=1
n
z ainj + Xn+i = b,' (iE I)
ji=1

Y ax;=b;  (ieE)

Xj > 0 (_] € R)
Xpti = 0 (l € I)
finds an optimal solution x¥, x%, . .., x*. Consider the vector y = [ y%, y%, ..., y¥]
featured in the final iteration of the simplex method. In step 1, this vector is computed
by solving the system yB = cj; hence

m

Z aijy;k

i=1

Il

¢; whenever 1 <j < nand x; is basic,

y¥ =0 whenever ieland x,,; is basic.

In step 2, no candidate for entering the basis is found; hence

IngE}

a;y¥ = c¢; whenever je F and x; is nonbasic

i=1

m
Y. a;y¥ = c; whenever je R and x; is nonbasic
i=1

yf =0 whenever ieland x,,;is nonbasic.

Now it follows that

i=1

<Z aijy;">x}“ =cxf forall j=1,2,...,m (9.10)

the inequality Zaijy? > cj, valid for all j =1, 2,...,n, can hold with the sharp
inequality sign only if j€ R and x; is nonbasic, in which case x* = 0. Similarly, it
follows that

axT yf = by} forall i=1,2,... m: 9.11)
Lo it
i=

the inequality Za,-jx}‘ < b;, valid for all i = 1,2,...,m, can hold with the sharp
inequality sign only if i € I and x,,; is basic, in which case y¥ = 0. Note that (9.10)
and (9.11) imply

n n m m n m
Zl exy = 21 <Z1 aij)’?‘)"? =3 <Z1 aij"}"))’? = .Zl b;y¥.
Jj= i= j= i=

j= i=1
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To summarize, y¥, y%, ..., y¥ is a feasible solution of the dual (9.9) and
Y byt =Y et 9.12)
i=1 j=1
Now it only remains to be shown that every feasible solution y,, y,, .. ., y,, 0f(9.9) has
Z biy; > Z b;y¥
i=1 i=1
for then y¥, y%, ..., y¥ is an optimal solution of (9.9). But this inequality follows
directly from (9.12) and (9.8) with x,, x,, ..., x, replaced by x¥, x%, ..., x* ]

Our proof shows that the simplex method, applied to an arbitrary LP problem
that has an optimal solution, finds an optimal solution of this problem simul-
taneously with an optimal solution of its dual. Additional results involving arbitrary
LP problems and their duals can be developed along the lines of Chapter 5.

UNSOLVABLE SYSTEMS
OF LINEAR INEQUALITIES AND EQUATIONS

In the remainder of this chapter, we shall characterize infeasible linear programs.
Now it is convenient to present every LP problem in the form

n
maximize Y cpx;
j=1
n
subject to Y oagx; < b (iel)
j=1
Y oagx; = b (ie E)

with the nonnegativity constraints x; > 0, if any, viewed as special instances of
Ya;x; < b;. Since we are concerned only with the existence of feasible solutions, the
objective function Zc x; 1s irrelevant; our task amounts to characterizing unsolvable
systems

Y oagx; < b (i€l
(9.13)
X; = b; (ie E).

ij

INSE]
i)

At the beginning of this chapter, we defined a linear combination of the constraints
(9.13) as any linear inequality
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Y (Z aijyi)xj < _Z,l biy;

j=1 \i=1

we observed that every solution of a system of linear constraints must satisfy all
linear combinations of this system. This observation may be used to demonstrate
the unsolvability of systems such as

such that y,, y,, ..., y,, are numbers satisfying y; > 0 whenever i € I. In addition,

Xy 4+ 3%, +2x3 +4x, <5
3, + X, +2x3+ x4, <4

5%y + 3x, + 3x3 + 3x, =9 - 9.14)
— X3 <0
— X4 < 0

in a simple and convincing manner. In this particular example, we need only observe
that the multipliers

yvi=1 y,=3 ys=-2 y.=2, ys=1
yield a linear combination of (9.14) that reads

0:x; +0-x, +0-x3+0-x, £ —1. (9.15)

Now it becomes obvious that (9.14) is unsolvable: any solution of this system would
have to satisfy the clearly unsolvable inequality (9.15).

More generally, we shall follow H. W. Kuhn (1956) in saying that a system (9.13)
is inconsistent if there are numbers y,, y,, . . ., ¥, such that

y; = 0 whenever iel

m

Y oayy; =0 forall j=12,...,n

i=1 : 9.16)
Z b,-y,- <0
i=1
Thus, (9.13) is inconsistent if and only if one of its linear combinations reads
0-x;+0-x,4+--+0-x,<c 9.17)
for some negative number c. As soon as the multipliers yy, y,, - - . , ¥, satisfying (9.16)

are exhibited, it becomes obvious that (9.13) is unsolvable: any solution of this
system would have to satisfy the clearly unsatisfiable inequality (9.17). Hence every
inconsistent system is unsolvable; now we propose to show the converse.

THEOREM 9.2. A system of linear inequalities and equations is unsolvable
if and only if it is inconsistent.
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PROOF. Since the “if” part has just been proved, we have to prove only the “only if”

part. For this purpose, we shall appeal to the relationship between system (9.13)
and the problem

maximize > (—Xprd)
i=1

subject to Yoagx; + wixey < by (i€l
= (9.18)
Yoagx; + WX = b; (icE)
=1

x,,+,~20 (l=1,2,,m)
with w; = 1 if b; > 0 and w; = —1 if b; < 0. Theorem 8.4 guarantees that (9.18)

always has an optimal solution; obviously, the optimal value of (9.18) is zero if and
only if (9.13) is solvable. In particular, if (9.13) is unsolvable, then the optimal value
of (9.18) is negative. In that case, Theorem 9.1 guarantees that the dual of (9.18),

m
minimize z biyi

subject to Y agy; 0 G=1L2,...,n
i=1

wiy; = —1 i=12...,m
p= 0 (el

has an optimal solution and that its optimal value is negative. But then the optimal
solution yy, y,, - . - , Jm satisfies (9.16), and so (9.13) is inconsistent. ]

Before proving a supplementary result on unsolvable systems of linear inequalities, let us
make note of an immediate corollary of Theorem 8.3.

—1

THEOREM 9.3. 1If a system of m linear equations has a nonnegative solution, then it
has a solution with at most m variables positive.

PROOF. 1If the system

9.19)
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has a solution, then, by Theorem 8.3, there is some set I of subscripts 1, 2,...,m such that (i)
systems (9.19) and

n

Z ax;=b (el

=t 9.20)
520 (j=L12%...n

have precisely the same set of solutions and (ii) system (9.20) has a basic feasible solution x¥,
x3, ..., x;. Now it only remains to be observed that x} = 0 whenever x; is nonbasic and that
at most |I| variables x; are basic.

THEOREM 9.4. Every unsolvable system of linear inequalities in n variables contains
an unsolvable subsystem of at most n + 1 inequalities.

PROOF. If Ax < b is unsolvable, then, by Theorem 9.2, it is inconsistent. Hence, some row.
vector y* satisfies y* > 0, y*A = 0,y*b < 0. Denote y*b by c, and consider the system yA = 0,
yb = cconsisting of n + 1 equations. Since y* is a nonnegative solution, Theorem 9.3 guarantees
the existence of a nonnegative solution y with at most n + 1 positive components ;. The desired
subsystem consists of those inequalities Y a;x; < b; for which J; > 0; since } y;a;; = O for all j
J but Yyb; = ¢ < 0, this subsystem is inconsistent and therefore unsolvable. |

PROBLEMS

9.1 Construct the dual problems of

maximize Xy — X,
subject to 2x; +3x, — x3+ x, <0
3 + x; +4x3 — 2x, >3
—X; — X; +2x3+ x, =1
X2, X3 > 0

and of

minimize Xy — X,
subject to 2y + 3%, — X3+ x4, <0
3x; + x5 + 4x3 —2x, >3
—X; — Xz + 2X3 4+ x4 =1
Xz, X3 = 0

9.2 In matrix notation, an LP in the standard form reads
maximize ¢x subjectto Ax <b, x>0
and its dual reads
minimize yb subjectto yA >¢, y=>0.
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What is the dual of: maximize cx subject to Ax < b? The dual of: maximize ¢x subject to
Ax = b,x > 0?

Construct the dual problem of

maximize z

subject to z— Y ax <0 (j=1,2...,n
i=1
Yoxi=1
i=1
x; >0 i=12...,m.
A94 Maximize X+ X3+ X3
subject to 2X; — 4x; + x3 < —1
X, + 5%, + x3< 16
X; + X3 < S
2xy +4x, — x3< 8
X, —3x,+ x3< 0
—4x, + 3x, < 4
4x, — 3x, + 5x3 < 10
X, + 2%+ x3 < 9.
95 Generalize Theorems 5.2 and 5.3 to the context of general LP problems. Use your result to
find out if
xf=3 x3=-1, x3=0, x¥=2
is an optimal solution of the problem
maximize 6x; + X3 — X3 — X4
subject to Xy + 2%, + X3+ X, <5
3y + X; — X3 <8
X, + X3+ x4 =1
X3, X4 = 0
9.6 One feasible solution of problem 1.8 calls for 10 assemblers and 30 instructors in the first
week, followed by 130 assemblers in each of the remaining three weeks. Use the result of
problem 9.5 to find out if this solution is optimal or not.
9.7 TIllustrate Theorems 9.2 and 9.4 on the system

2x+ 6y — z< —6
4x — 4y +32< 0
3x+ y—4:< 3
T7x — 3y—6z< 10
x— Sy+22< 2
Tx + 13y — 6z < -7
—6x— 2y+32< O
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Sensitivity Analysis

In linear programming problems arising from applications, the numerical data
often represent only rough estimates of quantities that are inherently difficult to
measure or predict. Market prices may fluctuate, supplies of raw materials and
demands for finished products are often unknown in advance, and production may;
be affected by a variety of accidental events such as machine breakdowns. In such.
cases, solving the initial LP problem is only the starting point for further analysis
of the situation. .

By replacing the original data by more pessimistic or optimistic estimates of the
unknown quantities, we may create a number of variations on the original theme.
Since each of these new LP problems might possibly represent the actual situation,
it is useful to find out how the optimal solutions vary with the changes in data.
It may be, for example, that the optimal solution is particularly sensitive to changes
in only a small set of parameters; if possible, these parameters should then be estimated
with greater accuracy. Other variations on the original theme arise when new vari-
ables and/or constraints are introduced. New variables may appear when new
products are developed. Similarly, new constraints may result from new production
policies. It may also happen that a new constraint actually had to be satisfied from

148
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the beginning but was simply forgotten in the original formulation. Investigations
of such changes are referred to as sensitivity analysis or postoptimality analysis.
Sensitivity analysis could be conducted in a straightforward way by solving each
of the modified problems from scratch. However, similar problems are likely to have
similar solutions, and so it is often easier to exploit the results obtained in solving
the original problem. This alternative strategy is the subject of the present chapter.

DUAL-FEASIBLE DICTIONARIES

)

In Chapter 2, we introduced the notion of a dictionary associated with a problem

n
maximize Y oepx;
i~

subject to Z a;x; < b; i=12...,m (10.1)

ji=1
x; =0 (i=12...,n).
The dictionary is any system of equations

Xy = Br - Z ars'xs ()’E B)
s¢B

(10.2)
z =d+ Y Tx,
s¢B
such that every solution xy, X5, . .., X+, z Of the system

Xpri = bi = ) ax; G=12...,m

n
z = Y cjx;
ji=1

is a solution of (10.2) and vice versa. Note that (10.2) may be a dictionary even if
b, < 0 for some r e B. That is, not every dictionary is feasible in the sense defined
in Chapter 2.

Our immediate objective is to point out a certain one-to-one correspondence
between the dictionaries associated with (10.1) and the dictionaries associated with
the dual problem. In order to make this correspondence more transparent, we shall
change the way in which the variables x, are subscripted; instead of denoting the
decision variables by x,, X250 000 X and the slack variables by x, 41, X142, - - Xp4m
as usual, we shall denote the decision variables by x,,4 1, Xm+25- - - » Xm+n and the
slack variables by x, x5, . . ., x,,. Thus, (10.1) will be recorded as
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m+n
ximize Y oex;
j=m+1
m+n
. . (10.3)
ject to Yo oax;<b (i=1,2...,m )
j=m+1 )

x; >0 G=m+1lm+2....m+n

e corresponding initial dictionary will be recorded as

m+n
bi_ Z a;;X; (1:1,2,,’")
j=m+1

—_— (10.4)

CiXj
j=m+1

1al problem of (10.3) is
imize Y by
i=1

m

ect to Yajyizce (j=m+1lm+2,...,m+n) (10.5)
i=1

y,ZO (i=1,2,...,m)

: corresponding initial dictionary reads

=—c+ Yay (=m+1lm+2...,m+n
i=1

(10.6)

1at dictionaries (10.4) and (10.6) are mirror images of each other in the sense
: actual coefficients appearing in a row of (10.4) are found with reversed signs
umn of (10.6) and vice versa. For instance, if (10.3) is the problem
imize 4x; — 13x, + Txs
:ct to 3x;3 + 2x, + 5x5 <5

X3 — 3x, +2x5 <3

X3, X4, X5 = 0

: dual problem (10.5) reads
nize Sy, + 3y,
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subject to 3y, + y. = 4
2y, — 3y, = —13

Sy, + 2y, > 7

Yiy2 2 0

and the two dictionaries (10.4) and (10.6) are

y3= —4+ 3y +

X =5—3x3 — 2x, — 5xs ya= 13+ 2y, — 3y,
x,=3— x3+ 3x,— 2xs and ys = —7+ Sy, + 2y,
z = dx; — 13x, + Txs —-w = = 5y; — 3y,

respectively. A further examination of this particular example reveals that the primal
and the dual dictionaries come in matching pairs. For instance,

ya= 4= 3y + s
x; = —4 4+ 3x, — llx, + x5 Ya = 1+ 1ly; — 3ys
Xx3= 3— x,+ 3x,— 2xs goeswith ys= 1 — y + 2y,
z = 12 —4x, — x4, — Xs —w = —12+ 4y, — 3y;

yo= 1+ 2y3— s
X3 = —5 — 2x; + Sx, — 19x, V) = 1 — S5y; 4+ 3ys
xs= 4+ x;—3x,+ llx, goeswith  y, = 12 + 19y, — 11y,
z = 8 — x;— x;— 12x, —w = —8+ S5Sy; — dy;

and so on. In each of these pairs, the primal dictionary is a mirror image of the dual
dictionary in the same way that (10.4) is the mirror image of (10.6). This situation is
no accident: if

X, =b, — Y Gx, (re B)

(10.7)

is a primal dictionary arising from (10.4), with x,(r € B) basic and x (s € N) nonbasic,
then
Vs = _Es+ zarsyr (SEN)

reB

—w = _a_ Z Bryr

reB

(10.8)

is a dual dictionary arising from (10.6), with y(s € N) basic and y,(r € B) nonbasic.



0 Sensitivity Analysis

:ation of this claim, left for problem 10.1, amounts to tedious plugging and
Chapter 2, we have been referring to dictionaries (10.7) as feasible if b, > 0

€ B. Now we shall refer to (10.7) as dual-feasible if the corresponding dual
ry (10.8) is feasible. Thus, (10.7) is dual-feasible if and only if ¢, < 0 for all

UAL SIMPLEX METHOD

i

ved in Chapter S, every LP problem in the standard form may be solved by
the simplex method to its dual; that is, an optimal solution of the primal
may be read off the optimal dictionary for the dual problem. The observa-
de in the last section imply that this strategy may be implemented without
ence to the dual problem: the sequence of feasible dictionaries created by
ex method working on the dual problem may be represented by a sequence
easible dictionaries associated with the primal problem. The resulting
1, designed by C. E. Lemke (1954) and known as the dual simplex method,
zs a valuable tool of sensitivity analysis.

licit description of the dual simplex method follows mechanically from the
a dual variable y, is basic in (10.8) if and only if the corresponding primal
x, is nonbasic in (10.7). Thus, a dual dictionary arising from (10.8) by a
'ot, with y; entering and y; leaving the basis, will correspond to the primal
y arising from (10.7) by a single pivot, with x; leaving and x; entering the
particular, if (10.8) is one of the feasible dictionaries created by the simplex
hen y; and y; are determined by the familiar rules: the choice of y; is moti-
the desire to increase —w and the choice of y; is dictated by the need to
‘easibility when y; increases. Formally, i may be any subscript i € B with

(109)
t be a subscript j € N that has

and T;/a; < ¢,/a; forall seN with @, <O. (10.10)

iteration of the dual simplex method, beginning with a dual-feasible
' (10.7), consists of first choosing a subscript i € B that satisfies (10.9), then
subscript j € N that satisfies (10.10), and finally pivoting, with x; leaving
ering the basis.
stration, suppose that (10.7) reads

-4 4 3x, — llx4 + X5
3— x4+ 3x, — 2x5

12 —4x, — x4 — Xs.
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To choose the leaving variable, we examine b, = —4 and b, = 3; the leaving vari-
able must be x,. To find the entering variable, we examine the ratios ¢,/a,, = 4/3
and ¢s/a,s = 1 (ignoring ¢,/a,, since d,, > 0); the entering variable must be x;.
The pivot with x entering and x, leaving the basis yields the dual-feasible dictionary

X3 = —5— 2x; + 5x, — 19x,
Xs= 44+ x;— 3x, + llx,
z = 8 — xy— x,— 12x,.

In general, each iteration of the dual simplex method is nothing but a disguised
version of an iteration of the simplex method working on the dual problem. This
particular example disguises the iteration that leads from

y2= 4= 3y + 3 yi= 1+ 2y3— s
Yo = I+ 1ly; — 3y, to y2= 1= Sy;+ 3ys
ys= 1= yi+ 2 ya= 12 + 19p; — 1lys
-w = —12 4+ 4y, — 3y, —w = —8+4 S5y; — 4ys.

Ifno i e B satisfies (10.9), then the computations terminate: since dictionary (10.7)
is not only dual-feasible but also feasible, it describes an optimal solution x¥, x%, ...,
x*,, by x* = 0 forall se N and x* = b, for all r € B. Similarly, if no j e N satisfies
(10.10), then the computations terminate: since the dual problem is unbounded, the
primal problem is infeasible. The latter conclusion may be also reached directly,
without any reference to the dual problem: if no j e N satisfies (10.10), then @;; > 0
for all s € N, and so the right-hand side of the equation

Xi=b; — Y Xy

seN
with b; < 0, assumes a negative value whenever the values of all x,(se N) are
nonnegative.

In Chapter 7, we saw how the simplex method may be implemented in the revised
format without the use of dictionaries. The dual simplex method may be implemented
similarly, with only the numbers b,(r € B) and ¢,(s € N) stored and updated in each
iteration. Working out the details amounts to answering the following four questions:

(i) How is the leaving variable x; found?
(iiy How is the entering variable x; found?
(i) How are the numbers b, updated?
(iv) How are the numbers ¢, updated?
The first question does not present any diﬂﬁcul}y since the numbers b,(r € B) featured
in (10.9) are readily available. CT
To answer the second question, we need only find a way of recovering the numbers
G,(s € N) featured in (10.10) from the original data. For this purpose, let us recall
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e first m rows of dictionary (10.7) may be recorded (in the notation of Chapter 7)

=B 'b — B 1Ayxy. (10.11)

leaving variable x; appears in the pth position of the basis heading, then it
pth equation in (10.11) that expresses x; in terms of the nonbasic variables,
1 it is the pth row of the matrix B™!A, that consists of the desired numbers
t the pth row of B"'Ay equals vA, with v standing for the pth row of B™!;
|, v itself may be found by solving the system vB = e with e standing for the
w of the m x m identity matrix. Hence the numbers a;,(s € N) may be com-
by first solving the system vB = e and then computing the row vector wy =
ach @, is a component w, of this vector wy.

inswer the third question, we need only recall that the numbers b,(r € B) are
g but the components x}(r € B) of the vector x* = [x¥, x%, ..., x* .]7 asso--
with dictionary (10.7); in fact, (10.11) may be written as

= x% — B 1'Ayxy.

numbers may be updated as in Chapter 7: having determined the entering
le x;, and therefore the entering column a, we solve the system Bd = a and,
> x§ by x} — ud, with ¢ standing for the new value of the entering variable.
alue t equals b,/a;;, which may be written as x}/w;.

inswer the fourth question, let us record the last row of (10.7) as

d+7Tx;+ Y, Cx,
seR

€ Rifand only if se N and s # j. Since pivoting amounts to substituting for
1

= <Bi - X — Z aisxs)/aij
seR

mula for z gets updated into

a -+ 'Z‘j(Ei - X; — Z _a-isxs)/_a-ij + Z Esxs‘

seR seR

implification, and writing w, for each @;(s € N), we obtain

(z—l + b &> — @©/w)x; + Z(ES — w, ﬁ)xs.
wj seR w;

‘he new coefficient T; at x; equals —¢;/w;, and the coefficient ¢, at each x;

= R gets replaced by T, — Tjw,/w; = T, + Tw,.

e findings are summarized in Box 10.1. Rather than beginning with a dual-

:dictionary (10.7), the iteration begins just with a vector x} whose components

3) are the numbers b, and with a vector €y whose components are the numbers
.
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BOX 10.1 Iteration of the Revised Dual Simplex Method
Step 1. If x} > O then stop: x* is an optimal solution. Otherwise, choose
the leaving variable; this may be any basic variable x; with x}* < 0.

Step 2. Solve the system vB = e with e standing for the pth row of the
identity matrix and with p such that x; appears in the pth position of the
basis heading. Compute wy = vA.

Step 3. Let J be the set of those nonbasic variables x; for which w; < 0.
If J is empty then stop: the problem is infeasible. Otherwise, find the x; in
J that minimizes ¢;/w; and let it be the entering variable. !

Step 4. Solve the system Bd = a with a standing for the entering column.

Step 5. Set the value x} of the entering variable at t = x¥/w; and replace
the values x3 of the basic variables by x} — td. Replace the leaving column
of B by the entering column and, in the basis heading, replace the leaving
variable by the entering variable. Set ; = —¢;/w; and add ¢w, to each
T, with s # i.

For illustration, we shall apply the revised dual simplex method to the problem

maximize cx subjectto Ax =b, x>0

with
-6 1 2 4 1 0 0 14
A= 3 -2 -1 -5 0 1 0], b=|-25],
-2 1 0 2 0 0 1 14
c=[-5 -3 -3 -6 0 0 0].

We may initialize by

x¥ 14
X;=|x¢l =|-25
x¥ 14

and€y = [¢,,€,,T3,Cq] = [—5, —3, —3, —6].
The first iteration begins.
Step 1. The leaving variable is x.
Step 2. Since B = I, the system vB = [0, 1, 0] reduces to v = [0, 1, 0]. We have
-6 1 2 4
wiwy,wa,we] =v| 3 -2 —1 —-5|=[3 -2 -1, -5}
-2 1 0 2
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2p 3. The set J consists of x,, x3, x,. Comparing the ratios 3/2, 3/1, and 6/5
find that x, has to enter the basis.

p 4. Since B = I, the system

4 4
Bd = | —5| reducesto d =] —5}{.
2 2

p5. Wehavet = x{/w, =5,

x¥ 14 — 4t —6 1- 4
XF=|xk|= t = 51, B=E, with E, = -5 ,
x% 14 — 2t 4

,C2,C3,C6] = [—5 + 3Cs, —3 — 2C¢, —3 — T¢, Co)
= [—86, —06, —1.8, —1.2].

: second iteration begins.
p 1. The leaving variable is xs.

p 2. Solving the system vB = [1,0,0] we find v = [1, 0.8, 0]. Hence

-6 1 2 0
W Wy, W, we] =V 3 —2 —1  1|=[-36—061208)].
-2 1 0 0

p 3. The set J consists of x; and x,. Comparing the ratios 8.6/3.6 and 0.6/0.6,
find that x, has to enter the basis.

7 4. Solving the system

1 —-0.6
3d =|—2| wefind d=] 04].
1 0.2
»5. Wehavet = x¥/w, = 10,
x% t 10 —-0.6
F=ix¥*|=15-04t|=1 1|, B=EE, with E,= 04 1 s
x* 4 — 0.2t 2 02 1

T1,C3,Cs,Ce] = [—8.6 — 3.605, —1.8 + 1.2¢5,C5, —1.2 + 0.875]
=[-5 -3, -1, -2].

- third iteration begins.
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Step 1. Since x§ > 0, the current solution is optimal. (This observation could
have been made in step 5 of the previous iteration; the update of Ty was not
strictly necessary.)

Extensions to the general setting of problems

maximize c¢x subjectto Ax=b, 1 <x<u (10.12)
are as follows. For every basic solution of (10.12), as defined in Chapter 9, we have
X = cpXp + caXy = ¢p(B7'b — BT 'ANxy) + caxy = 5B b + (e — ¢sBT A Xy,

We shall write €y = cy — ¢gB™'Ay. A basic solution x* is dual-feasible if each
nonbasic x; with ¢; > 0 has x} = u; and if each nonbasic x; with ¢; < 0 has x¥ = [;.
Each iteration of the revised dual simplex method, beginning with some dual-feasible
basic solution x* and with the corresponding vector cy, is as described in Box 10.2.

BOX 10.2 An Iteration of Revised Dual Simplex Method Extended

Step 1. If 13 < x} < ug then stop: x* is an optimal solution. Otherwise,
choose the leaving variable: this may be any basic variable x; with x} < [;
or xf > u;.

Step 2. Solve the system vB = e with e standing for the pth row of the
identity matrix and with p such that x; appears in the pth position of the
basis heading. Compute wy = VAy.

Step 3. If x¥ < [, then let J be the set of those nonbasic variables x; for
which w; < 0, x¥ < ujorw; > 0, x¥ > ;. If x} > u,, then let J be the set
of those nonbasic variables x; for which w; > 0, x¥ < w;orw; < 0,x} > [;.
If J is empty then stop: the problem is infeasible. Otherwise, find the x; in
J that minimizes |¢;/w;| and let it be the entering variable.

Step 4. Solve the system Bd = a with a standing for the entering column.
Step 5. Sett = (xf — l)/w; in case x} < [, and t = (x¥ — u;)/w; in case
x¥ > u;. Replace the value x} of x; by x} + t and replace the values x} of
the basic variables by x} — td. Replace the leaving column of B by the
entering column and, in the basis heading, replace the leaving variable
by the entering variable. Set ¢; = —t;/w; and add Tw, to each ¢, with s # i.

We shall not worry about initialiiing the dual simplex method: whenever an
application of this method is called for in sensitivity analysis, a dual-feasible basic
solution is readily available.
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SENSITIVITY ANALYSIS
€ N —

Now we shall explain how the results found by the simplex method in solving a
problem

maximize c¢x subjectto Ax =b, 1< x<u (10.13)
can be exploited in solving modified versions of (10.13).
« If the changes leading from (10.13) to its modified version
maximize €x subjectto Ax =b, 1<x<u (10.14)

are restricted to the objective function cx, then the previously found optimal
basic solution x* of (10.13) remains feasible in (10.14), and so it can be used to
initialize the simplex method on (10.14). The intuitive advantage of this strategy
over solving (10.14) from scratch is obvious: if T differs from ¢ only slightly, then
an optimal solution of (10.14) is likely to differ from the optimal solution x* of
(10.13) only slightly, and the number of simplex iterations leading from x* to
an optimal solution of (10.14) is likely to be relatively small. In fact, x* may even
be dual-feasible, and therefore optimal, in (10.14).

« If the changes leading from (10.13) to its modified version
maximize cx subjectto Ax=1b, I<x<u (10.15)

are restricted to the right-hand side b, then the previously found optimal basic
solution x* of (10.13) defines a basic solution X of (10.15) by X, = x¥ and BX; =
b— AyXy. It is easy to see that X is dual-feasible, and so it can be used to initialize
the dual simplex method on (10.15). Again, the intuitive advantage of this strategy
over solving (10.15) from scratch is obvious: if b differs from b only slightly,
then an optimal solution of (10.15) is likely to differ from x* and X only slightly,
and the number of dual simplex iterations leading from X to an optimal solution
of (10.15) is likely to be relatively small. In fact, X may even be feasible, and there-
fore optimal, in (10.15).

* The technique for handling changes in the objective function can handle even
more extensive changes as long as a feasible basic solution remains available
for initializing the simplex method on the resulting problem. In particular, this
is the case when new variables x; with [; = 0 oru; = Oare introduced. For example,
if [x*, x%, ..., x¥]7 is an optimal basic solution of the problem

6
maximize > oex;
j=1

6 (10.16)
subject to Yoaxi=b (i=1,273)

~
]

—~—
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then [x¥, x%, ..., x§, 0]” is a feasible basic solution of the problem

;
maximize Y e

7
subject to > ayx; = b (i=1,23)

<y (=12...,7

aslong as [, = 0 or u, = 0. (The new variable x, is nonbasic.)

Similarly, the technique for handling changes in the right-hand side can handle
even more extensive changes as long as a dual-feasible solution remains available
for initializing the dual simplex method on the resulting problem. In particular,
this is the case when new constraints are introduced. For illustration, let us add
two new constraints,

6 6
Y aux; < b, and ) agx; = bs
j=1 j=1

to problem (10.16). The resulting problem may be recorded as

6
maximize > oex;
=1
6
subject to Y ax; =b (i=123)
i=1
6
au:X; + x =b
j; R ¢ (10.17)
6
Z aij]' + Xg = bs
ji=1
L<x;<u  (j=12...,6

0<x;,< +
0<xg<0.
Itis a routine matter to verify that a dual-feasible basic solution [x}, x%, ..., x§]"

of (10.17) can be obtained from the previously found optimal solution [x¥, x%, . . .,
x¥]T of (10.16) by setting

6 6
L — * L - *
X7 = b4_ - Z a4;X5, Xg = bs - Z as;X;
= =

and by letting the new set éf ﬁ\/e basic variables consist of the three old basic

variables along with the two new slack variables x,, xg. The details are left to the
reader as an exercise.
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More generally, if k constraints are added to a problem with m rows and n columns,
then the resulting problem has m + k rows and n + k columns. The previously
found optimal solution of the original problem extends into a dual-feasible basic
solution of the new problem; the new set of m + k basic variables consists of the
old m basic variables along with the k new slack variables.

* Now consider a completely general transformation of a problem

maximize ¢x subjectto Ax=b, 1<x<u (10.18)

into a problem

maximize €x subjectto Ax =b, T<x<i - (10.19)

If the changes leading from (10.18) to (10.19) are only slight, then an optimal
solution of (10.19) is likely to differ from the previously found optimal solution
x* of (10.18) only slightly. Rather than solving (10.19) from scratch, we may convert
x* into a basic solution X of (10.19) and, if X turns out to be feasible or dual-feasible,
use it to initialize the simplex method or the dual simplex method, respectively.
As long as the entries g;; of A remain unchanged for all variables x; basic in x*,
the vector X may be obtained by first converting x¥ into X, and then solving the
system BX; = b — A,Xy. (Changes of a; ;at basic variables x; might ruin this plan
by making B into a singular B. A way of bypassing this difficulty is suggested
later in this section.)

How do we convert x¥ into X ? Since X must be a basic solution, each restricted
nonbasic variable must be set at one of its bounds. For nonbasic variables with
one-sided restrictions, this requirement leaves us no choice; we must have

X; =1 whenever [; isfiniteand %; = 4+
X; =1;  whenever #; isfiniteand I;= —oo.

On the other hand, unrestricted nonbasic variables may assume arbitrary values;
to keep Xy close to x3, we may set

X; = x¥ whenever ;= —o0 and #%; = +o0.

Now there remain only the nonbasic variables that are restricted from both sides
in (10.19). For each of these variables x;, we must have X; = [; or X; = ;. It will
be convenient to set

o]

. — 1 L —
X; = if x¥=1

i

i

— 1 ¥
=1U, if x¥=u;

<.
<

(Actually, these instructions ‘may be self-contradictory if [; = u; but TJ < i If
such is the case, we may choose between X; = [|; and X; = #;. A similar choice can
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be made in the only remaining case where I, and #; are both finite but [; = — oo
and u; = +00.)

In particular, note that X is dual-feasible in (10.19) if the changes leading from
(10.18) to (10.19) are restricted to the~lower bounds I; and the upper bounds u;,
with each finite I; replaced by a finite I; and each finite u; replaced by a finite 1.
* Even when X turns out to be neither feasible nor dual-feasible in (10.19), the
transformation of (10.18) into (10.19) can still be handled by a combination of
the simplex method and the dual simplex method. The trick is to interpose an
intermediate problem between (10.18) and (10.19) so that the transformation of
(10.18) into the intermediate problem can be handled by the simplex method, and
the transformation of the intermediate problem into (10.19) can be handled by
the dual simplex method. The problem

maximize ex subjectto Ax =b, I* < x < u* (10.20)
with

* — ¥ * _ 7 % 7

=X, uf=1 whenever X; < [;

* T R < ~

F=1, uf=%; whenever X; > ;

* T * _ 7 % ~

F=1, uf=17 whenever [; < X; < #;

can always serve as the intermediate problem. [In this case, X is a feasible basic
solution of (10.20), and each optimal basic solution of (10.20) can be converted
into a dual-feasible basic solution of (10.19) as described earlier. ]

« To fit changes of the coefficients a;; at variables x; basic in x* into this scheme,
we need only think of each such change as an introduction of a new variable
combined with a replacement of [; and u; by zeros. For instance, consider the
problem

maximize c¢x subjectto Ax =b, I<x<u
with
ayy Gy Ay3 Ay Qs
A= |ay ay a3 dyq dys
a3y A3z A3z dzg Q43s
ce=[c; ¢ ¢35 ¢y ¢s)
1= [ll I I3 la ls]T
— T
u=[u u, us u; us]"
If x, is a basic variable in the previously found optimal solution x* and if the

coefficients a,,, a,,, as, are replaced by d;,, @,,, d3,, respectively, then the
resulting problem may be presented as (10.19) with b = b and
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Parametric Linear Programming
In linear programming problems arising from applications, the coefficients in the objective
function may be linear functions of some parameter p rather than constants. For instance, net
profits may depend on a variable price p of some raw material. In other situations, it may be
unclear which of the two objective functions should be maximized. In such cases, a compromise
between maximizing ¢x and maximizing €x is to maximize pex + (1 — p)ex = (€ + p(c — €))x
for some fixed value of p between zero and one. Here, the parameter p measures the relative
importance of ¢x as opposed to that of €. Since the choice of its actual value may be a highly
subjective matter, it may be enlightening to find out how the optimal solution changes with
changing p. Such investigations are known as parametric linear programming.

What is called an LP problem with a parametric objective function is actually an infinite family
of LP problems

maximize (¢’ + pc’)x subjectto Ax =b, I1<x<u (10.21)

one for every value of p. We are going to show that the dependence of the optimal value of (10.21)
on the value of the parameter p always follows the same simple pattern. For illustration, let us
consider the problem
maximize B =2px; + (=3 + p)x, + x3
subject to x; + 2x, + 3x3, <5
2%, + X, +4x3 <7
X, >20,0<x,<2,x3<0

(10.22)

which, after the usual introduction of slack variables, may be presented in the format (10.21)
with ¢/ = [3, —3,1,0,0], ¢" = [-2,1,0,0,0], and so on. It is a routine, if tedious, matter to
verify that (10.22) has precisely six basic feasible solutions,

x*=[3 1, 0 0 o]
x*=[0, 0, 0 5 7
x*=[35 0, 0, 15 0]
x*=[0, 2 0 1 5]
x*=[1 2 0, , 317
x*=[55 2 —15 0, O]
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For every fixed value of p, one of these six solutions must be optimal or else the problem must be
unbounded. Hence the optimal value of (10.22), if it exists at all, equals the largest of the six
numbers 6 — 5p, 0, 10.5 — 7p, —6 + 2p, —3, 9 — 9p, specifying the respective values of the
objective function at our six solutions. More generally, we have the following result.

THEOREM 10.1. 1f(10.21) has an optimal solution for at least one value of p, then there
are a finite number of linear functions r; + $;p, r, + S3p, ..., r + Sp and an interval 7
with the following properties:

(i) If p¢ I then(10.21) is unbounded.

(i) Ifp e I then(10.21) has an optimal solution and its optimal value z* = z*(p) equals
the largest of the k numbers r; + s,p,r, + S3p, ..., 1y + Sp-

PROOF. Let I denote the set of those values of p for which (10.21) is not unbounded. Since
(10.21) has an optimal solution for at least one value of p, it has a feasible solution for every
value of p, and so it has an optimal solution whenever p € 1. Showing that I is an interval amounts
to showing that p € I whenever p, < p < p, and p,, p, € I. To establish this fact, observe that
u(c’ + pie)x + L% (c" + pac)x

P2 — Py P2 — Py

(¢ + p")x =

and so every feasible solution x of (10.21) satisfies

D2 — D

(© + pe)x < #(py) + L0
D2 — D1

z*(p,).
i 21

To establish (ii), we rely on the results of Chapter 8. Theorems 8.3 and 8.4 guarantee that(10.21)
has a finite number k of feasible solutions such that for every p € I, one of these k solutions is an
optimal solution of (10.21). Hence, z*(p) is the largest of the k numbers z,(p), z5(p), - - -, z(D),
the ith of which stands for the value of the objective function at the ith of our k solutions. To
complete the proof, write r; = ¢'x* and s; = ¢”x* for the ith solution x*, and observe that z;(p) =
€ + pe)x* = r; + s;p.

Now we turn to the algorithmic problem of solving the infinite family of problems (10.21) in
only a finite time. The procedure implicit in our proof of Theorem 10.1 is unsatisfactory on at
least two counts: it does not provide a constructive way of finding I and, in general, it enumer-
ates far too many candidates for optimal solutions of (10.21). To illustrate the second point, we
observe that the first and fifth of the six basic feasible solutions in our example are never optimal;
in fact,

9—-9p for p< —0.75
105 —7p for —075<p< 15
0 for 1.5<p<3
—6+2p for p>3.

max(6 — 5p,0,10.5 — 7p, =6 + 2p, —3,9 — 9p) =

A procedure designed by S. I. Gass and T. Saaty (1955) bypasses such hopeless candidates auto-
matically by continuously varying the value of p and monitoring the attendant changes in the
optimal solution of (10.21). We are going to illustrate this procedure on our example (10.22).
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As a preliminary step, the parameter p is set at some arbitrarily chosen level, and the resulting
LP problem is solved by the simplex method. Setting p = 0 in (10.22), we obtain the problem

maximize 3x; — 3x; + x5

subject to X; + 2x, +3x3 <5
2x; + x; +4x3 <7
x; 20,0<x, <2,x3<0.

(10.23)

Solving this problem by the simplex method, we arrive at the basic feasible solution
[35,0,0,1.5,0]", compute the vectory = [0, 1.5], find that x; may enter the basis, and discover
that there is no candidate for leaving the basis. In short, we discover that (10.23) is unbounded:
its solution

[35 + 26,0, —1,15 + t,0]7 (10.24)

is feasible whenever t > 0, and the corresponding value 10.5 + 5t of the objective function can
be made arbitrarily large by making ¢ sufficiently large.

The next step consists of finding all the other values of p for which this status quo persists.
The value of the parametric objective function (3 — 2p)x, + (=3 + p)x, + x5 at (10.24) equals
(10.5 — 7p) + (5 — 4p)t. This quantity can be made arbitrarily large as long as 5 — 4p > 0.
Thus, we conclude that (10.22) is unbounded whenever p < 1.25.

To find out what happens when p > 1.25, we raise p to 1.25 and discover that the basic feasible
solution [3.5,0,0, 1.5,0]" is optimal in the resulting problem. Again, the next step consists of
finding all the other values of p for which this status quo persists. Toward this end, we first solve
the system yB = ¢z with ¢z = ¢ + pcj and then compare the vectors yAy and ¢y = cjy + pcy.
Solving the system

11
y[2 :I =[3 - 2p,0] weobtain y=[0,15— p].

Comparing the vector yAy = [1.5 — p,6 — 4p, 1.5 — p] with ¢y = [—3 + p, 1,0], we find
that [3.5,0,0, 1.5, O]T remains optimal as long as

15—p>-3+4+p 6—-4p<1, and 15—-p=>0. (10.25)

In short, [3.5,0, 0, 1.5, 0]" is an optimal solution of (10.22) whenever 1.25 < p < 1.5.

To find out what happens when p > 1.5, we think of p as being raised just slightly above 1.5
and observe that the inequality 1.5 — p > 0 in (10.25) becomes violated. Now x5 becomes
eligible for entering the basis; the resulting simplex iteration brings us to the basic feasible solu-
tion [0, 0,0, 5, 7]7. For which values of p is this solution optimal? Solving the system

y[l 1] =[0,0] weobtain y = [0,0].

Comparing the vector yAy=[0,0,0] with ¢y=[3—2p, —3+p, 1] we find that [0,0,0, 5, 7]”
is optimal whenever

0>3-2, 0> —-3+p, and 0< 1. (10.26)

In short, [0, 0, 0, 5, 7]” is an optimal solution of (10.22) whenever 1.5 < p < 3.

To find out what happens when p > 3, we think of p as being raised just slightly above 3 and
observe that the inequality 0 > —3 + p in (10.26) becomes violated. Now x, becomes eligible
for entering the basis; the resulting simplex iteration brings us to the basic feasible solution
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[0,2,0,1,5]". For which values of p is this solution optimal? Comparing the vector yAy =
[0,0,0] with ¢y = [3 — 2p, —3 + p, 1] we find that the answer is affirmative whenever

0>3-2p, 0<—-3+p, and 0< L

In short, [0, 2,0, 1,5]7 is an optimal solution of (10.22) whenever p > 3. Now (10.22) is solved
completely; note that the useless basic feasible solutions [3,1,0,0,0,]7, [1,2,0,0,3]", and
[5.5,2, —1.5,0,0]7 have never even come under consideration.

Incidentally, even this procedure may take a considerable time on small but sufficiently nasty
examples such as

maximize Y (p— 2" )x;
j=1

] ' 1027
subject to x+2 Yy x; <4 i=12...,n ( )

j=it1

x; =0 (j=12...,n).

These examples, constructed by K. G. Murty (1980), are closely related to the Klee-Minty exam-
ples of Chapter 4. They have 2" basic feasible solutions, each of which is a unique optimal solution
of (10.27) for a suitably chosen value of p. It follows that any procedure for solving (10.27) must
enumerate 2" basic feasible solutions in this case; already when » is as small as ten, there are more
than a thousand basic feasible solutions to be enumerated.

Before leaving the subject of parametric objective function, let us note that Theorem 10.1
applies just as well to minimization problems

minimize (¢’ + pe”)x subjectto Ax =b, I<x<u

as soon as “the largest” in (ii) is replaced by “the smallest.” After this observation, we are ready
to tackle LP problems with a parametric right-hand side,

maximize ex subjectto Ax =b"+ pb”, 1< x<u
and, more generally, parametric LP problems

maximize e¢x subject to Ax =b" + pb”, I' + pl" < x < u' + pu". (10.28)

THEOREM 10.2. 1f(10.28) has an optimal solution for at least one value of p, then there
are a finite number of linear functions ry + $,p, r; + S,p, ..., r + Sp and an interval |
with the following properties:

(i) If p¢ I then(10.28) is infeasible.

(ii) If peI then (10.28) has an optimal solution and its optimal value z* = z*(p)
equals the smallest of the k numbers r, + s,p, 7, + $3p,..., 7 + SiP.

PROOF. Note that the dual of (10.28) is a minimization problem with a parametric objective
function. Now the desired conclusion follows directly from the observation made just before the
statement of this theorem, combined with the duality theorem: if the dual is unbounded, then the
primal is infeasible, and if the dual has an optimal value z*, then z* is also the optimal value of
the primal. |
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Every infinite family (10.28) of LP problems can be solved in only a finite time by a procedure
analogous to the procedure suggested for solving (10.21), except that now the optimal solutions
vary continuously with p and simplex iterations are replaced by dual simplex iterations. For
illustration, let us consider the parametric problem

maximize X, + 4x; + X3
subject to 2%y + 5%, + x3 <7 =3
) 1 2 3 P (1029)
X+ 3%, +x3;<5-2p

Xy =2 pXx; 20,0<x3 <34 2p

Setting p at zero and applying the simplex method to the resulting problem, we find the optimal
solution [0, 1,2,0,0]”. Even though this vector ceases to be a solutlon of (10.29) as soon as
p # 0, it points out a family of basic solutions

[p1—p,200]" (10.30)

by specifying that x,, x5 are basic and that x,, x4, x5 are at their lower bounds. In fact, each of
these basic solutions is dual-feasible regardless of the actual value of p; in addition, it is feasible
aslongas1 — p > 0and 2 < 3 + 2p. Thus we conclude that (10.30) is an optimal solution of
(10.29) whenever —0.5 < p < 1.

To find out what happens for the remaining values of p, we first think of p as being raised just
slightly above 1. Now x, becomes eligible for leaving the basis in the dual-feasible basic solution
(10.30); the resulting dual simplex iteration brings us to the basic solution

[p,0,7 = 5p,0, =2 + 2p]". (1031)

Since this dual-feasible solution remains feasible as long as 0 <7 — 5p < 3 + 2p and
—2 + 2p > 0, we conclude that (10.31) is an optimal solution of (10.29) whenever 1 < p < 14.

Next, we think of p as being raised above 1.4. Now x; becomes eligible for leaving the basis in
the dual-feasible basic solution (10.31); as there are no candidates for entering the basis, we con-
clude that (10.29) is infeasible whenever p > 1.4.

Finally, we return to our starting point —0.5 < p < 1 and think of p as being lowered below
—0.5. Now x, becomes eligible for leaving the basis in the dual-feasible basic solution (10.30);
the resulting dual simplex iteration brings us to the basic solution

[p,0.8 — 1.4p,3 + 2p,0, —0.4 — 0.8p]". (1032)

Since this dual-feasible solution remains feasible as long as 0.8 — 1.4p > Oand — 0.4 — 0.8p > 0,
we conclude that (10.32) is an optimal solution of (10.29) whenever p < —0.5.
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"PROBLEMS

10.1

102

103

Writing
1 if i=j i
;=0 and ga;= o for j=12....m
J

by=0 and g;= for i=m+1Im+2....m+n

-1 if r=s

b, =0 d &=
" and @ 0 if r#s

¢, =0 and E,s={ . for seB

prove the following:
(i) Ifevery solution Xy, X,, ..., X,,+,, z of (10.4) satisfies (10.7), then

m+n m+n m+n m+n

Y dua;=0, Y a@ib;=b, Y Ta;=—c;, Y b= —d (10.33)
i=1

i=1 i=1
forallreBandallj=m+ I,m+ 2 ...,m+ n
(11) Ifevery solution X,, X,, . . . , X,, 44, 2 Of (10.7) satisfies (10.4), then

m+n m+n m+n m+n

Y ad,=0 Y ab =b, Y cB,=-C, y cb=4d (10.34)
r=1 r=1

r=1

i=1

r=1

forallse Nandalli=1,2,...,m.

(iii) If (10.34) holds for all se N and all i = 1,2,...,m, then every solution y,,
Y2s- -« Ymem WOl (10.6) is a solution of (10.8).

(iv) If(10.33) holds forallreBandallj =m + I,m + 2,...,m + n, then every solu-
tion Yy, Y2, - - - » Vm+n» W Of (10.8) satisfies (10.6).
The optimal solution of the illustrative problem of Chapter 7 calls for 39 bookcases, 48
chairs, and 30 bedframes to be produced per day. Solve the following variations:
(i) The net profit brought in by each desk increases from $13 to $15.
(i) The availability of metal increases from 117 to 125 units per day.

(iii) The company may also produce coffee tables, each of which requires three hours
of work, one unit of metal, two units of wood, and brings in a net profit of $14.

(iv) The number of chairs produced must be at most five times the numbers of desks.
(v) The demand for wood per chair increases from three to four units.

The optimal solution of the problem
maximize e¢x subjectto Ax =b, x>0

with
8 5100 32
A=[8 6 0 1 0] - b=]|33],
8 700 1 35
ce=[1 10 0 0]
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is [0, 5,7, 3,0]". Use this information to solve the problem
maximize €x subjectto Ax =b, x>0
with € = [2,1,0,0, 0]. Would it be more difficult to solve the new problem from scratch?

104 Solve (10.27) with n = 3.

10.5 Solve the variation on problem 1.8 in which the demand for the radios is a parameter
unknown in advance.
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Efficient Allocation
of Scarce Resources

The problems that come under the general heading of this chapter constitute perhaps
the most obvious area of linear programming applications. We shall illustrate these
applications on two examples. The first is a case study reported by P. A. Wardle (1965);
the second comes from an expository paper by E. R. Swanson and K. Fox (1954). At
the end of the chapter, we shall review the diet problem of Chapter 1 from a more
realistic point of view. Even though the problems in this chapter are the kind a
consultant might come across in practice, our discussion will be confined to the
strictly mathematical aspects of the consultant’s job. For an introduction to some of
the other aspects of the job, the reader is referred to the essays of R. E. D. Woolsey
(1972a, 1972b, 1973, and the “Fifth Column™ essays in Interfaces from 1974 to 1981.
We recommend these essays highly for their wit, eloquence, and, above all, the
worthy causes they champion: honesty, realism, and common sense.

CASE STUDY IN FORESTRY

1

The setting, New Forest, is a I;ark and forest district of approximately 145 square
miles situated in Hampshire, England. Thus we shall count money in pounds and
measure lumber in Hoppus feet. (A Hoppus foot, abbreviated h.ft., is the volume of a

171
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board 1 foot square and 1 inch thick; close equivalent American measure is the
board foot.) The management of New Forest had to choose a felling program for an
area of about 30,000 acres, with the objective of maximizing the net discounted
revenue over the next decade. The problem considered here involves @nly part of
that area; some 8,500 acres with six different crop types shown in Table 11.1.

Table 11.1 New Forest Crop Types

Volume if felled

Crop type Description Acres (h.ft./acre)
1 High-volume hardwoods 2,754 ‘ 2,000

2 Medium-volume hardwoods 850 1,200

3 Low-volume hardwoods 855 700

4 Conifer high forest 1,598 4,000

S Mixed high forest 405 2,500

6 Bare land 1,761

The hardwood areas are further classified into those with a complete undergrowth,
those with a partial undergrowth, and those with no undergrowth. The corresponding
acreages are shown in Table 11.2.

Table 11.2 Classification of Hardwood Areas

Complete Partial No
undergrowth undergrowth undergrowth Total

High-volume hardwoods 357 500 1,897 2,754
Medium-volume hardwoods 197 130 523 850
Low-volume hardwoods 39 170 646 855

Any number of acres of any crop type can receive one of two basic treatments: fell
and plant conifer (treatment 1A) or fell and plant hardwood (treatment 1B). When
applied to bare land, these treatments become “plant conifer” or “plant hardwood.”
In addition, for hardwood areas with a complete undergrowth, management has the
option of felling and retaining the undergrowth (treatment 2); similarly, for hardwood
areas with a partial undergrowth, management has the option of felling and enriching
the undergrowth (treatment 3). A final option is simply to postpone treatment
altogether for any number of acres of any crop type.

The net discounted revenue (NDR) over the next ten years varies with treatment
and crop type. These figures, in pounds per acre (£/acre), are estimated in Table 11.3.
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Table 11.3 Estimate of
Net Discounted Revenue (£/acre)

Treatment

T - No
Crop type 1A IB 2 3 treatment
1 287 215 228 292 204
2 207 135 148 212 148
3 157 85 98 162 112
4 487 415 —  — 371
5 337 265 — — 264
6 87 15 — — 61

In abstract jargon, the various treatments would be referred to as activities and the
various areas with different crop types would be referred to as resources; hence the
title of the present chapter.

Visual amenity requirements and a limited labor capacity dictate the following
four conditions.

(i) The treated area must not exceed 5,000 acres.
(i) The resulting conifer area must not exceed 3,845 acres.
(iii) The volume of felled hardwood must not exceed 2.44 million h.ft.

(iv) The volume of felled conifer and mixed high forest must not exceed 4.16
million h.ft.

The conifer area in (ii) is the area of newly planted conifer plus the untreated area
of old conifer. Estimates of the average volume per acre of each of the five crops are
listed in Table 11.1.

To formulate the problem in linear programming terms, let us first examine Table
11.3. For each of the six crop types, the NDR resulting from treatment 1A exceeds
the NDR resulting from treatment 1B by £72. This is hardly surprising: the NDR
brought in by felling and planting equals the sum of two components, the NDR
brought in by felling plus the NDR brought in by planting. Actually, the first com-
ponent (the NDR brought in by felling) comes to £1 per 10 h.ft. felled; the second
component (the NDR brought in by planting) is £87 per acre if conifer is planted, and
£15 per acre if hardwood is planted. Thus, where only felling is concerned, the dis-
tinction between treatments 1A and 1B is irrelevant; we may refer to both 1A and
IB as treatment 1. On the other hand, where only planting is concerned, the crop
types formerly occupying the area are irrelevant: all that matters are the total acreages
of newly planted conifer and newly planted hardwood.
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If x;; acres of crop type i receive treatment j, and if x, acres are planted with conifer,
then

Xyp + X3y + X3p + Xgg + X5y + Xgy — Xo

acres get planted with hardwood. If no conifer is planted (x, = 0), then the resulting
NDR equals

215x,; + 228xy5 + 292x,3 + 204(2,754 — x;{ — X123 — X13)

+ 135x,, + 148x,5 + 212x,5 + 148(850 — X5, — X33 — X33)

+ 85x3; + 98x3; + 162x33 + 112(855 — Xx3; — X35 — X33)

+ 415x,, + 371(1,598 — x4,)

+ 265xs5, + 264(405 — x54)

+ 15x¢; + 61(1,761 — x¢;) = 1,590,575 + 11x;, + 24x,, + 88x,;
— 13x,, + 64x,,
— 27x3, — 14x5, + 50x33
+ 44x,, + X5, — 46X4,.

With each acre where hardwood planting is replaced by conifer planting (an increase

of x, by one unit), the NDR grows by £72. Hence, in general, the total NDR equals
£1,590,575 plus

Ilxyy + 24x, + 88xy3 — 13x,; + 64x,;3 — 27x4,

—14x3; + 50x33 + 44x4, + X5; — 46X4; + 72X,. (L)
We wish to maximize (11.1) subject to the physical constraints
Xyp + Xy + X453 < 2,754
Xa1 + X35 + X33 < 850
X33 + X35 + X33 < 855
—Xyp = Xy — X3p — X413 — X5y — Xg; + Xo < 0 (112)
Xy =0, 0<x,, <357, 0 < x,53 < 500,
X, > 0, 0 < x,, <197, 0 < x,; < 130,
x3; > 0, 0< x5, < 39 0 < x33 < 170,

0 < X41 < 1,598, 0 < X5 < 405, 0 < x61 < 1,761, Xo > 0

combined with the four constraints imposed by the management:
Y. x;; < 5,000
i.j
Xo — Xq1 < 2,247 (11.3)

2(x11 + X132 + x13) + 1.2(.le + X5, + x23) + 0.7(X31 + X32 + x33) < 2,440
by, + 2.5%5, < 4160.
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[The second of our constraints in (11.3) is an equivalent version of the inequality
xo + (1,598 — x,4,) < 3,845 that stipulates the condition (ii).]
The simplex method takes only seven iterations to find the optimal solution,

Xt = 5825,  x%, =500, x%, =130, x%, = 170,

11.4
1,040,  x¥, = 1,664.5,  x% = 37287 (11.4)

*
X11

with all the remaining variables at zero. The managers of New Forest found this
proposal unsatisfactory on grounds that they had neglected to verbalize before the
LP problem was solved. Now they declared that, in order to “conform with require-
ments of visual amenity,” a felling program must meet yet another condition:

(v) Atleast 500 acres must be planted with hardwood.

[Note that (11.4) calls for no hardwood planting at all.] In algebraic terms, this
requirement amounts to replacing the right-hand side 0 in the fourth inequality in
(11.2) by —500. Clearly, this situation calls for the dual simplex method. Along the
lines of Chapter 10, the optimal solution (11.4) of the original problem may be
converted into a dual-feasible basic solution of the modified problem,

Xy = 5825,  X;3 =500, Xp5=130, a3 = 170,

(11.5)
%o = 1,040, X, = 2,1645, %, = 3287

with all the remaining variables at zero. The dual simplex method, initialized
by (11.5), takes only one iteration to find the optimal solution of the modified
problem,

Xt = 36523,  x%; =500, x%; =130, x%; = 170,
62077,  x¥ = 1,040, x¥ = 1761, x}% = 3287

£ 3
X31

with all the remaining variables at zero.

The information supplied by the simplex method extends beyond the optimal
values of the primal variables: as explained in Chapter 5, the optimal values y} of
the dual variables may be interpreted as marginal values of resources. The y¥’s
associated with the physical constraints (11.2) indicate the extra profits that we would
realize if we had a few extra acres of a specified crop type. Since the few extra acres
are unlikely to materialize out of the blue, the corresponding y¥’s are of little impor-
tance. However, the y¥’s associated with conditions (i) through (v) are interesting
to inspect. Their respective values—O0, 24.5, 29.2, 29, 47.5—indicate the rates of
penalties paid in lost profits for. conforming to the five requirements. (It does not
come as much of a surprise that the first of these values is zero: since the optimal
solution calls for treatment of only 4,587 acres, condition (i) represents no real
restriction.)
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Our report to the management of New Forest might go as follows.

« We suggest the following course of action. Fell hardwood with a partial under-
growth, and enrich the undergrowth in the entire 800 acre area. In addition, fell
365 acres of high-volume hardwoods, 621 acres of low-volume hariwoods, and
1,040 acres of conifer high forest. In the resulting area of 2,026 acres, combined
with all the bare land, plant conifers on 3,287 acres and hardwood on 500 acres.

The total treated area will amount to only 4,587 acres, well within the upper
limit of 5,000. As stipulated, 500 acres will be planted with hardwood. The
558 acres.of untreated conifer high forest will combine with 3,287 acres of newly
planted conifer to yield only 3,845 acres. If the estimates of volumes per acre
are more or less correct, then the volume felled from hardwood will be about
2.44 million h.ft. and the volume felled from conifer will be about 4.16 million h.ft.

Finally, if the figures predicting the various net discounted revenues are rea-
sonably accurate, then this felling program will yield a total NDR of some
£1,840,000. Under the present circumstances, this is the most that can be hoped for.

« Additional profits could be realized if you relaxed your requirements (ii), (iii), (iv),
and (v). Should you be tempted to do so, the following figures may help you in your
decision. Each thousand h.ft. felled in addition to the 6,600 thousand h.ft. that may
be felled now would bring in an additional NDR of about £29. Similarly, relaxing
the upper bound on the conifer area would bring in extra NDR at the rate of
£24.5 per acre; relaxing the lower bound on the area planted with hardwood
would bring in extra NDR at the rate of £47.5 per acre.

The upper limit on the volume felled seems to stem mainly from limited work-
force capacity. If that is the case, then you should look into the possibility of
having your people work overtime or hiring extra labor. The extra £29 per acre
might be well worth the overtime bonuses and/or training costs.

The rates quoted here apply to moderate changes in your policy; for drastic
changes, the profits may increase at slower rates. Nevertheless, as soon as you
decide to consider specific changes in the policy, we can easily work out the
corresponding optimal felling program. If you are willing to consider, even ten-
tatively, several alternative policies, do not hesitate to tell us about them; having
many different scenarios to choose from cannot possibly hurt your final decision.

¢ How reliable are the NDR predictions? We might be able to help you further
if we knew how these figures were calculated and where the data came from. If
some members of your group have more faith in a different set of figures, tell us
about it. If the corresponding optimal felling program differs from that presented
here, then we shall also provide you with a range of in-between felling programs.

This report is an invitation to a continuing dialogue with the managers. Of course,
if the managers trust the data and if their policy is absolutely firm, then we simply
collect our fee and catch the 5:32 to Victoria Station.
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EXAMPLE FROM FARM PLANNING

L R

Unlike the first example, this is not an actual case study. The objective of E. R.
Swanson and K. Fox was to promote the use of linear programming by illustrating
its applicability to farm planning. For that purpose, they considered a fictitious farm
somewhere in central Illinois, with 320 acres of land and a total labor force of two
workers for the entire year. The data were compiled by averaging from various sta-
tistics and estimates.

The farm activities fall into two broad groups: crop enterprises and livestock
enterprises. The authors assume that a fixed cropping system has already been
adopted; the remaining labor supply available for the livestock enterprises varies
with the time of year as follows.

Month Hours
January 420
February 415
March 355
April 345
May 160
June 95
July 380
August 395
September 270
October 230

November 310
December 420

Five livestock enterprises are common to the corn belt:
(1) Spring litter hog enterprise.
(i) Fall litter hog enterprise.
(i) Full-feed drylot feeder cattle enterprise.
(iv) Full-feed pasture feeder cattle enterprise.
(v) Delayed-feeding feeder cattle enterprise.
In the hog enterprises, the pigs are fafrowed either in February (spring litter) or in
August (fall litter) and sold-about six months later. In the cattle enterprises, feeder

calves are bought in October and sold about a year later. Estimated labor require-
ments are shown in Table 11.4.
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Table 11.4 Estimated Labor Requirements

Enterprise
Month (i)* (ii)* (iii) (iv)f v)'
January 14 18 1.5 1.4 1.4
February 9.8 2.4 1.4 1.4 1.4
March 4.0 0.4 1.4 1.4 14
April 2.8 0.6 1.3 1.4 1.5
May 22 04 13 1.5 .12
June 22 0.4 1.3 1.3 1.2
July 2.2 0.6 1.3 1.3 1.2
August 2.6 5.8 1.5 1.5 12
September 0.6 4.0 1.3 — —
October 0.6 1.2 1.3 1.3 2.6
November 0.6 1.8 1.2 1.2 1.2
December 0.6 1.8 1.5 1.4 14

* Hours per litter.
' Hours per cow.

In addition to labor, each of the five enterprises requires a certain amount of
roughage (pasture and/or hay). Pasture is measured in units called pasture days; a
pasture day is the amount of pasture eaten in one day by a mature horse or a cow
receiving no other feed. Pasture is available from April to September; during that
period, it can also be converted into hay. The availability of pasture is shown in

Table 11.5 together with its demand by each of the five enterprises.

Table 11.5 Pasture Demands

Demand (pasture days/unit)

Availability
Period (1) (i1) (iii) (iv) v) (pasture days)
April and May 16 12 35 5,200
June and July 20 36 50 5,200
August and September 16 0 0 12 35 3,600
Total 52 0 0 60 120 14,000

Pasture may be converted into hay at an estimated rate of 5.5 hours and 50 pasture
days per ton of hay. Except for the spring litter hogs, the remaining four enterprises

require hay in the off-season period. The overall demands for hay are
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0.1 ton per fall litter of hogs.

0.9 ton per full-feed drylot feeder calf.
0.8 ton per full-feed pasture feeder calf.
2.3 ton per delayed-feeding feeder calf.

Finally, the net profits for these five enterprises are estimated as follows:

(i) $139 per litter.
(i) $88 per litter.
(iii)  $133 per cow.
(iv) $137 per cow.
(v) $165 per cow.

(Calculations of these figures involve subtracting the cost of feed, the farmhands’
wages, and so on, so we won't have to worry about the corresponding variables.)
The objective is to design the most profitable livestock plan.

Needless to say, we are facing great uncertainty. It seems highly unlikely that a
farmer would come up with the kind of data presented here. His experience might
indicate that 40 spring litters of pigs can just about be taken care of, whereas 50 litters
would create a serious bottleneck in February. However, it would be absurd to
expect him to say that in February, each spring litter requires 9.8 hours. (Actually,
this figure comes from a cost report issued by the Department of Agriculture,
University of Illinois.) Given a specific livestock program, the farmer will be able
to estimate whether it can be carried out or not. Even though he may not be inclined
to formulate his criteria explicitly, we may be able to discern their contours from the
reasons for rejecting various programs. Once we have roughly approximated them
by linear constraints, we can confront the farmer with a variety of optimal and near-
optimal solutions. His reactions will provide the feedback required to refine our
simplified description of the farm operations and prepare us for the next round. With
enough patience on both sides, the dialogue may eventually terminate in a program
the farmer finds acceptable, profitable, and perhaps even clever. In spite of their
unreliability, the figures quoted earlier may serve as a starting point.

The cloud of uncertainty, upsetting as it may be, does have a silver lining: it allows
us to treat the data with a healthy irreverence. A program that requires 97 hours
in June will be just as feasible as a program requiring only the alloted 95 hours.
A program that yields a profit of $12,600 will be just as profitable as a program
yielding $12,800. Trying to impose the standards of precision found in physics on
speculations about livestock would be preposterous. [ An amusing example of such
an endeavour has been reporfed by R. E. D. Woolsey and H. S. Swanson (1975):
“ ..an operations research group in an oil company was worried about the third
decimal place in a linear programming output, when the data on viscosity of the
input stream had been obtained by a refinery worker rubbing it between his fingers.”]
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Before proceeding, let us point out that this example seems to suffer from a lack
of realism on at least two counts. First, trying to optimize the livestock program
subject to restrictions stemming from a fixed cropping program is a little like trying
to roller-skate with only one skate on. It would be more sensible to view the farm
as a whole, optimizing simultaneously the livestock plan and the cropping plan.
Striking the most profitable balance between the two is precisely the kind of problem
in which the power of linear programming manifests itself most clearly; by keeping
the cropping plan fixed, we forfeit potential profits.

Secondly, we still have not asked a fundamental question. What period of time
are we planning for? Planning for short periods, such as a year, does not allow
much flexibility; durations of the various enterprises ovérlap and so we may already
be committed to some of them. (In addition, pregnancy in swine lasts for about
114 days, so the hog enterprises may have to be planned at least four months in:
advance.) On the other hand, planning for longer periods requires predicting market
prices in a relatively distant future, and that can make the data extremely unreliable.”

In spite of these shortcomings, the example remains instructive and we shall carry
on its discussion. Assuming a reasonable degree of faith in the predictions of net
profits, we shall aim for the most lucrative livestock plan to be repeated over several s
consecutive years.

Linear programming formulation is straightforward. Decision variables x,,
X,, ..., Xs measure the levels of the five enterprises, whereas x4, x4, . . ., X, denote
the amounts of hay to be made in the six months from April to September. Twelve ,
linear inequalities reflect the limited availability of labor; three additional linear -
inequalities reflect the limited availability of pasture. The last constraint is the law ,
of conservation of hay: the amount of hay produced must equal the amount of hay |
consumed. Altogether, the problem reads as follows:

maximize 139x, + 88x, + 133x3 + 137x, + 165x5

subject to 14x, + 1.8x, + 1.5x3 + 14x, + 1.dx, < 420
9.8x, + 24x, + l4x; + 1.4x, + 1.4xs < 415
40x, + 04x, + 14x; + ldx, + 14x; < 355
28x; + 0.6x, + 1.3x3 + l4x, + 15x5 + 5.5x¢ < 345
22x; + 04x, + 13x3 + 15x, + 1.2x5 + 55x, < 160
22x; + 04x, + 13x5 + 13x, + 1.2x5 + 55x3 < 95
22x; + 0.6x, + 13x3 + 13x, + 1.2x5 + 55x, < 380
2.6x, + 5.8x, + 1.5x;3 + 1.5x, + 1.2x5 + 5.5x40 < 395
0.6x; + 4.0x, + 1.3x; + 5.5x¢; < 270
0.6x, + 1.2x, + 1.3x3 + 1.3x, + 2.6x5 < 230
0.6x, + 1.8x, + 1.2x5 + 12x, + 1.2x5 < 310
0.6x; + 1.8x, + 1.5x3 + ldx, + 1.4x; < 420
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and

16x, + 12x,4 + 35x5 + 50xs + 50x, < 5200
20x, + 36x, + 50xs5 + 50xg + 50x, < 5,200
16x; + 12x, + 35x5 + 50x;, + 50x,; < 3,600

and
11
0.1x, + 09x3 + 0.8x, + 2.3x5s — ». x; =0
j=6

and
x; >0 (G=12,...,11).

The optimal solution [x}, x%, ..., x¥,] delivered by the simplex method (after
only eleven iterations) reads

[0, 54.7,0, 20.7, 38.4, 41.1, 11.1, 0, 49.9, 0, 9.3].

The optimal solution [ y¥, y%, . . ., y¥e] of the dual problem, delivered by the simplex
method at the same time, reads

[0,0,0, 4.6, 4.6, 68.7, 4.6, 5.6, 4.6, 0, 0, 0, 0, 0, 0, 25.3].

As y§ is quite large, it may be illuminating to investigate changes in the June supply
of labor by solving at least one modified problem with the right-hand side of the
sixth constraint changed from 95 to some larger number. Having done so, we might
make the following points in our first conversation with the farmer.

* We suggest that you raise about 55 fall pig litters, 21 full-fed pasture cows, and
38 delayed-fed cows. These animals would require about 110 tons of hay; you
could make 41 in April, 11 in May, 49 in July, and 9 in September. According to
the market price predictions, you would make about $14,000.

We do not necessarily expect that you will like this proposal. If you don't, tell
us the reasons for your dissatisfaction, so we can try again. If you do, then we
have a couple of additional suggestions to make.

e It is clear that June, with its yearly low of only 95 hours, represents a serious
bottleneck for the livestock enterprises. Our analysis shows more than just that:
it also points out that your profit would increase by nearly $70 with each extra
hour available in June. Out of curiosity, we found out what would happen if 145
rather than 95 hours were available in June. In that case, you could raise 43 fall
pig litters, 12 full-fed drylot cows, 81 full-fed pasture cows, and 4 delayed-fed cows,
with 33 tons of hay made in April, 41 in July, and 15 in September. The resulting
profit would be slightly over $17,000.

We find this conclusion staggering: an extra farmhand available for a mere
week in June would make your annual profit increase by more than 20 percent!
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What are the prospects of, say, hiring a student whose vacation begins in June?
This is definitely something to think about.

* We do realize that hay is bulky, awkward to handle, and therefore rarely bought
or sold. Should it be otherwise, our analysis tells us that a fair price for you to
pay would be about $25/ton. If, by any chance, some of your neighbors were
willing to sell hay at a substantially lower price, then you should close the deal.
Conversely, if your neighbors were willing to buy hay from you, and pay sub-
stantially more than $25/ton, then you should, again, close the deal. If you are at
all inclined to look into this possibility and if prospective sellers and/or buyers
do materialize, then we can analyze the various options more carefully.

Depending on the farmer’s satisfaction, a dialogue may or may not develop from
here. Since the new variations, if any, would be handled in much the same way as
the original theme, we shall terminate our discussion now.

THE DIET PROBLEM REVIEWED

)

Finally, let us critically examine the first example in this book: Polly’s diet problem
of Chapter 1. To begin, let us look at some of the recommended daily allowances
(RDA) in Table 11.6.

The table’s original caption, “Designed for the maintenance of good nutrition of
practically all healthy people in the U.S.A.” (italics ours) sounds a little suspect. How
much can we trust these figures? Where do they come from? Let us quote from
Recommended Dietary Allowances (1974):

The ideal method, rarely if ever achieved, to develop an allowance
would be to (1) determine the average requirement of a healthy and

Table 11.6 Recommended Daily Dietary Allowances

Minerals

Weight Energy Protein Calcium Iron
Sex Age (kg) kcal (®) (mg) (mg)
M 19-22 67 3,000 54 800 10
M 23-50 70 2,700 56 800 10
M 51+ 70 2,400 56 800 10
F 19-22 58 2,100 46 800 18
F 23-50 58 2,000 46 800 18
F 51+ 58 1,800 46 800 10
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representative segment of each age group for the nutrient under con-
sideration; (2) assess statistically the variability among the individuals
within the group; and (3) calculate from this the amount by which the
average requirement must be increased to meet the needs of nearly all
healthy individuals.

The starting point for developing nutrient allowances is the scientific
evidence of nutrient requirements judged by the Committee on Dietary
Allowances to be most reliable. Unfortunately, experiments on man
are costly, they must often be of long duration, certain types of experi-
ments are not possible for ethical reasons, and, even under the best
conditions, only a small number of subjects can be studied in a single
experiment. Thus, requirement estimates must often be derived from
limited information. For some nutrients the requirement must be
assessed largely from one or two experimental trials on a small number
of subjects; for some there are so few experiments on human subjects
that requirements must be estimated either from information about
the requirements of other mammals or from information about the
minimum amount of the nutrient known, from food analyses and
dietary surveys, to be consumed by apparently healthy people.

Thus, RDA figures are of necessity only vague estimates. Along the same line, it is
interesting to compare U.S. figures with those of other countries. In France, for
example, the daily amount of protein recommended for a 143-1b male is 90 g whereas
the corresponding figure agreed on by the Food and Agriculture Organization-
World Health Organization Expert Committee is only 46 g. Clearly, differences of
thismagnitude are due to differences in methodology rather than to cultural variations
in metabolism. For additional reading on nutritional requirements, we suggest N. S.
Scrimshaw and V. R. Young (1976).

Vitamins

A Thiamin Riboflavin Niacin C
(18)] (mg) (mg) (mg) (mg)
5,000 1.5 1.8 20 45
5,000 14 1.6 18 45
5,000 1.2 1.5 16 45
4000 1.1 1.4 14 45
4,000 10 12 - 13 45 Source: National Academy of Sciences,
4,000 1.0 1.1 12 45 Recommended Dietary Allowances

(Washington, D.C., 1974).
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The uncertainty inherent in the RDA estimates is matched by that in the data on
nutritive values of various foods. Of course, no two pork chops are quite alike and
the amount of vitamin C in an apple depends, among many other factors, on its
freshness. In addition, the contents of packaged foods vary greatly by brand name.
For example, B. K. Watt and A. L. Merrill (1963) estimate that tuna canned in oil
contains 288 kcal per 100 g of solids and liquids. However, the corresponding esti-
mates for canned tuna actually on the U.S. market in 1974 ranged from 163 to 290
depending on the brand. [See Consumer Guide (1974).] Yet the data are customarily
presented as single figures, without any indication of their reliability. In B. K. Watt
and A. L. Merrill (1963), this practice is justified as follows.

The question of listing a range in compositional data along with the
single values was considered early in the planning of this edition. Also
considered was the inclusion of the number of cases (or samples) on
which each figure listed in the tables was based, as well as the
number of separate investigations or laboratories represented in the
figure. These statistical expressions of data are important to the inves-
tigator planning or conducting research on the composition of foods
and to a few others who apply the values to particular problems. Most
users, however, including research workers, dietitians, teachers, and
other professional workers, find single representative values more
serviceable.

Is an answer’s tidy appearance more important than information on its reliability?

The optimal solution of Polly’s diet problem in Chapter 1 calls for 4 servings of
oatmeal, 4% servings of milk, and 2 servings of cherry pie per day. The reader may
find this solution unsatisfactory on several counts. For instance, it clearly violates
the rule of “four food groups.” According to this rule, a balanced diet should include
a reasonable amount of food from each of the following groups:

(i) The milk group (milk, cheese, ice cream, and other milk products).

(i) The meat group (meats, fish, eggs, peanut butter).
(i) The vegetable—fruit group (all fruits and vegetables, including potatoes).
(iv) The grain group (bread, flour, cereals).

The remedy is clear: enlarge the original list of foods by including enough represen-
tatives from each of the four food groups, and refine the mathematical problem by
expressing the four-food-groups rule in terms of linear constraints. If the new optimal
solution turns out to be unpalatable or unsatisfactory for some other reason, the
objections can probably be formalized again in terms of violated linear constraints.
In that case, the whole process may be repeated again and again, until a satisfactory
menu is found. Of course, in view of the unreliability of the data, the menu should be
taken with a grain of salt (the average daily American intake: 10-15 g).
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AlLd

11.2

In the farm planning example, the January constraint
14x, + 1.8x, + 1.5x3 + 1.4x, + l4xs < 420

is more restrictive than the December constraint
0.6x, + 1.8x, + 1.5x; + 1.4x4 + 1.4x5 < 420.

The December constraint, therefore, may be deleted without changing the nature of the
problem. Can you spot other redundant constraints?

Design yourself a diet. Ideally, you should consult the sources quoted in the text for the
nutritive values of foods, and your local food stores for food prices. An excellent source
of information on nutrition is L. J. Bogert, G. M. Briggs, and D. H. Calloway (1973). Of
course, the choice of variables, constraints, and objective function is completely up to you.

The following is a list of 29 foods, followed by Table 11.7 that lists approximate nutritive
values per serving of each food.

The milk group

Cheddar: loz=30g

Cottage cheese: 55 g = % c* of uncreamed cottage cheese
Milk: 8 oz = 1 c of whole milk

Yogurt: 246 g = 1 c of plain, low-fat yogurt

The meat group

Chicken: 100 g = 1 breast, fried

Eggs: 50 g = 1 whole egg (raw, hard-cooked, or poached)
Fish: flounder or sole, 100 g= 4 oz before cooking
Ham: 100 g = 3% oz, cooked

Hamburger: 1 pound = 85 g, market-ground

Liver: beef, 75 g fried

Peanut butter: 16 g = 1 tbsp

Pork with beans: canned with tomato sauce, 130 g = L ¢
Steak: beef, round, 100 g broiled

Tuna: canned in oil, 100 g drained

The vegetable—fruit group

Apples: 150 g = 1 medium large, fresh
Broccoli: 100 g = %, boiled and drained
Carrots: 50 g = 1 carrot, raw

Oranges: 150 g = 1 medium

Orange juice: 6 0z = 3 c, canned

Potatoes: 100 g = 1 medium, baked
Spinach: 90 g = 4 c, boiled and drained

Tomatoes: 150 g = 1 medium, fresh

* ¢ is the standard abbreviation for cup.
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The grain group

Bread: American rye, 23 g = 1 slice
Corn flakes: with added nutrients, 25g = 1 ¢
Oatmeal: 120g = 0.7 ¢

Pasta: macaroni spaghetti, 140 g = 1 ¢, cooked 14-20 min
Rice: white, enriched, 100 g = % ¢
Miscellaneous

Butter: 14 g = | tbsp
Sugar: white, granulated, 100g = % ¢
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Table 11.7 Approximate Nutritiv
T

I

1

Vitamin Vitamin |
Energy | Protein | Calcium | Iron A Thiamin | Riboflavin | Niacin c
Food (kcal) (8) (mg) | (mg) | (IU) (mg) (mg) (mg) (mg)
Cheddar 120 7.5 225 03 390 0.01 0.14 0 0
Cottage cheese 50 9.5 50 0.2 5 0.02 0.15 0 0
Milk 160 85 285 0 370 0.07 0.41 0.2 2
Yogurt 125 8.5 295 0 170 0.10 0.44 0.2 2
Chicken 205 325 12 1.7 90 0.05 022 14.7 0
Eggs 80 6.5 27 1.2 590 0.06 0.15 0.1 0
Fish 200 30.0 23 14 0 0.07 0.08 25 2
Ham 290 21.0 9 2.6 0 0.47 0.18 36 0
Hamburger 245 20.5 9 27 30 0.08 0.18 4.6 0
Liver 170 20.0 8 6.6 | 40,000 0.20 3.14 124 20
Peanut butter 90 4.0 10 03 0 0.02 0.02 24 0
Pork w/beans 160 8.0 70 23 170 0.10 0.04 0.8 3
Steak 260 285 12 35 30 0.08 022 56 0
Tuna 195 29.0 8 1.9 80 0.05 0.12 119 0
Apples 90 0.3 11 0.5 140 0.05 0.03 0.2 6
Broccoli 25 3.0 88 0.8 2,500 0.09 0.20 0.8 90
Carrots 20 0.6 19 04 5,500 0.03 0.03 0.3 4
Oranges 75 LS 62 0.6 300 0.15 0.06 0.6 75
Orange juice 80 1.0 20 04 370 0.17 0.06 0.7 93
Potatoes 95 2.5 9 0.7 0 0.10 0.04 1.7 20
Spinach 20 30 84 20 7,290 0.06 0.13 0.5 25
Tomatoes 35 15 20 0.8 1,350 0.09 0.06 11 35
Bread 55 20 17 05 0 0.04 0.02 0.3 0
Corn flakes 95 20 4 0.4 0 0.11 0.02 0.5 0
Oatmeal 65 20 11 0.7 0 0.10 0.02 0.1 0
Pasta 155 5.0 11 0.6 0 0.01 0.01 04 0
Rice 110 20 10 0.9 0 0.11 0 1.0 0
Butter 100 0 3 0 460 0 0 0 0
Sugar 385 0 0 0.1 0 0 0 0 0

Source: L. J. Bogert, G. M. Briggs, and D. H. Calloway (1973).
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Scheduling Production
and Inventory

In this chapter, we shall explain how certain multistage scheduling problems can be
turned into LP problems, and we shall comment on the special structure of these
LP problems.

AN EXAMPLE OF A SCHEDULING PROBLEM

]

Consider a hypothetical factory producing goods to satisfy a fluctuating demand.
The best available estimates of the demand over the next twelve months are as
follows:

Month Items Month Items Month Items
January 5,300 May 4,100 September 7,300
February 5,100 June 4,800 October 7,800
March 4,400 July 6,000 November 7,600
April 2,800 August 7,100 December 6,400

188
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To adjust to these fluctuations, the management can use any combination of the
following strategies:

(i) Change the work force level by hiring and firing.
(ii) Cover temporary shortages by overtime work.

(iii) Store some of the present surplus to cover future shortages.

Each of these three strategies has limitations. Changes in the work force level, whether
up or down, are limited to at most 40 workers per month. In addition, these changes
are expensive: it costs $300 to hire and $420 to fire a worker. Next, overtime pro-
duction is limited: each worker, producing 20 units per month on regular time, will
produce no more than 6 units per month on overtime. Furthermore, overtime
production costs exceed regular production costs by $20 per unit. Finally, storage
can become quite expensive over prolonged periods of time: it costs $8 per month
to store each unit. (The data are only imprecise estimates: future demands are difficult
to forecast, production rate may be affected by machine breakdowns, and so on.
Consequently, any results of a mathematical analysis must be interpreted as possible
suggestions rather than unquestionable commands.)

At present, there are 290 workers and no inventory; the long-range planning
policy dictates a zero inventory by next December. One of the many possible schedules
meeting the predicted demand is shown in Table 12.1. The corresponding extra
charges incurred in addition to the normal production costs are itemized in Table 12.2.

It may not be immediately obvious that our problem can be seen as a linear pro-
gramming problem. Hence we shall settle for a general mathematical description as
our starting point. In the jth month, we shall denote the demand by d, the level of
normal production by x;, the level of overtime production by y;, and the level of in-
ventory by z;. Note that we need no special symbol for the work-force level, which
is simply x;/20. The upper bound on the monthly changes in the work-force level
requires that

X Xj-q

'l_—_

30 20 < 40

or, equivalently,
|x; — x;-,| < 800 (12.1)

forevery j = 1,2,...,12. The upper bound on overtime says that the level of over-
time production cannot exceed 30%; of the level of normal production:

y; < 0.3x; : (12.2)
for every j = 1.2,..., 12. An additional physical constraint,
Zj—1 + Xj + y; = dj + Zj (12.3)

foreveryj = 1,2,..., 12, amounts to a “law of conservation of goods.” As for the
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Table 12.1 A Possible Schedule

Production

Month Demand Work force Normal Overtime Inventory

Jan 5,300 265 5,300 — -
Feb 5,100 255 5,100 — —
Mar 4,400 220 4,400 — -—
Apr 2,800 220 4,400 — 1,600
May 4,100 220 4,400 — 1,900
Jun 4,800 240 4,800 — 1,900
Jul 6,000 280 5,600 - 1,500
Aug 7,100 320 6,400 — 800
Sep 7,300 360 7,200 - 700
Oct 7,800 320 6,400 700 —
Nov 7,600 320 6,400 1,200 —
Dec 6,400 320 6,400 — -

Table 12.2 Itemized Extra Charges

Month Hiring Firing Overtime Storage

Jan — 10,500 — —
Feb — 4,200 — —
Mar — 14,700 — —
Apr — — — 12,800
May — — —_ 15,200
Jun 6,000 — — 15,200
Jul 12,000 — — 12,000
Aug 12,000 — — 6,400
Sep 12,000 — — 5,600
Oct — 16,800 14,000 —
Nov — — 24,000 —

Dec — — — —
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expenses incurred during the jth month, overtime costs an extra 20y;, storage costs
8z;, and the hiring/firing costs t; are defined by

_ {IS(Xj —x;-y) if x;> x5

t , (12.4)
2U(x;-y — xp) if x;_, = x;.
Hence we wish to minimize
Y. (20y; + 8z; + 1) (12.5)
j=1
subject to (12.1), (12.2), (12.3), (12.4), the “boundary conditions”
xo = 5800, z, =0, z,,=0 (12.6)
and, of course,
X, ¥i» 2j 65 = 0 (12.7)

forallj =1,2,...,12
Except for constraints (12.1) and (12.4), our problem has the linear programming
form. Actually, (12.1) can be viewed as a shorthand for two linear inequalities,

x; — x;-1 < 800

(12.8)
Xj-1 — Xj < 800.

Thus the only nontrivial obstacle comes from (12.4). Note, however, that (12.4) may
be stated as

15(x; — xj-
e (129)
21(xj-y — x3)

and so

t.l = IS(XJ - xj"l)

(12.10)
t; = 21(x;-, — x;).

Furthermore, if each ¢; gets slammed down against the larger of the two lower bounds
(12.10), then (12.9) holds. We conclude that our problem is equivalent to the linear
programming problem of minimizing (12.5) subject to (12.8), (12.2), (12.3), (12.10),
(12.6), and (12.7). Only one small obstacle remains: in order to describe a feasible
schedule, the numbers x,, x,, ..., x;, have to be multiples of 20 (the number x;/20
of workers in month j is necessarily an integer). However, we shall ignore this obstacle
altogether: having obtained an optimal solution of the linear programming problem,
we may simply round each x; to the nearest multiple of 20 and adjust the levels of
overtime and storage accdkdifigly. The resulting schedule will be at least very close
to optimal. In view of the uncertainty inherent in the data, this procedure is quite
satisfactory.
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Table 12.3 Optimal Solution

J X; ¥; z; t

1 5,300 0 0 10,500
2 5100 0 0 4200
3 4400 0 0 14,700
4 401667 0 121667 8,050
5 401667 0 1,133.33 0
6 481667 0 1,150 12,000
7 561667 0 766.67 12,000
8 641667 0 8333 12,000
9 721667 0 0 12,000
10 721667 58333 0 0
1 7200 400 0 350
12 6,400 0 0 16,800

Thus the optimal solution (Table 12.3) of our linear programming problem yields
the schedule shown in Table 12.4. The corresponding charges incurred in addition
to the normal production costs come to $157,160. This figure is nearly equal to the
optimum value 157,067 of the linear programming problem.

In qualitative terms, the schedule may be described as follows:

e During the period from January to March, no overtime is used and no inventory
created. During this period, work-force level is adjusted monthly to meet the
predicted demand.

¢ The period from April to September is characterized by a large initial inventory
that gradually dwindles to nearly zero. During this period, no overtime is used.
The April work force is kept at the same level in May; from June to September,
40 new workers are hired monthly. The initial work-force level in April is set so
that inventory is almost gone by the end of September. Evidently, this initial level
is quite sensitive to the overall demand in this period.

e From October to December, no inventory is created; in fact, some overtime
production is required to cover the demand in October and November. The
movement of the work-force level during this period is much affected by the
drop in demand from November to December; this drop is too sharp to be re-
flected by an instant decrease in the labor force. For this reason, November

witnesses the apparently irrational policy of firing and having overtime work at
the same time.
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Table 12.4 Optimal Schedule

Production

Month Demand Work force Normal Overtime Inventory

Jan 5,300 265 5,300 — —
Feb 5,100 255 5,100 — —
Mar 4,400 220 4,400 — —
Apr 2,800 201 4,020 — 1,220
May 4,100 201 4,020 — 1,140
Jun 4,800 241 4,820 — 1,160
Jul 6,000 281 5,620 — 780
Aug 7,100 321 6,420 — 100
Sep 7,300 361 7,220 — 20
Oct 7,800 361 7,220 560 —
Nov 7,600 360 7,200 400 —
Dec 6,400 320 6,400 — —

This discussion followed the lines of F. Hanssmann and S. W. Hess (1960). Some
of the earlier works on this subject are A. Charnes et al. (1953), J. F. Magee (1953).
H. A. Antosiewicz and A.J. Hoffman (1954), and A.J. Hoffman and W. Jacobs
(1954). We shall return to two special classes of multiperiod scheduling problems
in Chapter 20.

rS_T_AIRCASE STRUCTURE

R |

Linear programming problems arising in multiperiod scheduling have a special
structure: the nonzero entries in the constraint matrix are restricted to the shaded
area illustrated in Figure 12.1. Such problems sometimes require more iterations of
the simplex method than other LP problems of comparable size. [ This phenomenon
is related to an empirical observation, made by G. B. Dantzig (1955), concerning
optimal solutions of multiperiod scheduling problems: an activity, such as overtime
or inventory, which is maintained at a positive level during one of the periods, is
likely to persist at a positive level in the next period. To put it differently, the periods
during which a specified activity is maintained at a positive level tend to come in
blocks rather than at haphazard points.] In addition, the simplex method seems
more likely to suffer from rounding errors in solving problems of this kind.
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Figure 12.1

Several attempts have been made to facilitate solutions of multiperiod scheduling
problems by exploiting their staircase structure. For instance, A. F. Perold and
G. B. Dantzig (1978) proposed a factorization of B that relies on the characteristic
properties of multiperiod scheduling problems to facilitate the solution of yB = ¢4
and Bd = a in each iteration of the revised simplex method. A completely different
line of attack is represented in an algorithm developed by J. K. Ho and A. S. Manne
(1974). In this algorithm, the simplex method is abandoned altogether in favor of an
iterative application of the “Dantzig—Wolfe decomposition algorithm.” We shall
present the Dantzig—Wolfe decomposition algorithm in Chapter 26.

PROBLEMS

A\ 12.1 Solve the no-overtime-allowed variant of the problem in text.
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The Cutting-Stock Problem

Materials such as paper, textiles, cellophane, and metallic foil are manufactured in
rolls of large widths. These rolls, referred to as raws, are later cut into rolls of small
widths, called finals. Each manufacturer produces raws of a few standard widths;
the widths of the finals are specified by different customers and may vary widely.
The cutting is done on machines by knives that slice through the rolls in much the
same way as a knife slices bread. For example, a raw that is 100 in. wide may be cut
into two finals with 31-in. widths and one final with a 36-in. width, with the 2 in.
left over going to waste. When a complicated summary of orders has to be filled,
the most economical way of cutting the existing raws into the desired finals is rarely
obvious. The problem of finding such a way is known as the cutting-stock problem.

THE CUTTING-STOCK PROBLEM
AND LINEAR PROGRAMMING -
C -

[ ——

Let us consider an example whete the raws are 100 in. wide and we have to fill the
following summary of orders:

195
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97 finals of width 45 in.
610 finals of width 36 in.
395 finals of width 31 in.
211 finals of width 14 in.

First, we shall tabulate all the ways of cutting a raw into a, finals of width 45, a,
finals of width 36, a, finals of width 31, and a, finals of width 14. As it turns out,
there are 37 ways of doing this. They are listed in Table 13.1, with the jth pattern
specified by a,;, a,;, a3j, and a,;. Now we may speculate about various ways of
filling the order summary. If the jth pattern is used x; times then we must have

37
Y ap;=b  (i=1234) (13.1)
j=1
with b, =97, b, = 610, b; = 395, b, = 211. Thus we are led to
39
minimize Y x; subject to (13.1) and x; >0 (j=1,2,...,37). (132
j=1

Note that there is an obvious catch: an optimal solution of (13.2) may not be
integer-valued and yet, in order to describe a realistic plan, our numbers x; must be
nonnegative integers. Nevertheless, as K. Eisemann (1957) pointed out, analogues of
(13.2) may sometimes describe the actual problem with a sufficient degree of realism.
For example, rolls of expensive materials, such as silk, are not simply cut through.
Instead, while a raw roll is being unwound, it is sliced lengthwise for a certain total
length. This process may be stopped at any time and the knife setting altered; the
very same raw roll continues to unwind, now being sliced to different widths. In such
situations, it does make sense to speak of a cutting pattern used a fractional number
of times. In a paper mill, however, each raw roll is either sliced completely or not
sliced at all; hence, a working plan is described by integers x;. Even in those situations,
though, it is advantageous to solve analogues of (13.2): their optimal solutions point
out a variety of working plans that are, at least, close to optimal. For instance, an
optimal solution of (13.2) is

xF =485, xt, = 1055, x% = 10075, x%, = 197.5.

Rounding each x¥ down to the nearest integer, we obtain a schedule using 450 raws
to produce 96 finals of width 45 in.,, 607 finals of width 36 in., 394 finals of width
31 in,, and 210 finals of width 14 in. The residual unsatisfied demand can be easily
satisfied by as few as three extra raws. Thus we find a way of satisfying the total
demand by using only 453 raws. Since the optimum value of (13.2) is 452.25, our
integer-valued solution is clearly optimal.

The same line of attack applies in general. However, there are difficulties, which
stem from two radically different sources:



The Cutting-Stock Problem and Linear Programming 197

Table 13.1 Thirty-Seven Cutting Patterns

j 1 2 3 4 5 6 7 8 9 10 11 12 13

a; 2 1 1L 1 1 1 1 t 1 0 0 0 0

a; 0 1 Lt o o ©0 ©0 ©0 0 2 2 2 1

a;, 0 ©0 0 1 1T 0 ©0 0 0 0 0 0 2

4, O 1 0O 1 0 3 2 Lt 0 2 1 0 0
4 15 16 17 18 19 20 21 2 23 24 25 26

; 0 O O O O 0 o0 0O ©0 ©0 0 0 0

4 L 1 1 1 1 1 1 0 0 0 0 0

@, 1t L 1L 0o 0 ©0 o O 3 2 2 2 1

4, 2 I 0 4 3 2 1 0 0 2 1 0 4
27 28 29 30 31 32 33 34 35 36 37

4, 0 0 0 0O 0 0 0 0 0 0 0

@ O 0 ©0 0 0 0 0 0 0 0 0

a3 1 1 1 1 0 0 0 0 0 0 0

@ 3 2 1t 0 1 6 5 4 3 2 1

Note: If the width of the trimmed-off piece exceeds 14 in., which is the width of the smallest final, then
the pattern is clearly wasteful. For instance, it would be foolish to use pattern 9 twice in a row: the
resulting two 45-in. finals could just as well be cut from a single raw by pattern 1. These wasteful patterns,
however, might be called for to take care of various odds and ends. In any event, as we shall see later,
the cutting-stock problem is customarily solved without tabulating all the patterns in advance.

(i) Problems commonly encountered in the paper industry may involve astro-
nomical numbers of variables. For example, if the raw rolls are 200 in. wide and
if the finals are ordered in 40 different lengths ranging from 20 in. to 80 in., then
the number of different patterns can easily exceed 10 or even 100 million. The
amount of time and space required just to tabulate these patterns (not to mention
solving the problem afterwards) may be simply unavailable.

(i) Passing from an optimal fractional-valued solution to an optimal integer-
valued solution is not easy. Rounding the fractional values down and then satis-
fying the residual demand, as we did in the example, may not yield the optimal
working plan. If the finals are ordered in small enough quantities, then the patterns
used in the optimal integer-valued solution may be quite different from those
used originally in the optimal fractional-valued solutions. In fact, if the order
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summary is small, then experienced schedulers often find a working plan that is
better than any plan obtained by simple adjustments of the fractional optimum;
see R. E. D. Woolsey (1972a).

An ingenious way of getting around the first difficulty has been smggested by
P. C. Gilmore and R. E. Gomory (1961). The trick, in short, is to work with only a
few patterns at a time and to generate new patterns only when they are really needed.
We are going to discuss this delayed column-generation technique in the next section.
(Actually, delayed column generation was used even before Gilmore and Gomory
in a different context; it constitutes a crucial part of the Dantzig-Wolfe decomposi-
tion algorithm presented in Chapter 26.) )

No efficient way of handling the second difficulty is known. Fortunately, rounding
the fractional optimum up or down, with subsequent ad hoc adjustments, is quite
satisfactory for typical problems arising in the paper industry. If m different lengths
of finals are ordered, then the fractional optimum produced by the simplex method
involves at most m nonzero variables x; Hence the cost difference between the
rounded-off solution and the true integer optimum will be at most the cost of m
raws (and often considerably less). Since a typical value of m is no more than 50, and
most final widths are ordered in hundreds or thousands, the possible cost increases
due to inefficient rounding are relatively negligible. Problems with wide spectra of
final widths are usually referred to as bin-packing problems; the term cutting-stock
problem is normally reserved for bin-packing problems with narrow spectra of final
widths and large order summaries. These characteristic features make cutting-stock
problems amenable to the linear programming approach described here.

DELAYED COLUMN GENERATION
C

Consider a cutting-stock problem where the raws are r inches wide and the order
summary calls for b; finals of width w; (i = 1,2, ..., m). As in the previous example,
we are led to

minimize c¢x subject to Ax = b, x > 0.

Here b is a column vector with components by, b,, .. ., b,, and ¢ is a row vector with

components 1, 1,.. ., 1. Each column a = [a,, a, ..., a,]" of A specifies a pattern
cutting a raw into a; finals of width w; (i = 1,2,...,m). Thus a is a column of A
if and only if ay, as, ..., a, are nonnegative integers such that Zwiai < r. The

revised simplex method refers to the nonbasic columns of A only in step 2 of each
iteration, when a new entering column a has to be found; having computed the row
vector y, we look for nonnegative integers a,, a,, .. ., a,, such that

Y wa;<r and Y ya; > 1 (13.3)
i1 =1

13
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(we are minimizing the objective function). If we can always find such integers or
prove their nonexistence, then there is no need to tabulate all the columns of A in
advance. Instead, the entering columns may be generated individually at the rate of
one column per iteration.

To illustrate the details, we shall consider an example where the raws are 91 in.
wide and the order summary calls for

78 finals of width 254 in.

40 finals of width 224 in.

30 finals of width 20 in.

30 finals of width 15 in.

Here, the revised simplex method may be initialized by

3 26
4 10
B = = .
and x3 75
6 5

In general, one can always initialize by m cutting patterns such that the ith pattern
yields only finals of width w;. Now the first iteration may begin.

Step 1. Solving the system yB = [1,1,1,1], we obtainy = [$,%. %, %]

3:%4+4>6
Step 2. Now we are looking for nonnegative integers a,, a,, a3, a, such that

25.5a, + 22.5a, + 20a; + 15a, < 91

1 1
= ay + Z

1
3 —as +

a
2+4

604 > 1.

A certain method, which will be discussed in the next section, findsa, = 2,4, = 0,
a, = 2,a, = 0. Hence a = [2,0, 2,0]7 is our entering column.

Step 3. Solving the system Bd = a, we findd = 3,0, %,0]™.

Step 4. Comparing the ratios 26/ and 7.5/%, we find that ¢ = 15 and that the
third column has to leave B.

Step 5. Now we have

3 2 26 — 2t/3 16
4 10 10
_ P * —
B 2 and x3 , 50
6 o 5 5

The second iteration begins.

Step 1. Solving the system yB = [1, 1, 1, 1], we obtainy = [3, %, %, 5.
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Step 2. Now we are looking for nonnegative integers ay, a,, as, a, such that
25.5a, + 22.5a, + 20a; + 15a, < 91
1

1 1
§a1+ Zaz-l- '6—a3+ ga4>1.

The method to be discussed later finds a, = 2, a, = 1, a; = 0, a, = 1. Hence,
a = [2,1,0,1]7 is our entering column.
Step 3. Solving the system Bd = a, we findd = [%, 4, 0, £]".

Step 4. Comparing the ratios 16/%, 10/4, and 5/, we find that t = 24 and that
the first column has to leave B. ’

Step 5. Now we have

2 2 t 24
1 4 10 — t/4 4
= * = =
B ) and x3 s 51
1 6 5 —t/6 1

The third iteration begins.
Step 1. Solving the system yB = [1,1, 1, 1], we obtain y = [35, %, 21, 6)-
Step 2. Now we are looking for nonnegative integers a,, a,, ds, a, such that
25.5a; + 22.5a, + 20a; + 15a, < 91
7 1 5 1
ﬁal + Za2+ﬁa3+ 6a4> 1.

The method to be discussed later establishes the nonexistence of such integers.
We conclude that our current solution is optimal.

Clearly, this strategy is applicable to any cutting-stock problem with a single raw
width. Its success hinges on an efficient subroutine for finding nonnegative integers
ay, a,, - . ., a, satisfying (13.3) or establishing their nonexistence.

We are about to present an algorithm that does a little more: it solves the problem:

m
maximize Y ya;
i=1

. d 134
subject to Y wa; <r (134
i=1

a; = nonnegative integer i=12,...,m).

This problem is known as the knapsack problem. (The name derives from a frivolous
interpretation where a narrow knapsack of height r has to be filled with food packages,
the ith brand having height w; and value y;.)
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Solving the Knapsack Problem
In the usual notation, the knapsack problem is recorded as

m
maximize Y ex;

i=1

. i 13.5

subject to Y ax; <b (13.5)
i=1

Xx; = nonnegative integer i=12...,m).
Thus the variables are denoted by x,, x,, ..., x,, rather than a,, a,, ..., a,. Simi-

larly, the coefficients w; in (13.4) are replaced by a; in (13.5); the coefficients y; in (13.4)
are replaced by c; in (13.5); and the right-hand side is denoted by b rather than r.
In typical applications, such as the cutting-stock problem, the numbers a,, a,, . . ., a,,
and b are positive. Now we may assume that the numbers ¢,, c,, . . ., c,, are positive
(variables x; with ¢; < 0 could be deleted at once). In the frivolous interpretation,
each g; is thought of as the height of a food package, whereas c; represents the cor-
responding value. Thus the ratio ¢;/a; amounts to the value per inch of the ith brand.
In an intuitive sense, the desirability of including the ith brand in the knapsack
increases with this ratio. We shall refer to c;/a; as the efficiency of the variable x;.
Without loss of generality, we may assume that the variables are subscripted in
order of decreasing efficiency:

ci/ay = cyfay = 0 = /. (13.6)

Finally, note that every optimal solution of (13.5) satisfies

b—Y ax; < ay, (13.7)
i=1
for otherwise x,, could be increased by one unit. We shall refer to feasible solutions
satisfying (13.7) as sensible.

The key to our method lies in a certain way of enumerating all the sensible solu-
tions. We shall illustrate it on the problem

maximize 4x, + 5x, + Sx3 + 2x4
subject to 33x, + 49x, + Slx; + 22x, < 120
Xy, X5, X3, X, = Donnegative integer.

The reader may easily verify that this problem has precisely 13 sensible solutions;
we shall describe them by the diagram in Figure 13.1. Diagrams of this kind are
called enumeration trees. The small circles are the nodes of the tree; the leftmost node
is the root and each of the 13 rightmost nodes is a leaf. (For typographical reasons,
this tree grows in a direction seldom found in nature: from left to right.) Proceeding
from the root to a leaf in four stages, we specify first a value of x,, then a value of
X,, and so on. In this sense, each of the 13 leaves corresponds to a sensible solution,
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x, =3 x,=0 ~
—O

)
o

Figure 13.1

and vice versa. Note also that, whenever two or more branches grow from the same
node, the higher branches correspond to higher values of x;. In general, the solution
corresponding to the topmost leaf is obtained by making x; as large as possible and,
once x; has been fixed, making x, as large as possible, and so on. Formally, with
| z] denoting the integer obtained by rounding down z, this solution is defined by
the recursion

xj=[<b—ii1 aixi)/ajJ G=1L12,...,m).

In particular, x; = |b/a,|. We begin with this solution. If it weren’t for certain
shortcuts, we would scan through the list of leaves down to the bottom, keeping
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track of the best solution x¥, x%, ..., x* found so far, and replacing it with a better
solution whenever one comes up.

The scanning instructions make use of the tree structure. From each leaf that has
just been examined, we backtrack toward the root step by step, keeping a constant
lookout for as yet unexplored branches. When one is found, we reverse direction and
proceed toward a new leaf; at each junction, we resolve possible ties by preferring
higher branches to lower ones. As the reader may verify by consulting Figure 13.1,
an algebraic description of this procedure is as follows. Having just examined a
sensible solution xi, Xx,, ..., X,,, we set k equal to m — 1 and, if necessary, keep
reducing k until x, > 0 is found. Then we replace x, by x, — 1 and define the values
of X4 41> Xk425 . - - » X, recursively by

ol Eo)

The shortcuts will prevent us from moving along branches that are obviously

hopeless. More precisely, suppose that the current best solution x¥, x%,..., x*
yields

m

Y oext=M

i=1
and that, backtracking from some x;, x,, ..., x,, toward the root, we have just

found the largest k such that k < m — 1 and x, > 0. Proceeding as before, we
would set

X = X; forall i=1,2,...,k—1

X =% — 1
and begin to examine various choices of X, , X442,--., X, leading to sensible
solutions Xy, X,, . . ., X,,. Before doing so, let us ask whether any of these solutions
has a fighting chance against x¥, x%, ..., x*. By (13.6), each of the variables x,, ,
Xg+2s - - - » Xy has an efficiency of at most ¢, /ay + 1, and so

m

< Cr+1
z C,-fi < — aif;.
i=k+1

A+t i=k+1

Hence the assumption

Usgk!

ax; < b

implies

(13.8)
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Unless the right-hand side of (13.8) exceeds M, none of the solutions X, X,, ..., X,

»'m
has a chance of improving x¥, x%, ..., x¥, and so we might as well forget about

them. In terms of the enumeration tree, the inequality

k k
Y ox, + (b -3 aii,) <M (13.9)
i=1 vt i=1
makes the path specified by X,, X,, . . ., X, not worth exploring any further. In fact, if
all the coefficients c;, ¢,, . . ., ¢,, are positive integers, then M is an integer and (13.9)
may be replaced by the weaker inequality
k ¢ k -
Yo% + 2+t (b -y aiii) <M + 1. (13.10)
i=1 ak+ 1 i=1

Let us see how useful these shortcuts turn out to be in our example. We initialize by
x, = |120/33] =3
x, = | (120 — 99)/49] = 0
= (120 — 99)/51] =0
xg = [ (120 — 99)/22] = 0
and file the initial solution as our current best:
xF=3 x3=x¥=x(=0 and M =12 (13.11)

Beginning with k = 3, we reduce k until k = 1 with x, > 0 is found. Then we change
; = 3 into x, = 2. Before exploring the branch x, = 2 any further, let us test
inequality (13.10) with k = 1 and X; = 2. Since the left-hand side equals

5
+ 4—9(120 — 66) = 135
which is not smaller than M + 1 = 13, the branch may be worth exploring.
Computing

x, = [(120 — 66)/49] =
Xy = | (120 — 115)/51] = 0
x, = (120 — 115)/22] = 0

we indeed find an improvement over (13.11). Hence, we replace (13.11) by
x¥*=2 xt=1 xf=x}=0 and M =13 (13.12)

Again, we begin with k = 3 and reduce k until k = 2 with x, > 0 is found. Then
we change x, = 1 into x, = 0. To find out whether the path x; = 2,x, =0 is
worth exploring further, we test inequality (13.10) with k = 2 and X; = 2,X%, = 0.
The left-hand side equals
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5
= (120 — 66) = 13.3
8+51(10 )

which is smaller than M + 1 = 14. Hence, we reduce k further until the next k with
x, > 0. Having found k = 1, we replace x, = 2 by x; = 1. Is the branch x, = 1
worth exploring? Testing (13.10) with k = 1 and X, = 1 shows that

5
— — =129 < 14
4 + 9 (120 — 33) <
and so the answer is negative. The branch x; = 0 would do even worse:

5
— 120 = 122 < 14.
49 0
Hence, the search terminates and we conclude that (13.12) is an optimal solution.
In terms of the enumeration tree, not exploring the obviously hopeless branches
may be viewed as pruning these branches off. In effect, the enumeration tree of
Figure 13.1 reduces to the much smaller tree shown in Figure 13.2.

-O— O- O O
x3 =0 o xy =0 o
/ Pruned off
// Pruned off
// Pruned off
Figure 13.2
Note that having pruned off the branch X, X,, .. ., X,, we can prune off X,, X,, .. .,

X, — 1 at once, without performing the appropriate test. The point is that the rele-
vant inequality,
k=1

k-1
X + (X — 1) + C—"1<b - Y ax — alX — 1)) <M+ 1 (13.13)
1 i=1

[

is already implied by (13.10). Indced, the left-hand side of (13.10) exceeds the left-hand
side of (13.13) by

Ck+1
C — —— a
A+ y
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which is nonnegative by virtue of (13.6). Of course, this observation brings about
further computational savings.
This method, known as branch-and-bound, is described succintly in Box 13.1.

BOX 13.1 Branch-and-Bound Method for Solving the Knapsack Problem
Step 1. [Initialize.] Set M = 0,k = 0.
Step 2. [Find the most promising extension of the current branch.] For
j=k+ Lk+2,...,mset

o[-

Then replace k by m.

Step 3. [An improved solution obtained?] If ¥ ¢;x; > M, then replace M
i=1

by Y c;x; and replace x¥, x%, ..., x¥ by Xy, X5, .. ., X
i=1
Step 4. [Backtrack to the next branch.]
a. Ifk = 1, then stop; otherwise replace k by k — 1.
b. If x, = 0, then return to a; otherwise replace x; by x, — 1.
Step 5. [Branch worth exploring?] If (13.10) with x; in place of X; fails,
then return to step 2; otherwise return to step 4.

Of course, if some of the coefficients ¢; are not integers, then test (13.10) in step 5
must be replaced by (13.9). An alternative, and preferable, course of action is to

find a positive d such that each dc; is an integer, and then replace cy, ¢, ..., ¢, by
dcy, dc,, . . ., dc,. For instance, the objective function in the knapsack problem
. 1 1 1
maximize gx, + 5x2 + 9 X3 + §x4
subject to 17.25x; + 12.75x, + 10x53 + 15x, < 90

X4y, X5, X3, X4 = nonnegative integer

may be replaced by 63x; + 45x, + 35x; + 35x,.

An alternative method is based on a simple idea known as the principle of dynamic
programming. Dynamic programming algorithms, however, tend to get quite tedious
as the right-hand side b increases. In experiments with the cutting-stock problem,
P. C. Gilmore and R. E. Gomory (1963) found the branch-and-bound method about
five times as fast as dynamic programming. On the examples discussed here, dynamic
programming would certainly require far more work than we would care to go
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through. We leave this line of attack for problems at the end of this chapter (13.4-
13.8); for more information, the reader is referred to Chapter 6 of R. S. Garfinkel
and G. L. Nemhauser (1972).

Finding a Good Initial Solution
In solving the cutting-stock problem by the revised simplex method with delayed column genera-
tion, it is desirable to begin with a near-optimal basic feasible solution: if the initial value of the
objective function is close to the optimum value, then the number of simplex iterations required
to reach the optimum is likely to be small. We are about to describe a very fast procedure for
finding reasonably good initial solutions. This procedure is based on the assumption that it
pays to get the wide finals out of the way first, letting the versatile narrow ones compete for the
leftovers.

Again, we shall denote the single raw width by r and say that the order summary calls for b;
finals of width w; (i = 1,2,..., m). Furthermore, we shall assume that the final widths are
arranged in decreasing order:

Wy > W, > > W,

Our procedure constructs the initial B and x in m iterations. At the beginning of iteration j, we
have a certain set R containing precisely m — j + 1 of the subscripts 1, 2,. .., m; for each sub-
script i in R, we have a nonnegative number b}, interpreted as the residual demand for finals of
width w;. (To initialize, we set b} = b; for all i.) In the jth iteration, we define the jth column
a=[a,a,,...,a,]" of B recursively by

0 if i¢R

9 = [(r_kg wkak)/WiJ if ieR

Our initial solution x will use this pattern until some residual demand bj, gets fully satisfied. To
put it differently, the component x; corresponding to the jth column of B will equal the smallest
of the ratios bj/a; with i € Rand a; > 0. Thus, x;a; < b foralli € Rand x;a, = bj for at least one
k € R. We delete this subscript k from R, replace each remaining b; by b; — x;a; and proceed to
the (j + 1)th iteration.

For illustration, we return to our first cutting-stock example with r = 100, w, = 45, w, = 36,
wy =31, w, = 14,b, = 97,b, = 610,b; = 395, b, = 211. Here the initialization procedure
works as follows.

Iteration I. We find a, = [100/45] = 2, a, =[10/36] =0, a; = [10/31] =0, a, =
[10/14} = 0. Now x, = % = 48.5. We delete the subscript 1 from R and obtain b, = 610,
by = 395.b, = 211. :

Iteration 2. We find a, = 0, a, = [100/36] = 2, a5 = |28/31] = 0, a, — |28/14] = 2.
Now x, = min(842, 241) = 105.5. We delete the subscript 4 from R and obtain b, = 399,
by = 395.

Iteration 3. We find a, = 0, a, = [100/36] = 2, a; = [28/31] = 0, a, = 0. Now x; =
329 = 199.5. We delete the subscript 2 from R and obtain b3 = 395.



0O 208 13 The Cutting-Stock Problem

Iteration 4. We find a; = 0, a, = 0,a; = [100/31] = 3, a, = 0. Now x, = 335 = 131.67.

Thus we have produced the basic feasible solution with

200 0 485
0220 105.5

B = d xt =
000 3| % %195
0200 131.67

Note that this solution is only one simplex iteration away from the optimum.

This procedure is closely related to a method known as first-fit decreasing, which produces
reasonably good integer-valued solutions for any bin-packing problem. In the jth iteration of
first-fit decreasing, we find a way of cutting the jth raw. The iteration begins with certain residual
demands b, b, . . ., b.,; we specify the cutting pattern recursively by

b;

a; = min [(r _ :;: wkak> / W‘J

fori=1,2,...,m, then replace each b; by b; — a;, and proceed to the (j + 1)th iteration. For
instance, first-fit decreasing applied to our example yields the following solution:

48 times a, =2, a,=0, a3=0, a,=0
once 1 1 0 1
105 times 2 0 2
199 times 0 2 0 0
once 0 1 2 0
131 times 0 0 3 0.

A remarkable guarantee of performance for first-fit decreasing has been established by D. S.

Johnson (1973): if the integer-valued optimal solution uses n raws, then the integer-valued solu-

tion found by first-fit decreasing uses at most 4tn + 4 raws. (The proof is very difficult. Neverthe-

less, it is easy to show that the bound cannot be improved except possibly for the dangling 4;

see problem 13.3.) It follows that our initialization procedure always gets within 239 of the
O fractional optimum, give or take a few raws.

Additional Complications
The problems arising in the paper industry may be more complicated than the simple
examples discussed here. The complications stem from three major sources.

(i) The raws may come in several different widths ry, r5, ..., ry. Producing a
raw of width r, costs ¢, dollars; the problem is to fill the summary of orders at
the least cost.

(i) Raws of different widths are cut on different machines. Limited machine
availability may allow no more than v, raws of width r, to be cut.

(i) The number of cutting knives on each machine is limited, usually to six or
so. Consequently, a cutting pattern specified by a,, a,, . . ., a,, is admissible only
if Y a; does not exceed a predetermined bound.
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All these complications can be handled by easy modifications of the method just
described, and, therefore, we shall comment on them only briefly. First, let us con-
sider the linear programming problem

minimize cx subjectto Ax =b, x>0
arising from a cutting-stock problem with N raw widths. The columns of A come in

m
N different groups; columns in group k specify cutting patterns with Y wa; < r,
i=1
and the corresponding components of ¢ equal c,. To generate the entering column,
we have to find nonnegative integers ay, a,, ..., a, and a subscript k such that

Y wa; < r.and Y. ya; > ¢, This task can be accomplished by solving N knap-
i=1 i=1

sack problems, the kth of which reads

m
maximize Y v

i=1
. m 13.14
subject to Y wa; <1y ( )

i=1

a; = nonnegative integer

and then comparing the optimum values z¥, z%, ..., z§ against ¢, ¢,, ..., cy. The

optimal solution with the largest z} — ¢, yields the desired entering column. (In fact,
the N enumeration trees can be combined into one. We leave the details for problem
13.9.) Secondly, if at most v, raws of width w, can be cut (k = 1,2,..., N), then we
enlarge our set of constraints by N additional inequalities: the kth of them reads
Y x; < vy, with the summation running through all the variables x; in the kth group.
Now each basic solution includes m + N rather than m basic variables; in step 2 of
each simplex iteration, we compare z} against ¢, — y,, 4 rather than c,. (The product
ya equals z§ + y,,., in this case.) Finally, if the number of cutting knives is limited,
then the enumeration trees can be easily modified to explore only the admissible
patterns.

EXPERIMENTAL RESULTS

The second paper by P.C. Gilmore~and R. E. Gomory (1963) on the cutting-stock problem
contains a wealth of experimental findings. The results estimate the expected difficulty of a typical
cutting-stock problem, provide a basis for comparing different variations on the algorithm,
and suggest the likely effect of certain policy rules on the total amount of waste in a paper mill.
Our summary will be brief.
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The test problems solved by Gilmore and Gomory were made up by amalgamating and
selecting from a class of paper industry problems. In the basic set of 20 problems, there were
raw rolls of only one size, around 200 in. or less. The number of different final widths ranged
from 20 to 40. These widths, generally between 20 in. and 80 in., were specified to 4 in. The
number of cutting knives was limited to five, seven, or nine.

The average number of simplex iterations for these problems came to about 130. However,
the individual iteration counts showed a large variance over the sample, from 20 to more than
300. Such variance is quite common: linear programming problems looking quite alike often
behave very differently from each other when subjected to the simplex method. As might be
expected, problems with smaller numbers of final widths tended to require fewer iterations.
Nevertheless, this trend was rather erratic; for example, the average number of iterations required
by the 35-final problems was 197, whereas the corresponding figure for the 40-final problems
was only 161. (No procedure for finding good initial basic solutions was used; the simplex method
seems to find a fairly good fractional solution in the first few iterations.)

Some of the questions answered by Gilmore and Gomory concerned the criterion for selecting
a new cutting pattern. For instance, one might either accept the first encountered pattern with
Yyia; > 1 or insist on the pattern maximizing > y:a;. Which of the two methods is better? It
seems plausible that the first method leads to a larger number of iterations, but it is also clear
that the time per iteration is smaller for this method. Without experimental findings, the outcome
of the trade-off between the total number of iterations and the time per individual iteration might
have been difficult to predict. The Gilmore—~Gomory results show that finding the true maximum
in the knapsack problem is well worth the effort. In all but one of the 20 problems, the overall
time required by the second method was smaller. In fact, the average amount of time per problem
required by the second method was about half the corresponding figure for the first method.

In terms of Chapter 4, the second method is nothing but the largest-coefficient pivoting rule,
whereas the first method is a relative of the smallest-subscript rule. Thus it is only natural to
speculate about the largest-improvement rule in the cutting-stock context. A straightforward
implementation of this rule would require enumerating an enormous number of different cutting
patterns in each iteration, in which case the means would defeat the purpose. However, there is
a natural way of mimicking the largest-improvement rule and, at the same time, actually reducing
the computational effort per iteration. The idea is simple. Some of the final widths are ordered
in very small quantities. If our new cutting pattern yields any of these low-demand widths, then
the pattern is bound to be used only a few times. Consequently, the resulting improvement won't
be very impressive. Led by this observation, Gilmore and Gomory suggested the use of the
median method. With this method, the final widths are divided into two equally large groups:
the low-demand group and the high-demand group. Then, at every second iteration, the cutting
pattern is chosen that (i) yields only the high-demand finals and (ii) maximizes the improvement
rate among all such patterns. (Note that the corresponding knapsack problem, involving only
half of the original variables, is easier to solve.) The median method turned out to be faster in
13 of the 20 basic test problems; furthermore, the problems on which the performance of the
median method was worse than that of the original method were mostly the problems that
required a small amount of time anyway. The average running time per problem was cut down
to about 40%; of the original figures.

In each particular instance of the cutting-stock problem, a certain percentage of the paper
consumed in the form of raw rolls is directed to the finals, and the rest goes to waste. In the test
problems, the waste percentage seems to have been unpredictable, ranging from as little as 0.1%
to as much as 10%. An interesting observation is that the high-waste problems were generally
solved faster than the low-waste problems. In a typical low-waste problem, the waste dropped
sharply in the beginning and then proceeded to creep slowly towards the optimum: although
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new patterns kept coming up, each led to just a minute improvement. For this reason, Gilmore
and Gomory suggested that the calculations be stopped as soon as the waste dropped by less
than 0.1% over 10 iterations. The results were encouraging: in certain cases, the running time
decreased by 90% or more, while the amount of waste due to premature termination kept always
below 0.5%.

Finally, having several raw widths available clearly cannot hurt: as new cutting patterns
appear, the waste is likely to diminish. To find out how fast the new raw widths drive the waste
towards zerc, Gilmore and Gomory solved five of their problems (a high-waste group) several
times, with varying spectra of raw widths. For a single raw width of 168 in., the average waste
was over 7%; this figure dropped to only 1.4% when additional widths of 145 in., 140 in., and
124 in. were also made available. Corresponding running times ranged from 1449 to 211% of
the original figures. (In this context, it may be interesting to note that human planners usually
find the complexity of problems with several raw widths far more bewildering than that of prob-
lems with a single raw width.) On the other hand, the limitation of the number of cutting knives
did not matter much in the test problems. With that limitation removed, the optimal waste
percentage remained unchanged in 19 of the 20 problems (even though the actual solutions did
change).

PROBLEMS

13.1 Suppose that two subscripts i and j in the knapsack problem (13.5) satisfy ka; < a; and
ke; > ¢; for some positive integer k. Show that at least one optimal solution has x; = 0.

\132 (Borrowed and adapted from a report written by M. H. Belz and A. G. Doig for Australian
Paper Manufacturers Ltd.) Solve the following cutting stock problems.

a. Raw width 90 in., order summary calling for

3 finals of width 60 in.
21 finals of width 30 in.
94 finals of width 254 in.
50 finals of width 20 in.

288 finals of width 174 in.
178 finals of width 15 in.
112 finals of width 123 in.
144 finals of width 10 in.

b. (Quite difficult.) Raw width 181 in., order summary calling for

90 finals of width 213 in.
51 finals of width 204 in.
45 finals of width 20 in.

11 finals of width 174 in.

13.3 Consider the cutting-stock problem with raw width 100 and the order summary calling for

600 finals of width 52 in. |

600 finals of width 29 in.

600 finals of width 27 in.
1,200 finals of width 21 in.

O
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Show that the optimal solution uses 900 raws, whereas the solution produced by first-fit
decreasing uses 1,100 raws.

Let a,, a,,...,a,and ¢y, ¢y, ..., C, be fixed positive integers. For each nonnegative in-
teger k, let z(k) denote the maximum of

m
Z CiX;
i=1
subject to
m
Y ax; < k
i=1

X; = nonnegative integer i=12...,m).
Assuming k > min a;, prove that
z(k) = max(c; + z(k — a)) (13.15)
with the maximum taken over all the subscripts i such that q; < k.
Use the result of problem 13.4 to design an algorithm for solving a knapsack problem by

successive evaluations of z(k), k = 0, 1,..., b. [Hint: For each k, keep track of a subscript
i, which attains the maximum in (13.15).]

Let i(k) denote the smallest subscript attaining the maximum in (13.15). Prove: If i = i(k),
then i < i(k — a;). How can this fact be used to reduce the number of additions required
to evaluate z(k)?

Prove: If i(k) = 1 for all k =n+ 1, n + 2,...,n + max a; and some integer n, then
i(k) = 1 for all k > n. How can this fact be used to streamline the algorithm of problem
13.5?

Assuming that ¢,/a, > c,/a, = -+ > c,/a,, prove that i(k) = 1 whenever
c
k>—
(cr/ay) — (ca/az)
Design an algorithm that, given the N knapsack problems (13.14) along with numbers

€y, Ca, - - - 5 Cy, Uses only one (pruned) enumeration tree to find a subscript k and an optimal
solution a,, a,, . . ., a,, of the k-th problem (13.14) that maximize ) w,a; — ¢;.
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Approximating Data
by Linear Functions

The subject of this chapter is finding approximate solutions to possibly unsolvable
systems of linear equations. On the intuitive level, an approximate solution of

Y oax;j=b (i=12...,m) (14.1)
j=1

is the next best thing to an exact solution: it may not make every left-hand side
equal to the coriesponding right-hand side, but at least it keeps the discrepancies
reasonably small. As we shall see, the notion of the best approximate solution is
more elusive: several criteria for ranking approximate solutions come to mind, and
these criteria are not always consistent with each other. Under two criteria that seem
very natural, the problem of finding the best approximate solution of (14.1) can be
seen as a linear programming problem.

The reader may wonder why anybody should try to “solve” a system of equations
that has no solution. One reason might be that, in some applications, the unsolvable
system arises from a solvable one whose coefficients have been distorted. One of the
many settings in which this pattern occurs will be discussed in some detail.

213
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QUANTITATIVE SPECTROPHOTOMETRY: A MOTIVATION

The amount of light penetrating through layers of various liquids decreases with the thickness
of the layers. For example, suppose that a layer of unit thickness absorbs 209 of the light, letting
the remaining 80% through. How much light will be absorbed by a layer twice as thick? The
layer of double thickness may be thought of as two layers of thickness 1, one on top of the other.
In this configuration, the first layer will let through 80% of the light, and the second layer will
let through 80% of the 80%. Altogether, the layer of thickness 2 will transmit only 649 of the
light. By the same token, a layer of triple thickness will transmit 51.2%, and so on. This is the
law formulated in 1729 by P. Bouguer. In addition, increasing the concentration of the light-
absorbing substance has the same effect on the proportion of light actually transmitted as in-
creasing the thickness of the sample by the same factor. This is the law formulated in 1852 by
A. Beer. In order to make these two laws assume a simple form, we define the absorbance of a
sample to be the logarithm, to the base 10, of the reciprocal of the proportion of light transmitted
by the sample. Quite simply, a sample transmitting 109, of light has absorbance 1, a sample
transmitting 1% of light has absorbance 2, and so on. (Of course, typical everyday samples trans-
mit more light than that.) The laws of Bouguer and Beer, then, state that the absorbance is directly
proportional to the thickness of a sample and to its concentration. In order to normalize the
absorbance figures, we divide them by the product of the two factors. The resulting figure, called
absorptivity, is independent of both the thickness and the concentration of the sample.

What makes absorptivity useful is its dependence on the wavelength of the light. A graph of
absorptivity plotted against the wavelength is referred to as an absorption spectrum. Different
substances have different absorption spectra, with characteristic peaks at varying wavelengths.
Hence, an absorption spectrum is something of a signature for a substance. The absorptivities
of five organic compounds at 12 different wavelengths are shown in Table 14.1. They are nor-
malized with respect to molecular weights, and are therefore called molecular absorptivities.

Table 14.1 Absorptivities of Five Organic Compounds

Wavelength
(nanometers)* Adenine Cytosine Guanine Thymine Uracil

220.5 4,243 8,673 5,670 5,866 3,356
230.5 3,301 6,774 6,189 2,284 2,048
240.5 6,049 5,087 9,970 2,857 4097
250.5 10,510 4,655 10,220 5,401 7,106
260.5 13410 6,024 7,198 7,692 8,243
270.5 8,561 6,150 7,905 7,302 5,377
280.5 1,569 3,178 7,432 3,902 1,267
290.5 125 361 3512 741 103
300.5 77 64 802 72 54
310.5 47 27 95 33 38
3205 33 25 38 14 15
330.5 38 11 16 33 5

* 1 nanometer = 10”° m = | millimicron.

Note: These data come from a list of absorbancies measured at more than 130 different
wavelengths. They were kindly supplied by G. Barth, E. Bunnenberg, and R. E. Linder of
Stanford University.
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A law of fundamental importance for quantitative analyses is the combined Beer—Bouguer's
law for mixtures of independently absorbing components. Let us consider n components such
that the absorptivity of component j at wavelength i equals g;;. If the jth component is present
with concentration x;, then, according to the combined Beer—Bouguer’s law, the absorbance of
the mixture per unit thickness and at wavelength i equals 3 a;;x;. In short, the absorbancies are
additive. The use of this fact is evident: having measured the absorbancies b; of the mixture at
different wavelengths (i = 1,2,...,m), and having looked up the absorptivities a;; of various
components in a catalogue, we may now find the unknown concentrations x; by solving the system

Z a;x; = b; i=12...,m) (14.2)
ji=1

Unfortunately, things are not always that smooth. To begin, there are experimental errors:
for example, it may be difficult to set the instrument precisely at the required wavelength or it
may be difficult to measure the absorbancies precisely, especially if they are very small. Also,
in addition to the substances whose presence in the mixture is suspected, a number of unknown
impurities may affect the absorption spectrum of the mixture. Finally, the absorbancies may be
not quite additive; like many other laws of the natural sciences, the combined Beer-Bouguer’s
law is only a first approximation to the unwieldy behavior of the world. All of these distortions
conspire to make the system (14.2) unsolvable, especially when m is much larger than n.

The traditional way of getting around this difficulty brings to mind an ostrich with its head
stuck in the sand: one takes into account only n of the m available wavelengths. Of course, the
accuracy of the result obtained by solving the corresponding n equations in n variables depends
very much on the choice of the n wavelengths. To minimize the relative importance of experimental
errors, one should choose those wavelengths for which absorbancies are large. In addition, it is
important to choose the wavelengths in a range where the spectra of the components have as
different shapes as possible. Finally, if the mixture is known not to adhere to the Beer-Bouguer’s
law in a certain range of wavelengths, then these wavelengths should be avoided.

For illustration, we shall consider a mixture of adenine, cytosine, guanine, thymine, and uracil
present in unknown concentrations. Its absorbance per unit thickness is tabulated in the following
chart.

Wavelength Absorbance

220.5 644.4
2305 551.7
2405 9213
2505 1,153

260.5 1,044

2705 882.8
2805 565.5
290.5 238.1
300.5 63.2
3105 21.3
320.5 154
330.5 112

Restricting ourselves to the first five wavelengths, we arrive at the system
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4243x; + 8,673x, + 5,670x; + 5866x, + 3,356xs = 644.4
3,301x, + 6,774x, + 6,189x3 + 2,284x, + 2,048x5 = S551.7
6,049x, + 5,087x, + 9,970xy + 2,857x, + 4,097xs = 921.3
10,510x, + 4,655x, + 10,220x; + 5401x, + 7,106xs = 1,153
13410x, + 6,024x, + 7,198x; + 7,692x, + 8,243x, = 1,044
whose solution is
x, = —0016, x, = 0.005, x3 = 0.060, x, = 0001, x5 = 0.096.

Since negative concentrations don’t make sense, the value of x, seems to suggest that adenine is
absent from the mixture. Of course, our choice of wavelengths was quite arbitrary. Had we chosen
230.5, 240.5, 250.5, 260.5, and 270.5 instead, we would have ended up with

x; = —0016, x, = 0.006, x5 = 0.059, x, = —0.002, x; = 0.098.
Similarly, the wavelengths of 240.5, 250.5, 260.5, 270.5, and 280.5 yield

x, = 0.014, x, = —0.006, x; = 0066, x4 = 0002, x5 = 0049
and the wavelengths of 250.5, 260.5, 270.5, 280.5, and 290.5 lead to

x, = 0010, x, = —0.007, x3 = 0.066, x, = 0003, x5 = 0.054

Even though we have restricted our choice of wavelengths to the range where the absorbancies

are reasonably large, the results are not terribly consistent. It seems more logical to consider the

system of 12 equations in five variables as a whole, and then declare the best of its approximate

solutions to be the result of the spectrophotometric analysis. That line of attack brings us back
O to the fundamental question: Which of the many different approximate solutions is the best?

JUDGING THE GOODNESS OF FIT

Given numbers x¥, x%, ..., x¥ and a system
n
Za;jxj=b,~ (l=1,2,,m)
i=1
consider the numbers

n
e=b— Y ax¥ (i=12...,m).
j=1

Clearly, each e; represents the absolute error with which x¥, x%, ..., x¥ fail to satisfy
the ith equation: an exact solution would make each e; = 0. If the system is un-
solvable, then for every choice of x¥, x%, ..., x} some of the numbers ¢; will be non-
zero; good approximate solutions will make these errors small. We shall agree that
only the magnitudes |e,-| of the errors matter, not their signs. For instance, the approxi-
mate solution x¥ = 2, x¥ = 3 fits the system
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3x; + x, = 11
X, — 2x, = —1
X, + xXo= 6
just as well as x¥ = 4, x¥ = 1: whereas the errors of the former are e¢; = 2, ¢, = 3,

e; = 1, the errors of the latter are e, = —2,e, = —3,e5 = 1.

To illustrate the difficulty of selecting the “best” approximate solution, we shall
consider the system

X, + x,= 83
3x, — x, =125
2x; + 7x, = 310 (14.3)
Xy — 2x, = =7
3x, + 2x, = 215

Il

with three approximate solutions:
@ xF=51, x¥=30

(i) x¥=52 x}¥=30
(i) x¥F =152, x¥ =29

The corresponding errors are shown in Table 14.2.

Table 14.2 Errors
of Three Solutions

) i (i)

ey 2 1 2
e, 2 -1 -2
e -2 —4 3
e4 2 1 -1
es 2 -1 1

In a way, solution (i) seems to be the best of the three: the worst error it makes has
magnitude 2, whereas the corresponding figures for solutions (ii) and (iii) have mag-
nitudes 4 and 3. This judgment relies implicitly on the following criteria.

Criterion 1. The goodness of fit is measured by the worst error.

Note that this criterion disctiminates against solutions such as solution (ii), with
a very good fit for most of the equations spoiled by only one large error. Perhaps
the average error would be a better measure.
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Criterion 2. The goodness of fit is measured by the average error.

Whereas the first criterion ranked the three solutions from best to worst as (i),
(iii), (ii), the second criterion ranks them in the opposite order: the average errors
are 2 for (i), 1.6 for (ii), and 1.8 for (iii). The criterion most popular in, practice is
neither of these two; it is a criterion which may be found to be rather artificial.

Criterion 3. The goodness of a fit is measured by the average squared error.
In our example, the average squared errors are

1
3(4+4+4+4+4) =4 for (i)
1
g(1-|-1-|-16+1+1)=4 for (ii)

%(4+4+9+1+1)=3.8 for (i)

and so solution (iii) ranks best under the third criterion.

Let us put our three criteria in a broader mathematical context. In order to declare
one of the approximate solutions x* of a system Ax = b the best fitting, we have to
declare the vector e = b — Ax* of its errors the smallest. For this purpose, we assign
to every vector e a nonnegative number that is a measure of its magnitude. Our three
criteria are based on the measures

Y lef and — 3 Jof?
i m =y

1
max|e;], .
i=1

respectively. When p > 1, the number

(:Zl |e,.|p>‘/p

is called the L,-norm of the vector e and is denoted by ||e||,.. Since

lim ||e||, = max|e,| (144
p—

for every vector e, the right-hand side of (14.4) is called the L -norm of e and is de-
noted by ||e||... [A proof of (14.4) is left for problem 14.4.] Note that criterion 1 directs
us to judge the goodness of fit by the L -norm of the error vector. Similarly, criterion
2 is based on the L,-norm, and criterion 3 is based on the L,-norm. More generally,
every L,-norm may serve as a measure of vector magnitude. Accordingly, the best
L,-approximation of a solution of Ax = b is a vector x* minimizing ||b — Ax*||,.
We shall, however, restrict ourselves only to the cases p = 1, p = 2, and p = co.
Before speculating on the comparative virtues of these three criteria, let us get
better acquainted with the nature of the approximate solutions to which they lead.
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The differences between the three reveal themselves clearly even for simple systems
such as

x = 245

x = 26.25

x = 2425 (14.5)
x = 24.75

x =24

It seems unnecessarily formal to speak of “best approximate solutions” of (14.5).
Quite simply, our task is to replace the five numbers 24.5, 26.25, 24.25, 24.75, and 24
by a single representative value. (The five numbers could be the results of a repeated
experiment, the selling prices of the same stock on five consecutive days, or the
amounts of a protein found in five different samples of canned tuna.) More generally,
we shall consider systems

x=b i=12...,m). (14.6)

It will do no harm to assume that the right-hand sides are ordered from the smallest
to the largest,

by<b, < <b,.

Three kinds of values often used to represent the b;’s are the median, the mean, and the
midrange. The median is the b; that appears in the middle of the list: if m = 2k + 1,
then the median is unequivocally b, , . (If m = 2k, then the definition becomes a
little ambiguous: either b, or b, ., or any value between the two, might be called a
median.) The mean is the ordinary average, (3 b;)/m, and the midrange is the midpoint
(by + b,)/2 between the two extreme values b, and b,,.

We propose to show that the median is the best L, approximation, the mean is
the best L, approximation, and the midrange is the best L, approximation to a
solution of (14.6). The proof is simple. Its first part is based on the fact that |t| > &
|t} > 0,and |t| > —t for every number ¢; in particular, |b; — x| > b; — x, |b; — x| >

0,and |b; — x| > x — b;foreachi = 1,2,..., m Now,incasem = 2k + 1, wehave
m 2k+1 2k+1
Z|b—x| Z(x—b,)+ Y b —x) = —Zb+ Y b
i=1 i=k+2 i=k+2

for every x, with equality when x is the median. Similarly, if m = 2k, then
Y b — x| = Z(x—b,)+ Z(b—x) —Zb+ Zb
i=1 i=k+1 i=k+1

for every x, with equality when x is a median. To prove the second assertion, note
that for any two numbers x and x* we have
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3

((b = X% 4 2(b; — x¥)(x* — x) + (x* — x)?)

||
nMs

;(b—x)

\%
n[\/]s

(b — x*)2 4+ 2(x* — x) Y (b — x*).
i=1
If x* is the mean, then

(b — x*) =<
1 i

and so

M=
IngE!

b,-) —mx* =0

i 1

3

Z(b—x i(b—x“‘)2

for every x. The third assertion is nearly trivial. If x is at most the midrange, then
max|b;, — x| = b,, — x > (b, — b,)/2.

If x is at least the midrange, then
max|b; — x| = x — by = (b — by)/2.

The proof is completed.

Note that in (14.5) the second of the five right-hand sides lies conspicuously far
from the cluster formed by the remaining four. The midrange 25.125 is affected by
this outlier much more than the mean 24.75, and the mean itself is affected by the
outlier more than the median 24.5. In fact, the median would remain unchanged
even if 26.25 were replaced by an outrageously large number, say, 300. The general
insensitivity of the median to the outliers is referred to as its robustness. In this ter-
minology, the mean is less robust than the median, and the midrange is by far the
least robust of the three.

The question as to which criterion should be adopted in looking for the “best”
approximate solution is tricky and often ill-posed. Of our three criteria, minimizing
the L,-norm leads to the most robust answer, whereas minimizing the L -norm
avoids gross discrepancies with the data as much as possible. Which of the two is
preferable depends on the source of the data, the nature of the distortions that make
the system unsolvable, and the intended use of the approximate solution. In many
practical applications, the distortions arise from superpositions of numerous small
errors and other unaccounted-for factors. In such cases, the statistical distribution
of the distortions tends to follow a shape known as the normal or Gaussian distribu-
tion. It can be proved that, as long as the distortions are distributed in this fashion,
the L,-approximations are best in a sense. To put it crudely, they have the best
chance of getting close to the “true answer.” This fact accounts for their widespread
popularity.
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In different contexts, however, the distribution of errors may be far from Gaussian.
For example, the fluctuations of stock market prices do not adhere well to the Gaus-
sian shape: large fluctuations tend to come up far too frequently for that. B. Mandel-
brot (1963, 1966, 1967) suggested that “fatter-tailed” distributions, with a greater
likelihood of outliers, may provide a better fitting description of these fluctuations
(or, rather, their logarithms). Mandelbrot’s hypothesis was supported by an experi-
mental work of E. P. Fama (1965). Hence, for purposes such as estimating the rates
of return of stocks, robust estimates such as L;-approximations seem to be safer
than L,-approximations. [ Nevertheless, the differences between the two may not be
all that significant; for the results of an empirical study, see W. F. Sharpe (1971).]
For additional information on this subject, the reader is referred to R. Blattberg and
T. Sargent (1971). Applications of L, approximations in geophysical data analysis
have been suggested by J. F. Claerbout and F. Muir (1973). The use of L, approxima-
tions in absorption spectroscopy has been advocated by W. C. White et al. (1963);
see also A. W. Pratt et al. (1964).

COMPUTING THE BEST APPROXIMATE SOLUTIONS

—]

Foregoing the argument as to why L, and L, approximations should (or should
not) be computed, we now restrict ourselves to showing how they can be computed.
Our interest stems from the fact that both of these problems can be seen as linear
programming problems.

Computations of best L,-approximations to solutions of

Yoax;=b  (i=12...,m (14.7)
ji=1

fall outside this framework, and we comment on them only briefly. The L, problem
is to
m n 2
minimize Y (bi - aijxj>
i=1 i=1
subject to no constraints whatsoever. As a reader with a minimal background in
calculus will recall, the minimizing solution x,, x,, .. ., x, must satisfy

o m n 2
el (bl - z a,'jxj'> =0 forall k = l, 2,...,",
1 j=1

0% ;=

which may be written as

21< ai,(a,.,)x,. =Y bag (k=1,2,...,n). (14.8)
j= 1 i=1

i=
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For example, if (14.3) replaces (14.7) then (14.8) becomes

24x, + 16x, = 1716
16x; + 59x, = 2572

and so x; = 51.80, x, = 29.54 is the best L,-approximation to a solution of (14.3).
[For “most” systems (14.7), the system (14.8) has a unique solution: see problem 14.5.]
For the L,-approximations, the problem is to
minimize Y,

i=1

n

b,' - Z a;;X;

j=1

subject to no restrictions whatsoever. Even though this problem does not look like
an LP problem, it may be converted into one quite easily. Consider the problem

m
minimize Y e

subject to e + 2 X s

v

b G=12...,m (149)

*zaijsz—bi i=12...,m.
i=1

It is not difficult to see that in an optimal solution e, e%, ..., ek, x¥, x%, ..., x¥ of
(14.9), each e} is slammed down against the larger of the two lower bounds b; —
Ya;x¥and —b; + Y a;x¥. Hence

(Nad

e} = max

= ’b,- - Y axt

bz

and the objective function ) e; takes the value of

[\/]s

b - Z auxj

j=

1

i
as desired. We conclude that x¥, x%, ..., x¥ is a best L, approximation to a solu-
tion of (14.7).

A similar trick applies to L, approximations: the problem

bi - Z a;;X;

minimize max

gets converted into

minimize z
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subjectto  z+ Y ap;= by (i=1,2...,m) (14.10)

Z—ZainjZ*b,- (l=1,2,,m)

In every optimal solution z*, x¥, x%, ..., x} of (14.10), the number z* is slammed
down against the largest of the 2m lower bounds. Hence

n

bi - Z a,‘jx*

z* = max
i j=1

and x¥, x¥, ..., x} is a best L, approximation to a solution of (14.7).

In typical applications, m is much larger than n: one tries to make up for inac-
curacies by collecting as much data as possible. Consequently, if the revised simplex
method is applied directly to (14.9) or (14.10), then the size 2m x 2m of the two
systems solved in each iteration may be considerable. Fortunately, this size can be
drastically reduced. The key to the reduction is the observation that every LP problem
may be solved by applying the simplex method to its dual. To begin, note that the
dual of (14.9) reads

maximize Y by, — > bw;
i=1 i=1
subject to v, +w; =1 i=1,2...,m

a; — Y, agw; =0 G=12,...,n

1 i=1

INgE]

v, w; =0 i=12...,m).

Substituting 1 — v; for each w;, we reduce the dual into the form

maximize =Y b+ 23 by
i=1 i=1
subject to —Ya;+2Y apu=0 (=12...,n
i=1 i=1
O<vi<l (i=12...,m)

or, after simplification,
m
maximize Y. b
i=1

) m 1
subject to Y ajv =
i=1

i a; (=12...,n (14.11)

2
0<p <1 i=12...,m).
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Solving (14.11) by the revised simplex method is relatively easy; the two systems
solved in each iteration have size only n x n. The revised simplex method finds not
only an optimal solution v}, v%, ..., v¥ of (14.11) but also numbers y,, y5,..., V»
such that

v} =0  whenever Y a;y; > b; A (14.12)
i=1
and
vF =1 'whenever a;y; < b;. (14.13)
i=1 ’

We claim that the numbers y,, y,, ..., y, constitute the best L, approximation to
a solution of (14.7). To put it differently, we claim that

n

b, — Z ;)

j=1

by —

J

a;x; (14.14)

1

agk

for every choice of x;, x5, . . ., x,. Even though this claim follows easily from con-
siderations involving duality, we shall provide a direct proof from scratch. Since
|t| = tand |f| = —t for every t, we have

lt| = vt + (1 —o)(—1) = (v — 1)t

whenever 0 < v < 1. In particular,

n
bi - Z a;jX;
i=1

> (2vF — 1)<b,- — i aijx,->

i=

foralli = 1,2,...,m; thus the left-hand side of (14.14) is bounded from below by

Y @uvf — 1)<b,- — Zl aijxj> = Y (2v¥ — )b,
i=1 i= i=1

[ The last equality follows from the fact that the numbers v¥, v}, ..., v} constitute a
feasible solution of (14.11).] On the other hand, (14.12) and (14.13) guarantee that

— (of - 1><bi - a,.,.y,.>
ji=1

foralli = 1,2,..., m. Hence the right-hand side of (14.14) equals

bi— 3. ayy;

j=1

n

i (2vf — 1) (bi - Z aijyj> = i (20f — Db;.
i=1 j i=1

j=1

For instance, to find a best L, approximation to a solution of (14.3), we consider
the LP problem
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maximize 83v, + 125v, + 31003 — Tv, + 21505
subject to vy + v+ 2o3+ v+ 3vs=S5
vy — v, + vy —2v, + 205 =35
0 < vy, vy, U3, V4,05 < 1.

Along with the optimal solution

5 6
* * _ x _ 7 * * _
vf 1, v =0, v¥ 7k vE o v¥ 1,
the revised simplex method delivers the numbers
571 324

which constitute the desired approximation.

Similarly, (14.10) can be solved easily by applying the revised simplex method to
to its dual,

m m
maximize Y bo — Y bw;
i=1 i=1
m
subject to Yoagp,— Y aw, =0 (j=12,...,n)
i=1 i

ZU{"‘ZW,’ =1

>0 (i=12...,m)

The two systems solved in each iteration have size only (n + 1) x (n + 1); upon
termination, the method delivers not only an optimal solution of the dual but also
numbers y;, ya, - . ., Yn+1 sSuch that

Yoayit e =b ((i=1,2...,m) (14.15)
i=1
and
_Z Qijy; + Yar1 = —b; (i=12...,m (14.16)
i=1

with equality in (14.15) whenever v¥ > 0, and with equality in (14.16) whenever

w¥ > 0. We claim that the numbers y,, y,, . . ., y, constitute a best L. approximation
to a solution of (14.7). To put it'differently, we claim that
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for every choice of xy, x,, ..., x,. Again, this claim follows easily from considera-
tions involving duality; again, we shall provide a direct proof from scratch. To begin,
we have

n

b, — Y ayx;

i=1

n

b — Y agx;

ji=1

j .

i=1 ji=1

> i F + w¥)

i=1

%

i
<

%

2., (¥ — whb,.

i=1
On the other hand, (14.15) and (14.16) imply

n

bi— Y ayy;

=1

< Yn+1

max
i

and we have

M=

Ynt1 = ¥ (yn+1 + Z aijyj> + Z‘ w¥ (J’n+1 - Z aijyj>
i ’

i= ji=1

n
-

Wf — whb.

I
P

]
-

i

For instance, to find a best L, approximation to a solution of (14.3), we consider the
LP problem

maximize 83v, + 125v, + 310v; — Tv, + 21505 — 83w; — 125w, — 310w; + Tw, — 215w,

subject to v+ 3v,+ 2v34 v+ 3vs— wy— 3wy, — 2wy3— wy— 3ws=0
vy — U3+ Tog—2v4+ 25— wi+  wy,— Twy+2w,— 2ws=0
v+ v+ b3+ Vst vst+ wi+  w,+  wi+ wy+ ws =1

Uy, U3, U3, Vg, Us, W, W, W3, Wy, Ws 2> 0.
Along with the optimal solution of this dual,

23
=g, W=, wis

the revised simplex method delivers an optimal solution of the original problem,

237 11
y1=529 Y2 = — y3=§‘

Hence y; = 52 and y, = 29.625 constitute the desired approximation.
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HISTORICAL REMARKS

Development of celestial mechanics in the eighteenth century motivated an interest in approxima-
tions of data on star movements. As noted by C. Eisenhart (1961), a geometric method for solving
a special L, approximation problem was proposed by R. J. Boscovitch sometime between 1755
and 1757. An analytic derivation of Boscovitch’s method was supplied by P. S. Laplace (1789) and
further theoretical work on L, approximations was done by C. F. Gauss (1809). [ The way of
computing the best L, approximations by solving equation (14.8) was proposed only at the begin-
ning of the nineteenth century by A. M. Legendre and C. F. Gauss.] In the 1820s, J. B. J. Fourier
outlined a linear programming formulation of L, and L, approximation problems, and suggested
a simplex method for solving them. We shall quote from his work in Chapter 17. L. Grattan-
Guiness (1970) points out that Fourier was an important member of Napoleon Bonaparte’s
Egyptian campaign of 1798-1801, and organized the calculation of the heights of the Memphis
pyramids by separate measurements of the heights of their steps. This work stimulated his interest
in minimizing the errors in results deduced from a large number of measurements. More on the
history of this subject can be found in E. Seneta and W. L. Steiger (1983).

Our discussion of ways to compute the best L, and L, approximations followed H. M. Wagner
(1959) with only minor modifications. Since 1974, several very good algorithms for computing the
best L, and L, approximations have been proposed; the one designed by P. Bloomfield and
W. L. Steiger (1980) seems to be the best. For an analysis of this algorithm, and its comparison with
other methods, see D. Anderson and W. L. Steiger (1983). O

PROBLEMS

A14.1 The mixture whose absorbancies are quoted in the text contained only guanine and uracil.
Estimate the concentrations of these components as well as you can in the L,-sense, L,-
sense, and L -sense.

142 Prove or disprove: Among all the best L,-approximations to a solution of
n
Yoax;=b (i=12...,m (14.17)
j=1
there is always one that satisfies at least n of the m equations.

143 Prove or disprove: Among all the best L -approximations to a solution of (14.17), there is
always one for which the maximum of

n
b — Y ax;
j=1
occurs at at least n + 1 distinct subscripts i.

144 Prove (14.4).

145 Provethat ATA is nonsingﬁlar ifand only if AT has full row rank. (Hint: Observe that every
solution x of (ATA)x = 0 satisfies (Ax)"(Ax) = 0. Then observe that y"y = 0 if and only
ify = 0.) Interpret this result in terms of (14.7) and (14.8).
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Matrix Games

In this chapter, we shall discuss “finite two-person zero-sum games,” also called
“matrix games” for short. The first attempts to formalize a theory of such games were
made by E. Borel (1921, 1924, 1927); a solid foundation of the theory was laid down
by J. von Neumann (1928) who proved the celebrated “Minimax Theorem.” His
original proof, involving Brouwer’s fixed-point theorem, was rather complicated;
some twenty years later, von Neumann also pointed out that solving matrix games
may be reduced to solving certain linear programming problems. Eventually, through
the work of G. B. Dantzig, D. Gale, H. W. Kuhn, A. W. Tucker, and others, the study
of matrix games became a part of linear programming. In particular, it turned out
that the Minimax Theorem follows easily from the Duality Theorem.

AN INTRODUCTORY EXAMPLE: THE GAME OF MORRA

We shall begin our presentation with the game of Morra, which is played by two.
Its rules are simple: each player hides one or two francs and tries to guess (aloud)
how many francs the other player has hidden. If only one player makes the correct

228
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guess, then this player wins from the other player an amount of money equal to
the total amount that has been hidden; in all the other cases, the result is a draw
and no money changes hands. (For example, suppose that Trucula hides two francs
and guesses two, whereas Claude hides two and guesses one. In that case, Claude
has to give Trucula four francs.) Trivially, each player has the choice of four courses
of action:

* Hide one, guess one.
* Hide one, guess two.
* Hide two, guess one.

* Hide two, guess two.

These courses of action are called pure strategies. We shall denote them, in the above
order, by [1, 17, [1, 2], [2, 1], and [2, 2]; thus [x, y] denotes “hide x, guess y.”

Now suppose that the two players played a very long match. Claude either stuck
to one of his pure strategies in every round or used different pure strategies in different
rounds, with or without a discernible pattern in his choices; all we know is that he
played [1, 1] in ¢, rounds, [1, 2] in ¢, rounds, [2, 1] in ¢; rounds, and [2,2] in ¢,
rounds. Trucula, however, secretly flipped a coin in each round; then she played
either [1, 2] if the coin showed heads or [2, 1] if the coin showed tails. If her coin
behaved as an unbiased coin should, then she countered Claude’s [1, 1] by her own
[1,2] in ¢,/2 rounds, countering by [2, 1] in the remaining c,/2 rounds. In fact,
she countered each of Claude’s pure strategies by [1, 2] half the time and by [2, 1]
in the remaining half. Thus a detailed record of the match goes as follows.

In ¢,/2 rounds, Claude played [1, 1] and Trucula played [1, 2], losing 2 francs.
In ¢,/2 rounds, Claude played [1, 1] and Trucula played [2, 1], winning 3 francs.
In ¢,/2 rounds, Claude played [1, 2] and Trucula played [1, 2]: a draw.

In c¢,/2 rounds, Claude played [1, 2] and Trucula played [2, 1]: a draw.

In c¢,/2 rounds, Claude played [2, 1] and Trucula played [1, 2]: a draw.

In ¢;/2 rounds, Claude played [2, 1] and Trucula played [2, 1]: a draw.

In ¢4/2 rounds, Claude played [2, 2] and Trucula played [1, 2], winning 3 francs.
In ¢4/2 rounds, Claude played {2, 2] and Trucula played [2, 1], losing 4 francs.

Trucula’s total winnings come to (¢; — ¢,)/2 francs. This number may be negative:
if Claude played [2, 2] more often than [ 1, 1], then Trucula actually lost. Nevertheless,
her average loss per round does not exceed half a franc. We conclude that Trucula
can protect herself from expected losses greater than half a franc per round by mixing
her pure strategies [1, 2] and [2, 1] in the proportion 1:1. (Of course, she must do
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so in an unpredictable way exhibiting no regularity; otherwise the consequences
would be disastrous. For instance, if she played [1, 2] every odd round and [2, 1]
every even round, then Claude would catch on, countering every [1, 2] by [1, 1]
and every [2, 1] by [2, 2]. Flipping the coin helps to mix the two pure strategies in
the desired proportion and yet creates no discernible pattern.) Could she protect
herself even better by using a different mixture of her pure strategies? We shall
answer this question in a general setting.

MATRIX GAMES

Every matrix A = (a;;) defines a game for two. In each round, the row player selects
one of the rows i = 1,2,...,m and the column player selects one of the columns
j=12,...,n; the resulting payoff to the row player is a;;. (That is to say, the row
player receives a;; monetary units from the column player. Of course, if a;; is negative,
then it is the row player who pays: receiving a negative amount means paying.)
Each player makes a choice unaware of the opponent’s choice; however, the payoff
matrix A is known to both players. Clearly, Morra fits into this format; its payoff
matrix is as follows:

Claude’s pure strategies

[1,1] [1,2] [2, 1] [2,2]

[1,1] 0 2 -3 0

Trucula’s [1, 2] -2 0 0 3
pure strategies  [2, 1] 3 0 0 —4|

[2,2] 0 -3 4 0

In a long match, the row player may decide to mix her m pure strategies so that
each row i will be selected with a probability x; in every round. The column player
may respond in a regular or random manner; over a long period of time, he will
choose the jth column with some relative frequency y;. (In our example, we con-
sidered x;, = 0,x, = 3,x3 =%,x, =0,and y; = ¢;/Nwith N = ¢; + ¢, + ¢5 +
c4.) Thus, the row i and the column j will be selected in x;y;N of the total N rounds.
The resulting average payoff (to the row player) per round equals

M=

n
Y ayxiy;
1j=1

i
or, in matrix notation, xAy. Here x stands for the row vector with components
Xy, X3, . .., X,y and y stands for the column vector with components y,, y,, ..., V,.

These two vectors share a characteristic feature: their components are nonnegative,
with the sum equal to one. Such vectors are called stochastic.
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Whenever the row player adopts a mixed strategy described by a stochastic row
vector X, he assures himself of winning at least

min XAy
y
per round on the average, with the minimum taken over all stochastic column vectors
y. For instance, by adopting the mixed strategy described by x = [0, §, %, 0], Trucula
assures herself of winning at least —0.5 francs (that is, losing at most 0.5 francs)
per round on the average. Thus, a row player desiring the best possible guarantee
that her expected losses will be curbed and/or her expected winnings kept high should
look for a mixed strategy x that maximizes the quantity min xAy; such a strategy
is called optimal. Let us note at once that

min xAy = min Y a;x;. (15.1)
y Joi=1

In words, identity (15.1) asserts that among the most effective replies y to the row
player’s mixed strategy X, there is always at least one pure strategy. This claim is
not difficult to justify in intuitive terms; a formal proof is as follows. If ¢ stands for
the right-hand side in (15.1) and if y is an arbitrary stochastic column vector of
length n, then

m

n n
XAy = ) y,-(Z aijx,) > Y yt=t
j=1 "\i=1 j=1

and so the left-hand side of (15.1) is at least the right-hand side. On the other hand,
since each y with one component equal to one and the remaining components equal
to zero is a candidate for minimizing xAy, we have

m
min xAy < Y a;x;
y i=1

for each j = 1, 2,..., n. Hence the left-hand side of (15.1) is at most the right-hand
side.

By virtue of (15.1), the problem of finding the row player’s optimal strategy reduces
to the form

m

maximize  min Y, a;x;
Joi=1

subject to Yox =1 (15.2)
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The key observation of this chapter is that (15.2) is equivalent to the linear pro-
gramming problem

maximize z

A

subject to z — a;x; <0 (G=12,...,n

1

i=1

(15.3)

Zx,'=1
=1

x>0 (i=12...,m).

i

[To see the equivalence, note that every optimal solution z*, x¥, ..., x¥ of (15.3)
satisfies at least one of the constraints z — Y a;x; < O with the sign of equality, and
0 z* = min ) a;;x}. A similar trick was used in Chapter 12 and Chapter 14.] Thus
the row player can find his optimal strategy by applying the simplex method to (15.3).
For instance, since z* = 0, x¥ = 0, x§ = 2, x¥ = £, x¥ = 0 is one of the optimal
solutions of the problem

maximize z
subject to z + 2x; — 3x3 <0
z — 2x, +3x, <0
z 4+ 3x, —4x, <0
z — 3x, + 4x; <0
X+ X3+ X3+ x4,=1

0

Xy, X2, X3, X4

%

one of Trucula’s optimal strategies is [0, 2, £, 0]. Note that by adopting this mixed
strategy, Trucula protects herself from positive expected losses.

Similarly, whenever the column player adopts a mixed strategy described by a
stochastic column vector y, he assures himself of losing no more than

max XAy

per round on the average, with the maximum taken over all stochastic row vectors
x; a mixed strategy y that minimizes the quantity is called optimal. Since

n
max xAy = max a;y;
x ioj=1

J

[which can be proved analogously to (15.1)], the problem of finding the column
player’s optimal strategy reads

minimize max
i

n
ai;y;
=1
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n
subject to Yoyi=1
j=1

y;=0 UG=1L1L2...,n
or, in the linear programming form,

minimize w

1\
=]

subject to w— Y a;y; i=12...,m
j=1

(15.4)

y;=0 G=12...,n).

Now the main theorem of this chapter can be proved instantaneously.

THE MINIMAX THEOREM

THEOREM 15.1 (The Minimax Theorem). For every m X n matrix A there
is a stochastic row vector x* of length m and a stochastic column vector y*
length n such that

y x

with the minimum taken over all stochastic column vectors y of length n and
the maximum taken over all stochastic row vectors x of length m.

S O |

f
!
‘ min x*Ay = max xAy* (15.5)
|

PROOF. Note that (15.3) and (15.4) are duals of each other and that each of them
has feasible solutions. Hence the Duality Theorem guarantees that (15.3) has an

optimal solution z*, x¥, ..., x} and (15.4) has an optimal solution w*, y¥, ..., v¥
such that z* = w*. Since z* equals the left-hand side in (15.5) and w* equals the
right-hand side in (15.5), the desired conclusion follows. n

When A is thought of as defining a game, the common value v of the two sides
in (15.5) is referred to as the value of that game. By adopting the mixed strategy
x*, the row player assures himself of winning at least v units per round on the average.
On the other hand, the column player can assure himself of losing no more than v
units per round on the average by adopting the mixed strategy y*. Thus fair games
have value zero. Games such as Morra, where the roles of the two players are inter-
changeable, are clearly fair. Such games are called symmetric; their payoff matrices
satisfy a;; = —a;; for all i and j.
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FURTHER REMARKS AND EXAMPLES

The Minimax Theorem has an interesting corollary: as long as your mixed strategy is optimal,
you can reveal it to your opponent without hurting your future prospects. This conclusion may
seem inconsistent with the mystique of gambling. Apparently Borel found it hard to accept: even
though he had proved the theorem for symmetric games of size 3 x 3 and 5 x 5, he was led to
believe that it may be false for large games. On the subject of symmetric games, he speculated
that “Whatever the manner of playing of the second player may be . .. once that manner of playing
is determined, the first player can arrange to win for sure; if he knows the manner of playing of
the second player, i.e., the probability that the second player plays in such and such a manner.”
And again, “The player who does not observe the psychology of his partner, and does not modify
his manner of playing must necessarily lose against an adversary whose mind is sufficiently flexible
to vary his play while taking account of that of the adversary.” [From an English translation
by J. L. Savage.]

For a further illustration of the power of the theory, let us return to Morra. Unless the two
players write their guesses down, they may find it awkward to announce them simultaneously.
Eventually, they may agree that Claude will always announce his guess first. That may give
Trucula the edge: having heard Claude’s guess, she can still adjust her own. However, by simply
announcing his guess, Claude gives away no information as to the number of coins he has hidden.
Thus, one may be led to believe that the game remains fair. To find out which is right, let us
first construct the payoff matrix for the new version. In addition to the original four pure strategies,
Trucula now has four pure strategies that take Claude’s guess into account:

¢ Hide one, make the same guess as Claude.
¢ Hide one, make a guess different from Claude’s.
* Hide two, make the same guess as Claude.
o Hide two, make a guess different from Claude’s.

We shall denote these pure strategies by [1, S1, [1, D], [2, S], [2, D]. The resulting payoff matrix
is as follows:

Claude’s pure strategies

[1,1] [L2] [21] [2,2]

[1,1] 0 2 -3 0
[1,2] -2 0 0 3
[2,1] 3 0 0 -4
Trucula’s [2,2] 0 -3 4 0 K
pure strategies [1, 5] 0 0 -3 3
[1, D] -2 2 0 0
[2, 5] 3 -3 0 0
[2,D] L 0 0 4 —4]

By adopting the mixed strategy [0, 56/99, 40/99, 0, 0, 2/99, 0, 1/99], Trucula assures herself of
winning at least 4/99 francs per round on the average. On the other hand, by adopting the mixed
strategy [28/99, 30/99, 21/99, 20/99]7, Claude assures himself of losing no more than 4/99 francs
per round on the average. Thus the value of this game is 4/99.
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Bluffing and Underbidding

In card games such as poker, the players sometimes bluff by challenging their opponents to a
bet even though they are bound to lose if the challenge is accepted. On the other hand, they may
also underbid by refraining from making such a challenge even though they are sure to win in an
open confrontation. In this section, we present an example in which these stratagems are justified
as perfectly rational.

The example is a game invented and analyzed by H. W. Kuhn (1950). It is played with a deck
of three cards numbered 1, 2, 3. At the beginning of a play, each of the two players bets an ante
of one unit and receives a card. Then the players take turns either betting one additional unit or
passing without further betting. The play terminates as soon as a bet is answered by a bet, or a
pass by a pass, or bet by a pass. The first two eventualities lead to a confrontation in which the
player holding the higher card wins the total amount bet by his opponent; a player answering a
bet by a pass chooses to lose his ante. Each play takes one of the following five courses:

A passes, B passes . . . payoff 1 to holder of higher card.
A passes, B bets, A passes . .. payoff 1 to B.
A passes, B bets, A bets . . . payoff 2 to holder of higher card.
A bets, B passes . .. payoff 1 to A.
A bets, B bets . . . payoff 2 to holder of higher card.

Once the cards have been dealt, A may proceed along one of three lines:

1. Pass;if B bets, pass again.
2. Pass; if B bets, bet.
3. Bet.

Each complete set of instructions telling A unequivocally what to do in each situation may be
described by a triple x;x,x; such that x; is the line to be used when holding j. For example, 312
directs A to bet on a 1 in the first round, always pass with a 2, and wait till the second round to
bet on a 3. These triples x,x,x; are A’s pure strategies. Similarly, B has four different lines:

1. Pass no matter what A did.

2. If A passes, pass; if A bets, bet.
3. If A passes, bet; if A bets, pass.
4. Bet no matter what A did.

Each of B’s pure strategies will be denoted by a triple y,y,y; such that y; is the line to be used
when holding j. To evaluate the payoffs for each pair of pure strategies, we have to assume that
each of the six possible deals (A holding 1 and B holding 2, A holding 1 and B holding 3, and so on)
is equally likely. For example, if A uses 3 1 2 and B uses 1 2 4 then there are six possible outcomes:

A holds 1,Bholds 2... A bets, B bets ...payoffto A = —2.
A holds 1, B holds 3. .. A bets, B bets ...payoff to A = —2.
A holds 2, B holds 1 ... A passes, B passes ...payoffto A = +1.
A holds 2, B holds 3 ... A passes, B bets, A passes...payoffto A = —1.
A holds 3, Bholds 1 . .. A passes, B passes ...payoffto A = +1.
A holds 3, B holds 2 . . . A passes, B passes ...payoffto A = +1.

1 1
Average payoff to A = 6(—2—2'“_“'“'1) = -3

]
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Obviously, A has 3 x 3 x 3 = 27 pure strategies whereas B has 4 x 4 x 4 = 64 pure
strategies. A straightforward analysis of the 27 x 64 payoff matrix would be quite tedious.
Fortunately, we can use common sense to reduce the payoff matrix down to the size of only
8 x 4. To begin with, note that a player holding a 1 would lose an extra unit if he answered a
bet by a bet, rather than a pass. Similarly, a player holding a 3 would lose for no geod reason
if he answered a bet by a pass; in addition, he cannot go wrong if he answers a pass by a bet.
Hence A has at least one optimal mixed strategy in which:

Holding 1, he refrains from line 2.
Holding 3, he refrains from line 1.

Similarly, B has at least one optimal mixed strategy in which:

Holding 1, he refrains from lines 2 and 4.
Holding 3, he refrains from lines 1, 2, 3.

Now we may pretend that the pure strategies 2x,x5 and x,x,1 are simply unavailable to A and
that the pure strategies 2y,y3, 4y,y1, V1V21, ¥1¥22, y1y,3 are unavailable to B. Even though some
optimal strategies may become lost, at least one optimal strategy for A and at least one optimal
strategy for B will remain preserved. In particular, the value of the game will not change.

These eliminations reduce the number of A’s pure strategies to 12 and the number of B’s pure
strategies to 8; in addition, they create possibilities for further simplification. If A holds 2, then
he might as well pass in the first round; since B refrains from line 2 when holding 1, and from
lines 1, 3 when holding 3, A’s line 2 is now as good as 3. Thus we may eliminate A’s pure strategies
X,3x5. Similarly, if B holds 2, then his line 1 is as good as 3 and his line 2 is as good as 4. This
observation eliminates B’s pure strategies y,3y; and y,4y;. The resulting matrix of payoffs
to A is as follows:

114 124 314 324

112 0 S e
113 0 I e
122 | - —% & %
123 | =% 0 0 L
312 P 0 -1
313 ¢ -t -t -1
322 0 -4 b R
323 L 0 -% T T

Considering A’s mixed strategy [4,0,0,%,%,0,0,0] and B’s mixed strategy [3,0,0,4]", we
conclude that both of the strategies are optimal and the value of the game is — 5. Our optimal
strategy for A may be broken down into the following simple instructions:

¢ Holding 1, mix lines 1 and 3 in the proportion 5:1.

* Holding 2, mix lines 1 and 2 in the proportion 1:1.

* Holding 3, mix lines 2 and 3 in the proportion 1:1.
Note that these instructions call for bluffing (that is, betting on a 1 in the first round) once out

of every six available times, and for underbidding (that is, passing on a 3 in the first round) half
the available time. Similarly, our optimal strategy for B breaks down as follows:



Problems 237 O

¢ Holding 1, mix lines 1 and 3 in the proportion 2:1.
e Holding 2, mix lines 1 and 2 in the proportion 2:1. (15.6)
¢ Holding 3, always use line 4.

Hence B should use one-third of his opportunities to bluff; underbidding is not available to him.
A further discussion of this game is deferred to problems 15.9 and 15.10.

PROBLEMS

A15.1  Each of two players hides either a nickel or a dime. If the two coins match, A gets both:
if they don’t match, B gets both. What are the optimal strategies? Is this game fair? What
about games with coins of arbitrary but fixed denominations x and y?

152 A domino piece can be placed on a 2 x 3 checkerboard in seven different ways:

L

The first player places the domino and the second player selects one of the six squares.
If the selected square is covered by the domino, then the second player wins; otherwise
the first player wins. Is this game fair? What are the optimal strategies? Can you exploit
the symmetries? How do your findings generalize to larger boards?

A 153 Both you and your opponent choose an integer between 1 and 1,000 inclusive. If your
number x is smaller than your opponent’s number y, then you win, except forx = y — 1
in which case you lose. If your number x is larger than your opponent’s number, then you
lose, except for x = y + 1 in which case you win. If x = y then the play is a draw.

154  Consider the variant of Morra in which each player can hide one, two, or three coins;

for simplicity, assume that the players announce their guesses simultaneously. What are
the optimal strategies? '

155 A row r of the payoff matrix.is said to dominate a row sif a,; > a,;forallj = 1,2,... n

Similarly, a column r of the payoff matrix is said to dominate a column s if a;, > «;, for
alli=1,2,...,m. Prove:
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15.6

15.7
158

159
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(i) Ifarow ris dominated by another row, then the row player has at least one optimal
strategy x* in which x¥ = 0. In particular, if row r is deleted from the payoff matrix,
then the value of the game does not change.

(i) If a column s dominates another column, then the column player has at least one
optimal strategy y* in which y* = 0. In particular, if column s is deleted from the
payoff matrix, then the value of the game does not change.

Use these facts to reduce the following payoff matrix to size 2 x 2:

-2 3 0 -6 -3

0 -4 9 2 1]
6 =2 7 4 5
7 -3 8 3 2

Prove that the row player’s mixed strategy x and the column player’s mixed strategy y
are simultaneously optimal if and only if

x; =0  whenever Y ayy; <max Y ay;
i=1 koj=1
and
y;=0  whenever Y a;x;>min Y a,x.
i=1 k=1
Use the result of problem 15.6 to describe all optimal strategies for Morra.
In the game with the payoff matrix
3 2 0 -1 5 =2
-2 =3 2 4 0
5 -3 4 0 4
1 3 3 2 -6

the row player’s mixed strategy [$,
of the column player.

PV BN RN

0, %] is optimal. Describe all the optimal strategies

In Kuhn’s simplified poker, different mixed strategies may lead to the same explicit
instructions. For example, note that B’s optimal strategies

2 1
3 3
0 1

and f
0 3
1 0

lead to the same instructions (15.6). Prove that every optimal strategy for B is described
by (15.6). Furthermore, prove that every optimal strategy for A breaks down as follows:

Holding 1, mix lines 1 and 3 in the proportion (3 — t):t.

Holding 2, mix lines 1 and 2 in the proportion (2 — ¢):(t + 1).

Holding 3, mix lines 2 and 3 in the proportion (1 — ¢):t.
Here ¢ is an arbitrary but fixed number such that 0 < ¢ < 1. (Note that the instructions
in the text correspond to t = %.)

15.10 Solve the following variants of simplified poker:

(i) Ante =2, bet = 1.
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(ii) Ante = 2, bet = 3.

(i) Ante = 2, bet = 4.

Find necessary and sufficient conditions for the rth pure strategy of the row player and
the sth strategy of the column player to be simultaneously optimal.

The Minimax Theorem is sometimes stated as

max min XAy = min max XAy.
x ¥y y x

Prove this identity.

[G. B. Dantzig (1951a).] Describe the relationship between the linear programming
problem
maximize Xy + C3X5 + C3x;3
subject to ay Xy + X, + ay3X3 < by
31Xy + 22X; + G33%3 < by
Xy, X3, X3 2 0

and the game with the payoff matrix

0 —c; —c; —c; by b,

[N 0 0 0 —a;;  —ay,

cy 0 0 0 —ay; —az,

csy 0 0 0 —ay;3 —as; |
—-b, ayy aya ai3 0 0
—b, az1 azz az3 0 0

On page 128 of R. C. MacLagan (1901), there is the following description of an old Scottish
game.

Cheap, Middling, or Dear

This also is played by two. The letters C, M, D, representing respectively
the words from which the game is named, are written on a slate, with
some interval between them. Under C the figures 1,2, 3 are placed, under
M 4,5, 6,and under D 7, 8, 9, thus:

C M D
1,2,3 456 7,89

Player A, who is to play first, marks one of the figures from any of the
groups, concealing it from player B, whom he challenges to guess to
which group it belongs, saying “My father bought a horse at a fair.”
B asks, “Cheap, middling, or dear?” A answers him, naming the group
from which he has selected his figure. Thus if his figure were 5, the answer
would be “middling.” B then guesses one of the three numbers, and if he
hits upon 5, that is a gain to him of 5, but if he says 4 or 6, then the 5
is scored to A. In any case the 5 is blotted out. B then leads, each playing
in turn, till all the figures have been expunged. The total marks credited
to each are then ascertained, and he who has the highest number is the
winner.

What are the optimal strategies in the next-to-last round? [For results of a complete
analysis, see V. Chvatal (1981).]
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Systems of
Linear Inequalities
In this chapter, we shall study systems of linear inequalities
i a;x; < b i=12...,m). (16.1)

Solving such systems is no more difficult than solving linear programming problems:
to find a solution of (16.1), or to establish its nonexistence, we need only

minimize Xo
subject to —Xo+ Y, apx;<b;  (i=12,...,m) (16.2)
i=t

XOZO.

(Conversely, solving linear programming problems is no more difficult than solving
systems of linear inequalities; see problem 16.1.) In particular, every system (16.1)
may be solved by applying the simplex method to (16.2). An alternative method for
solving (16.1), more intuitive but less efficient, is presented in the next section. The
main purpose of this chapter is first to prove a theorem characterizing all solutions of
(16.1) and then to prove a converse of this theorem.

240
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[

THE FOURIER-MOTZKIN METHOD

Here is a quote from an English translation, by D. A. Kohler (1973), of a paper published by
J.B.J. Fourier in the 1820s [and accessible in J. B. J. Fourier (1890)].

We will now sketch a method of solving another more general
problem, common to almost all questions involving inequalities. Let
X,¥,2,...,u,t denote some variables which are required to satisfy a
given set of linear inequality constraints. We will proceed to eliminate
successively x, y,z... . Each of the inequalities is, in relation to x,
either of the form

x>2A+By+Cz+ -
or of the form
x<a+fy+yz+---.

We take in turn each of the constraints of the first form with each of
the constraints of the second form, and we write

a+By+yz+- - =2A+By+Cz+---.

By this means we form new inequalities in which x does not appear.
It nearly always happens that a rather large number of these new
inequalities are redundant and need not be written down. It is usually
obvious which inequalities are redundant and their removal simplifies
the problem greatly.

When we have replaced the inequalities which contain x, y, z, . . .,
u, t by those which contain only y, z,..., u, t we eliminate y by the
same procedure. Continuing the application of this rule, we finally
obtain inequalities in which only the unknown t enters. We deduce
from this some numerical bounds on this last unknown, some of which
are of the form t > a, and others of the form ¢ < b. It is only nec-
essary to consider the smallest B of the limits b, and the largest 4 of
the limits a. If it happens that A is greater than B, we conclude that
the problem has no solution and from this test we can determine
whether the constraints are consistent. When the limit B is not less
than the limit A, the problem does not contain any incompatible con-
straints, and, generally speaking, there are infinitely many solutions.
We then assign to ¢ some value between 4 and B and, substituting this
value of t in the constraints which only contain uand t, we find numerical
limits for u, and we choose some value for u between these limits.
Substituting for u and ¢ their numerical values in the inequalities which
contain u, t and another unknown, we determine the bound of this
new unknown in the same manner. The application of the same rule
yields the value of all the unknowns. It is always possible, as we have
said, to find for each unknown a value between its limits except in the
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case of the last unknown ¢, and that happens only when the problem
contains some infeasibility.

The method we have just described is intuitively obvious, but never-
theless a rigorous proof is required. This was given in the earlier paper
where we showed that after the elimination of one unknown: (1) the
inequalities in y,z, ..., u, t must be consistent if the problem does
have a solution, and (2) conversely, if these constraints are consistent
we can satisfy the original set of constraints. The question of whether
the original set of constraints is consistent is thus resolved at the end
of the calculations when we have obtained the inequalities for the last
variable, ¢t .. ..

For some reason, Fourier refrained from publicizing his method further (for example, he did
not include it in his book on equations, published in 1831), and the work was almost forgotten.
Later, it was rediscovered by several mathematicians; nowadays, it is known as the Fourier-
Motzkin method. For an excellent exposition, the reader is directed to H. W. Kuhn (1956). The
removal of redundant inequalities, mentioned already by Fourier, deserves a special comment.
In general, detecting redundancies in a specified system of linear inequalities may be difficult
(see problem 16.4). Nevertheless, the systems encountered in the later stages of the Fourier—
Motzkin method arise from the original system in a very special way; when this peculiarity is
cleverly exploited, one can detect and remove many of the redundant inequalities with only a
minimum of computational effort. For details, see R. J. Duffin (1974). However, even with these
refinements, the efficiency of the Fourier-Motzkin method applied to (16.1) is still far worse

J  than that of the simplex method applied to (16.2).

BASIC FEASIBLE DIRECTIONS

In preparation for our main results, we return to the systems
Ax =b, 1<x<u (16.3)

introduced in Chapter 8. (Each component [; of the column vector 1 is either a number
or the symbol — oo and each component u; of the column vector u is either a number
or the symbol + 00.) A vector w will be called a feasible direction of (16.3) if Aw = 0
and

w; >0 whenever ; is finite

w; <0 whenever  u; is finite.
A feasible direction of (16.3) will be called basic if its n components can be partitioned
into m “basic” and n — m “nonbasic” ones in such a way that (i) the m columns of

A corresponding to the basic components form a nonsingular matrix, (ii) all but one
nonbasic component are zeros, and (iii) the nonzero nonbasic component equals
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one or minus one. Clearly, every system (16.3) has only finitely many basic feasible
directions.

THEOREM 16.1. If the problem
maximize c¢x subjectto Ax =b, I<x<u (16.4)

is unbounded and if A has full row rank, then system Ax = b,1 < x < u has
a basic feasible direction w such that cw > 0.

PROOF. If the simplex method is applied to an unbounded problem (16.4) whose
matrix A has full row rank, then it delivers a basic feasible solution x* and a vector
w such that x* + tw is a feasible solution of (16.4) for every nonnegative t and such
that c(x* + tw) can be made arbitrarily large by making ¢ sufficiently large. Hence
w is a feasible direction of (16.3) and cw > 0. A closer examination of w shows that
this feasible direction is basic. |

The concepts of normal basic feasible solutions (as defined in Chapter 8) and
basic feasible directions can be naturally translated to the context of systems

o8

aijij b,‘ (l = 1, 2,...,m). (16.5)

Jj=1

We shall say that [v;, v,, ..., 0,]7 is a normal basic feasible solution of (16.5) if the
vector [vy, vg, ..., Dyym]” With v,,.; = b; — ¥ a;jv; is a normal basic feasible solu-
tion of

n

j;la,'jxl + Xpt+i = bi (l = 1, 2, ey m) (16.6)

X, ;=0 i=12...,m.

Similarly, we shall say that [wy, w,, ..., w,]7 is a basic feasible direction of (16.5)
if the vector [wy, wy, ..., Wy JT With w,,; = —) a;w; is a basic feasible direc-
tion of (16.6). For future reference, note that (i) every system Ax < b has only finitely
many normal basic feasible solutions and basic feasible directions; (ii) each basic
feasible direction w of Ax < b satisfies Aw < 0; (iii) if a problem

maximize c¢x subjectto Ax < b (16.7)

has an optimal solution, then some basic feasible solution of Ax < b is an optimal
solution of this problem; and (iv) if the problem (16.7) is unbounded, then some
basic feasible direction w of Ax < b satisfies cw > 0.
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THE FINITE BASIS THEOREM AND ITS COROLLARIES

THEOREM 16.2 (The Finite Basis Theorem). For every system AX<b
there are column vectors v', v%, ..., v™ and w', w2, ..., w" with the following
property: a vector x* satisfies Ax* < b if and only if

M N
x*= 3 pv + Y gw
r=1 - s=1

for some nonnegative numbers py, p,, ..., P, q15qas - - - » Gy Such that Y p, = 1.

PROOF. We claim that the set of all normal basic feasible solutions v!, v, ..., v¥
and the set of all basic feasible directions w!, w?, ..., w" have the desired property.
The “if” part is easy: since Av" < b for all » and Aw*® < 0 for all s, we have

M N M N M
A( DY qsw‘) =Y pA) + 3 gAw) < Y pb=b
r=1 s=1 r=1 s=1 r=1
whenever py, p,, . . ., Py 41, 42, - - - » gy 4T€ nONnegative numbers such that Y p, = 1.
To prove the “only if” part, consider an arbitrary but fixed vector x* such that
Ax* < b. From the assumption that no numbers py, p,,..., py and g1, 45, .- -, 4qn
satisfy

Mz
~
Z
+
™M=z
=

ila

Il

x*

M
Yop=1 (16.8)

Pl,Pz,HwPM"Ih‘h,“-,‘INZ0

we shall derive a contradiction. If (16.8) is unsolvable, then Theorem 9.2 guarantees
the existence of a row vector ¢ and a number d such that

v +d=>0 forall r=12,...,M
cw® > 0 forall s=1,2,...,N
cx* +d < 0.

Now consider the linear programming problem

minimize c¢x subject to Ax < b.

Since x* is a feasible solution and since cw > 0 for every basic feasible direction, this
problem is neither infeasible nor unbounded. Hence, it has an optimal solution; in
fact, one of the vectors v must be an optimal solution. But then the optimum value
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equals the corresponding cv", which is at least —d. This is the desired contradiction

as x* is a feasible solution and cx* < —d. n
Next, we shall show that we can do without the vectors v!, v, ..., v™ as soon as

b=0.
e —— -

 THEOREM 16.3 [H. Minkowski (1911)]. For every system Ax < 0 there
are column vectors u', u? ..., uP with the following property: a vector x*
satisfies Ax* < 0 if and only if

D
x* =Y nut
K=1

for some nonnegative numbers t,, t, . .., tp.
L

PROOF. Theorem 16.2 applied to the system Ax < 0 guarantees the existence of
certain vectors v}, v%,. .., v™ and w!, w?, ..., w". We propose to show that these
vectors have the property required of u*, u?, . . ., uP. To put it differently, we propose
to show that a vector x* satisfies Ax* < 0 if and only if

M N
x* =Y pv + Y g
r=1 s=1
for some nonnegative numbers py, Py, ..., Py> 41> 92, - - - - gy. The “only if” part
follows trivially from the “only if” part of Theorem 16.2. To prove the “if” part, note

that the “if” part of Theorem 16.2 guarantees Av" < b = 0 for all r and Aw* < 0 for
all s. Hence,

M N M N
A(Z pv o+ Y qsws) = 2 pAV) + ) gfAw) <0
r=1 s=1 r=1 s=1
for every choice of nonnegative numbers py, pa, - - -, Pa> 915 Q25 - - - 5 G- n

Finally, we shall prove the converse of Theorem 16.2.

R _";_i

THEOREM 16.4. For every choice of column vectors v, v, ..., v™ and
w', w2 ..., w" of the same length there is a system Ax < b with the following
property: a vector x* satisfies |

M N
x*= 3 pv+ Y gw
r=1 s=1

for some nonnegative numbers py, p,, . . ., pas 41, 42, - - - , gy Such that Zl’r =1
if and only if Ax* < b.
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PROOF. Let us say that the column vectors v" and w* have length n. The sequence
vivi o vMow! w2 .., w¥ may be thought of as defining an (M + N) X nmatrix,
with the ith vector in the sequence describing the ith row of the matrix. To the right
end of this matrix, we append an (n + 1)th column, with the first M components
equal to 1 and the remaining N components equal to 0. Let us denote the resulting
(M + N) x (n+ 1) matrix by Q. Now Theorem 16.3 guarantees the existence of
column vectors u!, u?, ..., uP of length n + 1 such that a vector x satisfies Qx > 0
if and only if

D
x =y pu’ (16.9)
k=1 -
for some nonnegative numbers ¢4, ,, . . ., tp. These vectors define the desired A and
b: if the components of w’ are z,, z,,...,z,4,, then the ith row of A is [ —z,,

—2,3,..., —z,] and the ith component of b is z,, ;. To verify that A and b have the
required property, consider an arbitrary but fixed column vector x* of length n. By
Theorem 9.2, the system

M N
Z prvr + z QSWS x*
r=1 s=1

Mk

p =1 (16.10)
1

r

P1sP2s- s PMr 915925 - -5 4N = 0
has no solution if and only if there are a row vector ¢ = [¢y, ¢s, - . ., ¢,] and a number
d such that

v +d=>0 forall r=1,2,..., M

eww>0 forall s=1,2,...,N (16.11)

and such that
ex* +d < 0.

To put it differently, (16.10) is solvable if and only if every solution of (16.11) satisfies
ex* 4+ d > 0. But ¢, d is a solution of (16.11) if and only if ¢ = —tA and d = tb for
some nonnegative row vector t of length D: if x stands for the column vector [c;,
Cay -y d]7, then (16.11) reduces into Qx > 0 whereas (16.9) reads t(—A) = ¢,
tb = d. Thus we conclude that (16.10) is solvable if and only if every nonnegative row
vector t of length D satisfies t(— Ax* + b) > 0. Clearly, this is the case if and only if
—Ax* + b >0. ||

In Chapter 18, we shall present efficient procedures for finding the vectors v,

v3, ..., vM wl w2 ... w" of Theorem 16.2, the vectors u!, u?, ..., u® of Theorem

16.3, and the system Ax < b of Theorem 16.4.
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16.1

16.2

16.3

16.4

16.5

To show that solving linear programming problems is no more difficult than solving
systems of linear inequalities, describe the relationship between the problem

maximize ¢x subjectto Ax <b, x>0
and the system
Ax <b, x>0, yA>c, y>0, cx > yb.

Prove that in any solvable system

M=

a;x; < b; i=12...,m
1

there are sets I and J of subscripts such that the system
Y ax;=b (iel)
jedJ
has a unique solution x¥ (j € J) and such that
Y oapxr<b
jeJ
for all i = 1,2,...,m. (Hint: Consider the outcome of the first phase of the simplex
method.)

-~
i

Suppose that you have a black box for recognizing solvable systems of linear inequalities.
(Given any system Ax < b, the box will answer the question “Is Ax < b solvable?”
without actually returning a solution when the answer is affirmative.) Show that by feeding
the box at most m + n systems, each system consisting of at most m linear equations and
inequalities in at most n variables, one can find the sets I and J of problem 16.2. In this
sense, finding solutions to systems of linear inequalities is no more difficult than merely
finding out if a solution exists.

A particular inequality in a system of linear inequalities is called redundant if its removal
from the system does not introduce any new solutions. To show that recognizing re-
dundant inequalities is at least as difficult as recognizing solvable systems, prove that
Ax < b is solvable if and only if yb > 0 is redundant in yA = 0,y > 0, yb > 0.

To establish the converse of the preceding result, show that the first inequality in a
solvable system

Yoapx;<b  (i=01,...,m)
j=1

is redundant if and only if the system

a;;yi = QAoj (= 1,2,~--»")
1

T

y; >0 (i=12,....,m

s

]
-

b;y; < b, is solvable.
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A 16.6

16.7

A168

16.9

16.10

16 Systems of Linear Inequalities

Use the Fourier-Motzkin method to find x, y, z such that
Ix+ y—-2z< 0

x—2y—42< —14
—-x+3y—-2z2< -8
-x+ y+4z< 14
-2x -5+ z< —6.

Solve the preceding problem by the simplex method.

Tllustrate Theorem 16.2 on the system
X, +3x,< 6
2%y + X, < =2
X+ x, < 0

Prove that the system

Yoax;<b  (i=1,2...,k
i=1

Yoaxi<b (i=k+1L,k+2,...,m)
=1

is unsolvable if and only if the system

m

Yayi=0 (=12....n

-

s

by, <0

i=1

p20 (i=12....m)
k m
2 byt Y (b= Dy <0
i=1 i=k+1

is solvable.

Derive the following theorems (with the vector inequality v > w meaning, as usual,
v, > w, for all k) from the result of problem 16.9.

(i) P. Gordan (1873): The system Ax < 0 is unsolvable if and only if the system
YA =0,y > 0,y 5 0is solvable.

(ii) J. Farkas (1902): The system Ax < 0, bx > 0 is unsolvable if and only if the system
yA = b,y > 0is solvable.

(iii) E.Stiemke (1915): The system Ax = 0.x > 0 is unsolvable if and only if the system
YA > 0, yA # 0 is solvable.

(iv) J. A. Ville (1938): The system Ax < 0, x > 0 is unsolvable if and only if the system
YA >0,y > 0,y # 0issolvable.

(v) A. W. Tucker (1956): The system Ax > 0, x > 0 has no solution with x;, > 0 if
and only if the system yA < 0,y > 0 has a solution with

Y, @y < 0.
i=1
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16.11 Let
Yoag;<b (i=12...,m)
j=t

be a fixed system of linear inequalities. Call a subset I of {1,2,..., m} admissible if the

system

i a;%; < b; (i¢l)
ji=1

n
Y oapx;<b (i€l
j=1
is solvable. Prove that the union of admissible sets is admissible.

[A. W. Tucker (1956).] Prove that, for every matrix A and its transpose A”, the system

16.12
Ax 2 0,x >0, ATy <0, y" >0, x — ATyT > 0, yT + Ax > 0 is solvable. (Hint:

Combine the results of problems 16.10(v) and 16.11.)

16.13 Let
zaijxjﬁbi (i=12...,m
i=1

be a fixed system of inequalities and let dy, d,,

for each k, the system

Xx; < b; (i #k

ijX
1

., d, be positive numbers such that,

n
ax; < by — d,
=1

7
is solvable.
Prove that the system
d.

: i=12...,m

a;;x; < b; —
7 on+

M=

i
is solvable. [Hint: Use Theorem 9.4.]

Prove: The system Ax < 0, x # 0, is unsolvable if and only if the system for yA = ¢,

16.14
y = 0 is solvable for every right-hand-side c.
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Connections
with Geometry

The concept of analytic coordinates, commonly attributed to René Descartes (1596—
1650), brought about one of the great breakthroughs in mathematics. Its idea is quite
simple: if one draws a horizontal line and a vertical line in a plane, then the position
of each point is uniquely determined by its distance x, from the vertical line (taken
with a positive sign if the point is to the right of the line, and taken with a negative
sign if the point is to the left) together with its distance x, from the horizontal line
(taken with a positive sign if the point is above the line, and with a negative sign if it
is below). The resulting one-to-one correspondence between points of the plane and
ordered pairs [x,, x,] of real numbers creates a correspondence between plane
geometry and certain parts of algebra. This correspondence can be exploited in both
directions. On the one hand, it elucidates algebraic arguments by providing them with
intuitive geometric interpretations; on the other hand, it makes it possible to investi-
gate problems of geometry by applying algebraic techniques.

In this chapter, we shall use the correspondence in both ways. In the beginning,
we shall illustrate in intuitive geometric terms the algebraic techniques developed
earlier in this book. Later, we shall reverse the direction and see that certain classical
results on the geometry of convex sets follow routinely from the algebraic theorems
of Chapters 9 and 16.

250
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As a matter of historical interest, let us note that the idea of establishing coordinates in the
plane had been around long before Descartes. It occurred to the land surveyors of ancient Egypt;
their hieroglyph for a land district was a symbol derived from the square grid. The Greeks, in
particular Appolonius of Perga (c. 247-205 B.C.), used concepts that were at least close to the
coordinate system. In the Middle Ages, Nicole Oresme (c. 1323-1382), Bishop of Lisieux in
Normandy, wrote two tracts on the coordinate system (one of them, “Tractatus de latitudinibus
formarum,” was published in Padua, 1482). His work was the subject of lectures at the Uni-
versity in Cologne as early as 1398 and influenced both Kepler and Galileo. Pierre Fermat
(1601-1665) had the idea of “analytic geometry” before Descartes’ work appeared in print
(Fermat’s paper, “Isagoge ad locos plans et solidos,” was published in Toulouse, 1679). The
modern term coordinates, referring to the real numbers x,, X, associated with each point of
the plane, comes from Gottfried Wilhelm von Leibniz (1646—1716).

Descartes’ “La Géometrie” appeared in 1637 as one of the three appendices to his “Discourse
de 1a méthode pour bien conduire sa raison et chercher la vérité dans les sciences.” Its consistent
exploitation of the correspondence between algebra and geometry, and its clear vision of unifying
the two, had a profound influence on subsequent mathematical thinking. In fact, the common
term Cartesian geometry refers to the Latin version of Descartes’ name, Renatus Cartesius. More
than two centuries after the publication of “La Géometrie,”” John Stuart Mill praised the invention
of analytic geometry as “the greatest single step ever made in the progress of exact science.”

GEOMETRIC INTERPRETATION OF LP PROBLEMS

1

Let us begin by observing that the line passing through points [0, 4] and [2, 0] in
Figure 17.1 represents all the solutions [x,, x,] of 2x, + x, = 4; the shaded half-
plane represents all the solutions [x,, x,] of 2x; + x, < 4. More generally, for every
choice of numbers ay,a,,b such that at least one g; is not zero, all the solutions of

Figure 17.1

O
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a,x; + a,x, = b are represented by a line, whereas all the solutions of a,x; +
a,x, < b are represented by a half-plane bounded by that line. In the space, each
point has three coordinates x, x,, x3. For every choice of numbers a,, a,, a;, b such
that at least one a; is not zero, all the solutions of a;x; + a,x, + asx;»= b are
represented by a plane, whereas all the solutions of a,x; + a,x, + a;x; < b are
represented by a half-space bounded by that plane. By analogy, one refers to the set
of all the vectors [x,, x, ..., X,] as the n-dimensional space R", to the set of all the
solutions of a;x, + a,x, + - + a,x, < b as a half-space, and so on. (According to
this definition, the points of R" are row vectors of length n. Nevertheless, we shall
allow ourselves the liberty of viewing these points as column vectors whenever
convenient.) Here, however, a word of warning may be in order: do not try to visualize
n-dimensional objects for n > 4. Such an effort is not only doomed to failure—it may
be dangerous to your mental health. (If you do succeed, then you are in trouble.) To
speak of n-dimensional geometry with n > 4 simply means to speak of a certain part
of algebra. Even though it may be convenient to use geometric terms, the corre-
sponding objects are purely algebraic and have no counterpart in our perception of
the space.
Now, let us consider the linear programming problem

maximize 3x; + 2x, + 5x3

subject to 2x, + x, <4
X3 <5
X, Xq, X3 = 0.

Each of the five constraints determines a certain half-space. Hence the region of
feasibility (that is, the geometric counterpart of the set of all feasible solutions) is the
intersection of the five half-spaces. In general, the intersection of a finite number of
half-spaces is called a polyhedron. In our example, the region of feasibility is the
triangular prism (wedge) shown in Figure 17.2. Each of the five facets of the prism
corresponds to one of the five constraints in the sense that the points on that facet
satisfy the corresponding constraint with the sign of equality. For example, the
triangular bottom facet corresponds to x5 > 0, the rectangular facet on the right-
hand side corresponds to 2x; + x, < 4, and so on. The correspondence gains
elegance when we introduce the slack variables x, = 4 — 2x; — x, and x5 = 5 —
x5. Now each facet corresponds to one of the variables x,, x,, . . ., X5 in the sense that
each point [x¥, x¥, x*] on the facet corresponding to x; satisfies x} = 0. Explicitly,
the correspondence goes as follows:

bottom ... Xx3
top ... Xs
front ... x,
left ... Xx,

right (shaded) ... x,.
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xa 0,4,5)

(2,0,5]

~110,4,0]
#

10,0,01| ~ /12,0,0

X1

Figure 17.2

Although the problem asks for an optimal solution selected from an infinite set of
feasible solutions, the simplex method examines only a finite number of them: the
basic ones. In every basic solution, three of the five variables x,, x,,..., x5 are
nonbasic. These three variables are set at zero; in fact, setting them at zero determines
uniquely the values of the remaining two variables. In geometric terms, this means
that every point representing a basic feasible solution is uniquely determined as the
intersection of three facets. Such points fit our intuitive notion of corner-points or, by
another name, vertices, of the polyhedron. Hence, at least in this example, the basic
feasible solutions (an algebraic concept) correspond to the vertices (a geometric
concept) and vice versa.

GEOMETRIC INTERPRETATION OF THE SIMPLEX METHOD

—

In solving any LP problem, the simplex method constructs a sequence of basic
feasible solutions. In our example, this sequence (resulting when the largest-
coefficient pivoting rule is used) is as follows:

Initial solution: [0,0,0, 4, 517 with x,, x5 basic.

After the first iteration: [0, 0,5, 4,0]" with x,, x5 basic.

After the second iteration: [2, 0,5, 0, 0] with x,, x; basic.

After the third iteration: [0, 4, 5,0, 0] with x,, x5 basic.
These four basic feasible solutions represent four vertices of our polyhedron, namely,
[0,0,0], [0,0,5], [2,0,5], and [0, 4, 5]. Note that each iteration corresponds to a
continuous motion from one of the vertices in this sequence to the next. For instance,
consider the second iteration: having decided to let x, enter the basis, we let its value
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increase while keeping the remaining nonbasic variables x, and x at zero. In geo-
metric terms, the condition x, = x5 = 0 will confine us to the intersection of the
front facet (corresponding to x,) with the top facet (corresponding to xs). This inter-
section is nothing but the edge joining the vertices [0, 0, 5] and [2, 0, 5]. Increasing
the value of x; means moving along this edge to the right facet, which stops our
progress; hence the corresponding variable x,, whose value drops to zero, leaves the
basis.

On nondegenerate problems with no free variables, the simplex method behaves
just as it did in our example. It moves along the edges of the polyhedron from one
vertex to another, improving the value of the objective function with each iteration,
and eventually stopping when no further improvement is possible. Incidentally, it was
in the 1820s that J. B. J. Fourier proposed the simplex method in the context of the
L, and L, approximation problems discussed in Chapter 14. [An accessible
reference is J. B. J. Fourier (1890).] In showing how to find the best L, approximation
to a solution of a system of linear equations in variables x and y, he used the notion
of a point moving along the edges of a polyhedron from one vertex to another. We
quote from an English translation by D. A. Kohler (1973):

We consider a set of linear functions in the variables x, y, z, . . ., the
numerical coefficients which enter these functions being given. If the
number of functions is not greater than the number of variables, we can
find for x, y, z, . .. a set of numerical values such that the simultaneous
substitution of these values in the given functions will set each function
to zero. But we cannot in general do this when the number of functions
is greater than the number of variables. Let us suppose that we assign
to X, y, z, . . . some numerical values a, f, y, and that, after substituting

, these in each function, we compute the value of the functions, which may
be positive or negative. We will regard this result as an error or devia-
tion, and we will take its absolute value as a measure of error.

This done, we ask which numerical values X, Y, Z, . . . can be assigned
to X, y, z, . .. in order to minimize the maximum error. Alternatively we
could attempt to find a set of values X', Y, Z',... of the variables
X, Y, 2, ... which minimizes the sum of the absolute errors. Both
questions can be resolved by the following general method. It should be
stressed that this method can be applied to systems of an arbitrary
number of variables and that the basic steps of the algorithm do not
change from one problem to the next.

We will use an example in order to describe the method of minimizing
the largest absolute error. This example involves only two variables but
the reader will be able to see for himself how the method could be
generalized to an arbitrary number of variables.

x and y are the coordinates of some point in the horizontal plane. The
vertical coordinate z is used to measure the values of the given linear
functions of x and y, and each inequality is represented by a plane in
three dimensions whose position is given. In the problem which con-
cerns us, the number of these planes is double the number of functions
because it is necessary to deal separately with positive and negative
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errors. We only consider the parts of the planes which are above the
horizontal plane, ie., the xy-plane. Note that the system of planes
forms a vase and the shape of this vase is that of a convex polyhedron.
The lowest point of the vase or polyhedron has as coordinates the
values X, Y, Z which we wish to find, i.e., Z is the least possible value
of the largest deviation and X and Y are the values of x and y which
give this minimum.

In order to reach the lowest point of the vase as quickly as possible,
we start from an arbitrary point (x, y) on the horizontal plane, for
example (x, y) could be the origin (0, 0), and select for z the largest
absolute error assumed by any function when these values of x and y
are used, i.e., among all the points of intersection of the planes with the
vertical line through the point (x, y) we choose the one most distant
from the xy plane. Let m; be this point. It is situated on one of the faces
of the vase. We descend on this face from the point m, to the point m,
on one edge of the polyhedron and, following this edge, we descend from
the point m, to the extreme point m; at the intersection of three extreme
hyperplanes. From the point m; we continue to descend following a
second edge to a new extreme point m,; and we continue the application
of the same procedure, always following the edge which descends most
steeply from the extreme point. In this way we quickly arrive at the
lowest point of the polyhedron.

We have described the method in geometrical terms because this is
the best way of understanding it. However, there is of course a sequence
of numerical operations which corresponds to the geometrical opera-
tions we have just described and which can be applied to problems of
any size. Unfortunately, there is not the space here to describe them in
detail.

THE KLEE-MINTY EXAMPLES REVIEWED

In its quest for an optimal vertex, the simplex method does not always trace the
shortest route: in our example, going from [0, 0, 5] to [0, 4, 5], it took a detour via
[2,0,5]. This myopic behavior reaches bizarre proportions in the examples con-
structed by Klee and Minty. We alluded to these examples in Chapter 4. Now,
restricting ourselves to three dimensions, we shall motivate their construction in
geometric terms. The idea is

(i) Tofind a polyhedron P similar to the ordinary cube, together with an objective
function that increases steadily along some path through all the eight vertices of P.
(iiy Toforce the simplex method into following that path by choosing a sufficiently
devious algebraic representation of the corresponding LP problem.

To achieve our first objective, we take the ordinary cube represented algebraically by

0<x;<1  (j=1,23) (17.1)
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It is not difficult to verify that, no matter what objective function z = ¢, x; + ¢,x, +
c3x3 we choose, every path along which z increases involves at most four of the eight
vertices. Therefore we shall have to squash one cube a little before proceeding.
Squashing the cube is a geometric concept; its algebraic counterpart amounts to
perturbing the coefficients in (17.1). The reader may easily verify that the perturbed
version of (17.1).

Xy <1
02x; + x; <1
0.02x, + 0.2x, + x5 <1
Xy, X3, X3 = 0

172)

represents the squashed cube shown in Figure 17.3. The arrows in that figure point
out a path along which the value of z = 100x, + 1,000x, + 10,000x, steadily
increases. Thus objective (i) is accomplished. Note, however, that objective (ii) is not:

it takes only one iteration of the simplex method to maximize z subject to (17.2).

0,1,0.8]
(0,0,1] - !
| [1,0,0.98)
I
|
[0, 1,0]l
Pr = ————
///
///
///
(0.,0,01 = 1,0,0
Figure 17.3

[1,0.8,0.82]

[1,0.8,0]

To achieve our second objective, let us recall an observation made in Chapter 4:
the largest-coefficient pivoting rule is sensitive to the scale on which the variables
are measured. Changing the units of this scale amounts to replacing each of the
variables x,, x,, x5 and

X4 =
Xg =

X =

1 - Xy
1 — 02x, — x,
1 —002x; — 02x, — x5

by some s;X; such that X; is a scaled version of x;, and s; is the scaling factor: one
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unit of X; is equivalent to s; units of x;. These substitutions (with positive s;’s) convert
(17.2) into

Sy _ 1

—_ xl s J—

Sa Sa

S Sy _ 1
022tx, + 2x, < —
Ss Ss Ss

Sy _ Sy _ S3 _ 1
0.02“X1+0.2—X2+_X3$_
Se Se Se Se

xl, )_Cz, 23 = 0.
More importantly, they convert each expression

z=v+ ) dx;
JjeN

[with x;(j e N) representing the nonbasic variables] into

z=v+ Yy (ds)X;
JjeN

Now, when it comes to choosing an entering variable, we may stack the odds against
X; by making s; relatively small. Consulting Figure 17.3, we may rank the variables

X; = sx; as to their desirability for entering the basis:

X,and X, ... most desirable
X,and Xs ... medium
X3 ... leastdesirable.

Hence we should choose s, and ss very small and sq extremely small with respect
to s, and sg; the choice of sq affects only the appearance of the resulting problem.
A bit of experimenting shows that

sy =8, =1, 5, =55 =001, s3=s5¢=0.0001

will do the job quite nicely. The resulting problem,

maximize 100x; + 10X, + X,
subject to Xy < 1
20x; + X, < 100
200x, + 20x, + X5 < 10,000
Xy, X, X3 > 0

is precisely the one we worked'out in Chapter 4. (The simplex method, misdirected
by the largest-coefficient rule, takes seven iterations to solve it.) Since we know
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better than to visualize in four dimensions, we shall refrain from discussing its n-
dimensional counterparts here.

GEOMETRIC INTERPRETATION
OF THE PERTURBATION METHOD

Consider the problem

maximize X; + x5 + 4x;
subject to Xy +4x; < 4
X, + 4xy < 4 (17.3)

Xy, X2, X3 = 0

whose region of feasibility is shown in Figure 17.4. This polyhedron exhibits a feature
unprecedented in the previous examples: four, not three, of its facets meet at the
vertex [0, 0, 1]. Consequently, if we wish to specify this vertex as an intersection of
three facets, we can do so in several different ways. The vertex [0, 0, 1] is the inter-
section of the two vertical facets (front and left) with the light top facet, but it is also
the intersection of the two top facets (light and dark) with the left vertical facet, and
so on. In algebraic terms, this means that if we set any three of the four variables
X1, X3, X4, X5 at zero, we force the fourth variable to be zero as well. In particular,
if three of these four variables are nonbasic, then the fourth basic variable must
become zero. Of course, this phenomenon is what we call degeneracy.

[0,4,0]

(4,4,0]

Figure 17.4

The simplex method applied to (17.3) may construct the following sequence of
basic feasible solutions.

Initial solution: [0,0,0,4,4]" with x,, x5 basic.

After the first iteration: [0,0, 1,0, 0]7 with x5, x5 basic.

After the second iteration: [0, 0, 1, 0, 0]" with x5, x, basic.

After the third iteration:  [4,4,0,0, 0]7 with x,, x, basic.
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In geometric terms, it moves from the vertex [0, 0, 0] to [0, 0, 1] in the first iteration,
stays as [0, 0, 1] during the second iteration, and finally moves from [0, 0, 1] to the
optimal vertex [4, 4, 0] in the third iteration. The second and the third solutions
describe the same degenerate vertex [0, 0, 1]; however, they differ in how they specify
that vertex as an intersection of three facets. (Similarly, when the simplex method
cycles in certain examples, it does not actually run around their polyhedra in circles.
Instead, it remains stationary at a degenerate vertex, changing only the ways of
specifying that vertex.)
Applying the perturbation method to (17.3) means replacing the constraints

X1+4X3S4, XZ+4X3S4
by
X, +4x; <4+ x, +4x3 <4+ &%

Geometrically, the perturbation amounts to almost imperceptible shifts of the two
top facets of our polyhedron. Hence, the region of feasibility remains unaffected for
all practical purposes. However, watching the vertex [0,0,1] through a strong
microscope, we might see it split into two nondegenerate vertices [0, 0, 1 + 0.25¢]
and [e — ¢%,0,1 + 0.25¢%] as shown in Figure 17.5. In general, the perturbation
method splits every degenerate vertex into a cluster of nondegenerate vertices.

Before After
Figure 17.5

Before leaving the subject, let us note that degeneracy does not always manifest
itself geometrically. For example, let us consider the problem

maximize X4

subject to Xy — X3 +x3<0-
1

Xy, Xa, X3 = 0.

IAIA

X
2. .

Observe that the initial dictionary is degenerate and yet only three facets meet at the
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corresponding vertex [0, 0, 0] in Figure 17.6. The reason is that no facet corresponds
to x, = 0. That is simply because the constraint x, > 0 is redundant: it is implied
by the conjunction of x; — x, + x3 < 0 with x, > 0and x3 > 0. Since the deletion
of x, > 0 does not change the region of feasibility, this constraint cannot manifest
itself by a facet.

[0,1,1]

|
|
|
|
|
l0.1,0

S (1,1,0]

Figure 17.6

THE GRAPHIC METHOD

The geometric interpretation of linear programming leads to a geometric procedure for solving
LP problems with two variables. For illustration, let us consider the problem

maximize X+ X,
subject to 2x, + x, < 14
—-x; +2x, < 8 , (17.4)
2%, — x, <10
Xy, X, = 0.

Its region of feasibility is shown in Figure 17.7, together with the line representing all the points

Figure 17.7
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[x,, x5] such that x; + x, = 2. For every number d, the line x, + x, = d is parallel to x; +
x, = 2. 1fd > 2, then x, + x, = d lies northeast of x; + x, = 2,ifd < 2, then x;, + x, =d
lies southwest of x; + x, = 2. Now the graphic method for solving problems

maximize Cy1Xy + 3%y

subject to a; Xy + A%, < by (i=12...,m

suggests itself. First plot the region of feasibility and draw some line ¢;x; + ¢,x, = d passing
through the region. Then slide a straightedge through the plane so that it remains parallel to
the line ¢;x, + ¢,x, = d. Proceeding in the direction of increasing c,x, + ¢,X,, stop when the
straightedge is about to leave the region of feasibility. The last point of contact represents the
optimal solution. (It may also happen that the last point of contact is not unique. In that case,
one of the edges of the polygon represents all the optimal solutions.) The final result in our exam-
ple is shown in Figure 17.8.

[5,0]
Figure 17.8

GEOMETRIC INTERPRETATION OF DUALITY

The notion of duality was motivated in Chapter 5 by our desire to devise upper bounds on the
optimum values of LP problems. In example (17.4), the optimal solution x} = 4, x¥ = 6 yields
x¥ + x¥ = 10. To prove that no other feasible solution can do better, we have to verify only
that y¥ = 2, y% = £, y% = 0 is a feasible solution of the dual problem

minimize 14y, + 8y, + 10y,

subject to 2 = ya+ 2y3>1
Vi+2y— yax1
Y1, ¥2,¥3 20

and that 14y¥ + 8y% + y% = 10. To put it differently, we multiply the constraint 2x, + x, < 14
by % and multiply —x, + 2x, < 8 by . Since the sum of the resulting two inequalities reads
X; + x; < 10, we conclude that every feasible solution x,, x, of (17.4) satisfies x; + x, < 10.
Interpreted geometrically, this conclusion means that the entire region of feasibility is contained
in the half plane x; + x, < 10; this fact is evident from Figure 17.8. Actually, both Figure 17.8

O
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and the algebraic argument just given support a stronger conclusion: the set of all the points
[xy, x,] satisfying

2%y + x; < 14
-X; +2x, < 8 (17.5)

is a subset of the half plane x; + x, < 10. Now, let us consider linear combinations of the two
inequalities (17.5). Each of these combinations has the form

Qv — w)x; + (v + 2w)x, < 140 + 8w

for some nonnegative v and w. Geometrically, it represents a half-plane that contains the set
represented by (17.5) and whose boundary line passes through the point [4, 6]. Two of these
boundary lines, one corresponding to v = 2, w = 1 and the other correspondingtov = 1,w = 2,
are shown in Figure 17.9. The family of all the lines

2v — w)x; + (v + 2w)x, = 14v + 8w (17.6)

may be thought of as a single line that is attached to a hinge at [4, 6] but is free to rotate on this
hinge. Continuous changes of the multipliers v and w amount to continuous rotations of the
line. In view of this interpretation, it is perhaps not surprising that one can choose nonnegative
v and w so as to make (17.6) coincide with the line x, + x, = 10 shown in Figure 17.8. This,
of course, is precisely the claim whose validity is guaranteed by the Duality Theorem.

[4,6) 5x, =30

3x, + 4x, = 36

Figure 17.9

CONVEX SETS AND CONVEX HULLS

In the remainder of this chapter, we shall apply the algebraic machinery developed
in Chapters 9 and 16 to the geometry of convex sets, a field founded by H. Brunn
(1862-1939) and H. Minkowski (1864-1909). To motivate its central notion, let us
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O O5eF

Figure 17.10

consider the four sets shown in Figure 17.10. Each of these four sets may be thought of
as the floor plan of a room in a somewhat unusual house. A game of hide-and-seek
might conceivably hold some attraction for the occupants of S; and S,. However,
there is no point in playing hide-and-seek in S; or S, in each of these two rooms, every
point is visible from all the remaining points. Sets with this property are called convex.

In order to couch this definition in algebraic terms, we shall first have to make
algebraic the notion of visibility. Assuming that light travels along straight lines,
we observe that two points x, y are visible from each other if and only if there is no
obstruction on the line segment that joins them. If x = [x;, x,] and y = [y, y,]
are distinct points in the plane, then, as the reader may verify, a point z lies on the
line segment joining x and y if and only if

z=1x+ (1 -ty =[tx; + (1 — 0)yy, x5 + (1 — 1)y,]

for some t such that 0 < t < 1. (Note thatt = 0O correspondstoz = y and thatt = 1
corresponds to z = x.) By analogy, the line segment joining distinct points x, y € R"
is defined to consist of all the points z = tx + (1 — t)y such that 0 < t < 1. Hence
a subset S of R" is called convex if and only if

tx + (1 —t)ye S wheneverxe S, yeS, and0<t< 1.
One of the immediate corollaries of this definition follows:

If F is a family of convex sets,

17.7
then the intersection of all the sets in F is also convex. ( )

The proofis trivial: if points x and y belong to every C e F and ifz = tx + (1 — 1)y
with 0 < t < 1, then z belongs to every C € F. In turn, (17.7) implies that for every
set S = R" there is the smallest convex set C* containing S. More precisely, for every
set § S R" there is a convex set C* containing S and contained in every convex set
containing S. Indeed, let F be the family of all convex sets containing S and let C*
denote the intersection of all C e F. Trivially, S = C* and C* < C for all Ce F.
Furthermore, C* is convex by (17.7). The set C* is called the convex hull of S.
Figure 17.11 depicts a planar set and its convex hull.
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Figure 17.11

It is easy to establish a more explicit characterization of convex hulls. Let S be
an arbitrary set in R", and let H denote the set of all the points z € R” such that, for

some positive integer k, some points z,, Z, . . ., Z, in S, and some positive numbers
ty, ty, ..., t, we have
k k
z= Y tz; and Y f; =1 (17.8)

i=1 i=1

We propose to show that

H is the convex hull of S. (17.9)
Our task amounts to routine verifications of the following three facts:

(i) H contains S.

(i) H is convex.

(i) Every convex set containing S must contain H.
The first fact is trivial: points of § are precisely the points z defined by (17.8) with

k = 1. To establish fact (ii), consider arbitrary points xe H, ye H, and z = tx +
(1 — t)y such that 0 < t < 1. Since x € H and y € H, there are points X, X,, ...

’

X,,¥1, Y2, - - ., ¥s € S and positive numbers py, p,, ..., D, 41, 42, - - - » g5 sSuch that
X =Y piX; ZP.‘ =1,y= Zqiyi, >q; = 1. Writing t; = tp;,z; = x;fori = 1,2,...,r
andt,.; = — t)g;,2,+; = y;fori = 1,2,. .. s we have
r+s r s
Ltzi=y pxi+ ) (l—0gyi=tx+(1—ty=z
i=1 i=1 i=1
r+s

Y=

i=1 i

I~

i+ Yl —ng=t+(1—-1=1

1 i=1

Hence z € H. Finally, we shall verify fact (iii). For that purpose, we shall consider
an arbitrary convex set C containing S, and use induction on k to show that every
point z defined by (17.8) must belong to C. If k = 1 then the conclusion is trivial:
as we have already observed, point z defined by (17.8) with k = 1 are precisely the
points of S. Now consider an arbitrary point z defined by (17.8) and assume that the
conclusion is true for k — 1 in place of k. Writing t for 1 — 1, and r; = t;/t for all
i=12,...,k—1,wehave0 <t < 1and



Applications of Linear Programming to the Geometry of Convex Sets 265

k=1

k-1 1 1
Srn==-Yt=-(1-1) =1
i=1 iz t
Hence, by the induction hypothesis, the point x = )" r;z; belongs to C. Of course,
the point z, e S also belongs to C. But then C, being convex, must contain the point
k-1
tx+ (1 — 0z, = Y, tz; + hizy = .
i=1

This is the desired conclusion.

APPLICATIONS OF LINEAR PROGRAMMING
TO THE GEOMETRY OF CONVEX SETS

o

Our characterization of convex hulls shows that a point z belongs to the convex huil
ofaset S < R"ifand only if z belongs to the convex hull of some set of finitely many
points z, z,, . . ., z; € S. For infinite sets S, this assertion may not be entirely obvious.
The following theorem, due to C. Carathéodory (1907), strengthens it even further,
replacing the phrase “finitely many” by “at mostn + 1.”

THEOREM 17.1. If S < R" then a point z belongs to the convex hull of §
ifand only ifthere are points z;,z,, . . ., z, in S and positive numbers ¢, 5, . ., t,
suchthatk <n + 1,Yt, = lLandz = Ytz

PROOF. The “if” part follows from (17.9). To prove the “only if” part, consider
an arbitrary point z = [zy, z,, .. ., 2,] in the convex hull of §. By (17.9) again, we
have (17.8) for some positive integer k, some points z,, Z,, ..., z, in S, and some
positive numbers ¢, t,,. .., t,. Thatis, the system ) t;z; = z,) t; = 1 of n + 1 linear
equations in variables ¢; has a positive solution. Hence, by Theorem 9.3, it has a
nonnegative solution with at most n + 1 variables positive. |

In particular, Theorem 17.1 asserts that a point belongs to the convex hull of a
set § < R? if and only if it belongs to the convex hull of some three-point subset
of §. With “three” replaced by “two,” the claim may fail; for example, [1,1] =
3[3,0] + £[0, 3] + 4[0, 0], but [1, 1] does not belong to the convex hull of any
two of the three points [3, 0], [0, 3], [0, 0]. More generally, the point [1,1,...,1] e
R" belongs to the convex huil ot the n+1 points [n+1,0,...,0],[0,n+1,...,0],...,
[0,0,...,n + 1] and [0,0,...,0], but it does not belong to the convex hull of any
n of these n + 1 points.
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Next, let us note that
every half-space is convex. (17.10)

The proof is straightforward: if Y .a;x; < b, Y a;y; < b,andz = tx + (1 — 1)y with
0<t<1, then Yaz; = Yajitx; + (1 — )y;) = tyax; + (1 — )Y a;y; < th +
(1 — ©)b = b. Combining (17.10) with (17.7) we conclude that every polyhedron is
convex. Polyhedra play a special role in the theory of convex sets: Theorem 16.4
with N = 0 asserts that

the convex hull of a finite set is always a polyhedron. (17.11)

Our next theorem is an important result discovered by E. -Helly (1923) in 1913
but not published by him until ten years later.

THEOREM 17.2. Let F be a finite family of at least n + 1 convex sets in R"
such that every n + 1 sets in F have a point in common. Then all the sets in F
have a point in common.

PROOF. For definiteness, let us enumerate the members of F as Cy, C,, ..., C,.
Our first task is finding polyhedra P,, P,, ..., P, such that
P.cC, forallr =1,2,...,k (17.12)

and such that
every n + 1 of the polyhedra P, have a point in common. (17.13)

For this purpose, let us observe that there is a finite set S & R" that, for every choice
of n + 1 sets in F, contains at least one point common to these sets. (Such a set may
be constructed by examining each of the finitely many choices of n + 1 sets in F.
For each choice of n + 1 sets in F, there is at least one point common to these sets,
and this point may be included in §.) For each r = 1,2,..., k, let P, denote the
convex hull of the finite set S ~ C,. By (17.11), P, is a polyhedron; since S n C, < C,
and since C, is convex, we have P, < C,. The remaining property (17.13) follows
from the property of S stipulated previously; for every choice of n + 1 sets C,, the
corresponding sets S n C, have a point in common. Hence the n + 1 polyhedra P,,
each containing S n C,, have a point in common.

The rest is straightforward. By the definition of a polyhedron, each P, consists of
all the solutions to some system of linear inequalities. By (17.13), each system of
n + 1 linear inequalities chosen from the aggregate of our k systems is solvable.
Hence, by Theorem 9.4, the entire aggregate is solvable. To put it differently, the
polyhedra Py, P,, ..., P, have at least one point in common. By (17.12), this point
belongs to all the sets C,, C,, . .., C,. n
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Without the assumption that F is finite, the conclusion of Theorem 17.2 may fail.
For example, let H, denote the half-space

Xp+ X+ 4 x, 2k

and let F be the infinite family consisting of H,, H,, H;, and so on. There is no point
common to all of these half-spaces, even though every finite number of them do have
a common point.

In case n = 2, Theorem 17.2 asserts that convex sets C,, C,,...,C, (k = 3) in
the plane have a point in common if and only if every three of them have a point in
common. With “three” replaced by “two,” the claim may fail. For example, each of
the three sides of a triangle is a line segment and therefore a convex set; every two
of the sides meet in a vertex but there is no point common to all three of them. More
generally, let P; denote the polyhedron defined by the system

x>0 (=L2...,n

J
n
Y x <1
j=1

in which the ith inequality has been replaced by an equation. It is not difficult to
verify that every n of the polyhedra P, P,,..., P,,, have a point in common but
that there is no point common to all n + 1 of them.

Other theorems on convex sets that follow easily from the results of Chapters 9
and 16 include Kirchberger’s separation theorem (problem 17.2) and a theorem of
Blaschke on the size of balls contained in convex sets (problems 17.3—-17.7). For a
host of information on Helly’s theorem and related results, the reader is referred to
L. Danzer, B. Griinbaum, and V. Klee (1963). We close this chapter with a theorem
known as “the separation theorem for polyhedra.”

R™there is a pair of disjoint half-spaces H,, H, suchthat P, < H;and P, < H,.

PROOF. By definition, P, consists of all the solutions to some system Ax < b and
P, consists of all the solutions to some system Ax < b. Since P, and P, are disjoint,
the aggregate system Ax < b, Ax < b is unsolvable. Hence, by Theorem 9.2, it must
be inconsistent in the sense that yA + §A = 0 and yb + §b < 0 for some non-
negative row vectors y and y. Without loss of generality, we may assume that yb < 0.
Now it follows that yA # 0, for otherwise the system Ax < b would be inconsistent,
contradicting the assumption that P, is nonempty. We conclude that the sets H, and
H, defined by (yA)x < yb and (yA)x > —§b, respectively, are halfspaces. Since
yb < —§b, these two halfspaces are disjoint. Since every solution x of Ax < b
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satisfies (yA)x < yb, we have P, < H,. Since yA = —JA, every solution x of
Ax < b satisfies (—yA)x = (FA)x < ¥b, and so we have P, < H,. | |
1 C — —

A generalization of Theorem 17.3 to arbitrary convex sets Cy, C, in place of the polyhedra
P,, P, is no longer valid. For example, consider the sets C;, C, in the plane such that [x,, x,] € C,
if and only if x, < 0 and such that [x,, x,] € C, if and only if x,x, > 1 and x, > 0.Trivially,
C,, C, are disjoint, and the half-space C, is convex. Establishing the convexity of C, is a little
trickier. To begin with, note that every number r satisfies r> — 2r + 1 = (r — 1)®> > 0 and so,

as long as r > 0, we have
r+ (/) =2
Hence every x = [x,, x,] € C, and every y = [y, y,] € C, satisfy
X1yz + y1Xz = (X4/ys) + (Vi/%y) = 2.
Ifnowz = tx + (1 — ¢)y with0 < t < 1, then
232y = XX + (1 = O(x1y; + y1%2) + (1 — 0%,y
> +21-0)+1-12=1

andsoz e C,. The sets C; and C, are shown in Figure 17.12. It is easy to see that every half-space
disjoint from C, must have the form x, > b for some positive constant b. However, no such half-
space contains C,.

A counterexample of a different nature is provided by sets C, such that [x,, x,] € C, if and
onlyif —1 < x, < land x, = 0,and such that[x,, x,] € C,ifand only ifx, = 0and0 < x, < 1.

Figure 17.12
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Note that [0, 0] ¢ C, and so C,, C, are disjoint; the convexity of both C,, C, is trivial as well.
It is not difficult to show that the only half-space H, containing C; and disjoint from C, is the
half-space x, < 0. Again, every half-space disjoint from H, must have the form x, > b such
that b is positive; trivially, no such half-space contains C,.

The theorem known as “the separation theorem for convex sets” asserts the following: For
every pair of disjoint convex sets C;, C, there are half-spaces H, and H, defined by chxj <d
and Y'¢;x; > d, respectively, such that C; = H, and C, = H,. Note that the half-spaces H,
and H, are not disjoint; they share all the points X such that ) ¢;x; = d. Proofs of this theorem
require notions of elementary topology, which exceed the scope of this book. Those interested
may find two relatively simple proofs in T. Botts (1942).

A necessary and sufficient condition for the existence of disjoint half-spaces H,, H, such that
C, € H, and C, < H, is the existence of a positive d such that, in terms not yet defined here,
the distance between every x € C; and every y € C, is at least d. [ See, for example, Theorem 11.4
in R. T. Rockafellar (1970).] We shall present a slightly weaker theorem in problem 17.8.

PROBLEMS

17.1 Solve each of the three LP problems in problem 4.1 by the graphic method. Describe in
geometric terms the effect of the three different pivoting rules on the performance of the
simplex method.

17.2 [P.Kirchberger (1903)] Let 4 and B be finite sets in R". Prove that the following assertions
are equivalent:

(i) There are disjoint half-spaces H, and Hy such that A < H, and B < Hj.

(ii) For every set S of at most n + 2 points in A U B, there are disjoint half-spaces H ,
and Hgsuchthat SN A € Hyand S n B © Hp.

[Hint: 1f 17.2(i) fails, then a certain system of linear equalities in n + 1 variables is

unsolvable. Apply Theorem 9.4 to this system.]

17.3 If x is a vector with components x;, x,,..., X, and y is a vector with components y,,

V25 - -+ » Vs then the scalar product xy is defined by

Xy = X111 + X2Y2 + ot XnYn
the norm ||x|| is defined by

[Ixl| = (xx)*7>
and the distance dist(x, y) is defined by

dist(x, y) = ||x — y]|-
Prove that for every choice of a vector a with components a4, a,, ..., a,, a number b,
and a vector x with components x,, x5, ..., X,, there is a vector y* with components
y¥, ¥%,...,y¥ such that Y ay¥ = b and dist(x, y*) = |[b — Y.a;x;|/||a]| and dist(x, y) >
dist(x, y*) whenever Y a;y; = b.

[Hint: Consider y* = ta + x with t = (b — Y a;x)/||a||>. Observe that (x — y*)(y* — y)
=0andso[lx — y|I* = [|(x — y*) + (y* = 9)II* = [x — y*|I> + [ly* — y]]]
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The intersection of half-spaces Y ax; < d and Ya;x; > ¢ such that d > ¢ is called a
slab of thickness (d — c)/|ja]|. [By the result of problem 17.3, (d — c)/||a] is the distance
between the two parallel planes bounding the slab.] Now let a,, a,,. .. ,a,, be row vec-
tors of length n, and let b be a column vector of length m. Prove that the polyhedron

ax < b; (i=12,...,m)

is contained in no slab of thickness less than ¢ only if, for each k = 1,2,..., m, the system
ax<b  (i#k
ax < by — tfa|

is solvable.

A ball with a center x and a radius r is the set of all points y such that dist(x, y) < r. Prove:
If a polyhedron in R” is contained in no slab of thickness less than ¢, then this polyhedron
contains a ball of radius t/(n + 1).

[Hint: Combine the results of problems 17.4 and 16.13 to establish solvability of a
certain system of linear inequalities. Then use the result of problem 17.3 to show that
every solution of this system is the center of a ball with desired properties.]

A subset C of R"is called bounded if there is a constant M such thatevery x = [x,, X,,...,X,]
in C satisfies |x;| < M for all j. Prove that for every bounded convex set C and for every
positive o there is a polyhedron P = C with the following property: for every x € C there
is ay € P such that dist(x,y) < 4.

[Hint: First find a finite set § with the following property: for every x € R” such that
|x;] < M for all j there is a y € S such that dist(x, y) < 6/2.]

[W. Blaschke (1916).] Prove: If a bounded convex set in R" is contained in no slab of
thickness less than ¢, then, for every positive ¢, this set contains a ball of radius (t — ¢)/(n + 1).
(Hint: Combine the results of problem 17.6 with = ¢/2 and of problem 17.5.)

Let A, B be disjoint convex sets with 4 containing a point a and B containing a point b
such that dist(x, y) > dist(a, b) for all x in 4 and y in B. Prove that there are disjoint half-
spaces H ,, Hy such that A € H, and B < Hj.

[Hint: Define H, and Hjp as the sets of all points z such that (b — a)z < (b — a)a
and (b — a)z > (b — a)b, respectively. To prove that A = H 4, derive a contradiction
from the hypothesis that (b — a)x > (b — a)a for some x in A. More precisely, prove
that dist(tx + (I — t)a, b) < dist(a, b) whenever ¢ is a positive number smaller than

(b — a)(x — a)/||x — al]*]
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Finding All Vertices
of a Polyhedron

Even though our proof of Theorem 16.2 is constructive, it does not suggest a very
efficient procedure for finding the vectors v, v, ..., vM and w!, w2, ..., w". The
main purpose of this chapter is to present such a procedure. As we shall see, the
task of finding the vectors v" and w® is closely related to the task of finding all
the vertices of a polyhedron. Toward the end of the chapter, we shall consider other
related problems, such as the problem of describing the convex hull of a specified
finite set as an intersection of half-spaces.

VERTICES OF POLYHEDRA

In the preceding chapter, we defined a polyhedron as the intersection of a finite num-
ber of half-spaces. Thus, a polyhedron is the set of all the points x = [x, X,, - - ., X,]”
satisfying a prescribed system of linear inequalities

Yoax; b (i=12...,m) (18.1)
i=1

271
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A vertex of this polyhedron is any of its points that can be specified as an intersection
of facets. To put it algebraically, a point x is a vertex of the polyhedron defined by
(18.1) if and only if it satisfies (18.1) and is the unique solution of some system

Y agx;=b; (i€l (18.2)
j=1

(For two alternative definitions of a vertex, equivalent to this one, see problems 18.3
and 18.4.)

Our definition of a vertex imposes no restriction on the size of the set I in (18.2).
As we are about to show, the definition does not change its meaning if |I | =nis
required. '

THEOREM 18.1. A point x is a vertex of the polyhedron defined by (18.1)
if and only if it satisfies (18.1) and is the unique solution of some system (18.2)
with |I| = n.

PROOF. Since the “if” part is trivial, we need only prove the “only if” part. In fact,
we need only prove that every system (18.2) with a unique solution contains a
subsystem

5 a;;x; = b; (iel® (18.3)
Y @
i=1

with a unique solution and with |[I*| = n. For this purpose, note that (18.2) can be
solved by Gaussian elimination. [The fact that the number of equations in (18.2)
may not match the number of variables presents no difficulty.] In particular, if
(18.2) has a unique solution, then Gaussian elimination transforms (18.2) into a

system of n substitution formulas for x,, x,, . . ., x,. Actually, this system of substitu-
tion formulas arises from some subsystem (18.3) with |I*| = n, and therefore (18.3)
has a unique solution. |

The Number of Vertices

Theorem 18.1 implies that the number of vertices of (18.1) never exceeds the number
of ways in which n objects (namely, the subscripts forming I) can be chosen from a
set of m objects (namely, the subscripts 1, 2, . . ., m). This number, denoted by (7) and
:qual to

mm—1)---(m—n+1)
nmn—1)---3-2-1

turns out to be a gross overestimate: as proved by P. McMullen (1970), the poly-
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hedron (18.1) has at most

m_[n+lJ m_[n-l-ZJ
flm, n) = 2 + 2 (18.4)

m—n m-—n

vertices. (Here, as usual, | x] stands for x rounded down to the nearest integer.) The
values of f(m, n) are consistently smaller than those of (}); in fact, f(m, n) can be
only a fraction of () even when m and n are quite small. For instance, (1) = 12,870
but f(16, 8) = 660. [McMullen’s bound cannot be further improved: D. Gale (1963)
constructed examples of polyhedra defined by (18.1) and having precisely f(m, n)
vertices. We shall present these examples in problems 18.6 — 18.11.]

Even though “typical” polyhedra defined by (18.1) will not have as many as
f(m, n) vertices, they will still have quite a few. For instance, suppose that the numbers
a;; and b; are chosen at random and independently of each other in such a way that
(i) for every constant c, the probability that a;; = ¢ is zero and (ii) for every pair of
constants ¢ and d, the probability that ¢ < a;; < d equals the probability that
—d < a;; < —c, and the probability that ¢ < b < d equals the probability that
—d < b < —c. Now an easy argument, suggested by A. Prékopa (1972), shows that
the expected number of vertices of (18.1) equals

g(m, n) = (’:) nmm,

[Let us sketch the proof only briefly. Assumption (i) guarantees that, with probability
1, each of the (7) systems (18.2) with |I| = n has a unique solution x*, and that
Y.a;x¥ # b, whenever i e 1. Now assumption (ii) guarantees that each of the m — n
inequalities Zaijxj < b; with i ¢ I is as likely to get satisfied by x* as it is to get
violated. Hence x* satisfies (18.1) with probability ()~ "] The values of g(m, n) can
get quite large even when m and n are moderately small: for instance, g(30, 15) =
4,734. When n is large, g(2n, n) is well approximated by 2"/\/15.

Vertices and Basic Feasible Solutions
Some of the inequalities in (18.1) may amount to explicit lower and/or upper bounds
on individual variables. We shall find it convenient to set such bounds apart from

the remaining inequalities, just as we did in Chapter 8. Thus, we shall record every
system of linear inequalities as

Yoap<b (=12...m
i=1 : (18.9)
lijjSuj (=12 ..,n).

As usual, each [; in (18.5) is either a number or the symbol — oo (meaning that no
lower bound is imposed on x;) and each u; is either a number or the symbol +
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(meaning that no upper bound is imposed on x;). By Theorem 18.1, a point x is a
vertex of the polyhedron defined by (18.5) if and only if it satisfies (18.5) and is the
unique solution of some system

a;x; = b; (iel)
=1

J
. 18.6

X; = y; (Jjel)
with [I| + |L| + |U| = n. Now the relationship between vertices of polyhedra and
basic feasible solutions of LP problems, alluded to in the preceding chapter, can be

described precisely.

THEOREM 18.2. A vector [x%, x%,..., x*]7 is a vertex of the polyhedron
defined by (18.5) if and only if the system

Y oax; + Xep; = b; (i=12...,m
=1

(18.7)

L < x; <y =12,...,n

OSX"+,'S + 00 (l=132’,m)

has a basic feasible solution in which (i) each x; with j = 1,2, ..., n has value
x¥, and (ii) each free variable is basic.

PROOF. To establish the “if” part, consider a basic feasible solution [x}, x%, ...,
x*: ]T of (18.7) with all the free variables in the basis. Write
jedJ if 1 <j<n andx;is basic
jeL if 1<j
jeU if 1 <j

iel if 1<i<m andx,,;isnonbasic.

IA
I
A
=

n, x;isnonbasic, and x}

IA

n, x;is nonbasic, and x}

It
<

Since the numbers x¥ (j € J) and x},; (i ¢ I) constitute the unique solution of the
system

j; axj = bi — jEZL al; — jEZU a;u; (iel)

: (18.8)
Y @+ X = by — Y agl — Y au; (i¢l
jed jelL jelU

the numbers x¥, x%, . .., x¥ constitute the unique solution of (18.6). Since the num-
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bers x¥, x%, ..., x*,,, satisfy (18.7), the numbers x¥, x3%, ..., x} satisfy (18.5). Thus,
[x¥, x%, ..., x¥]7 is a vertex of the polyhedron defined by (18.5).
To establish the “only if” part, consider a vertex [x¥, x%, ..., x¥]7 of the poly-

hedron defined by (18.5), and write
xqa=b— Y axr (=12...,m).
j=1

Since [x%, x%, ..., x*¥]7 satisfies (18.5), the vector [x¥, x%,..., x*,,.]7 is a feasible
solution of (18.7). Since [ x¥, x3, . . ., x¥]7 is a vertex, it constitutes the unique solution
of some system (18.6) with |I| + |L| + |U| = n. No subscript j belongs to L and U at
the same time: otherwise the matrix of the system (18.6), having two identical rows,
would be singular, and so (18.6) could not have a unique solution. [We cannot argue
that (18.6) would be unsolvable, for we may have I; = u;.] Now, writing je J if
l<j<nandj¢L,j¢ U, we conclude that the numbers x¥ (je J) and x},; (i¢ I)
constitute the unique solution of (18.8). Since |I| = n — |L| — |U| = |J|, the number
|J| + (m — |1|) of variables in (18.8) equals m. Hence [x¥, x5, ..., x¥,,]" is a basic
feasible solution; its basic variables are x; with je J and x,,; with i ¢ I. Since je J
whenever x; is free, each free variable is basic. | |

Polyhedra with No Vertices

Not every polyhedron has a vertex. A trivial reason why a polyhedron may have no
vertices is that the polyhedron may be empty. However, there are also nonempty
polyhedra with no vertices. For instance, a half-space in R" is a polyhedron, and yet
it has no vertices (unless n = 1). To take a more sophisticated example, consider the
polyhedron defined in R? by

1

2

3 (18.9)
1

2.

IA

Xy + X, — X3

3x; — X5 — 2X5

IA

—4x, + 3x3

IAIA

—2x, + 2x, + X3

x, — 3x,

IA

This polyhedron is nonempty (it contains, for instance, the point [0, 0, 0]7), but it
has no vertices. To see that this is the case, observe that w; = 3, w, = 1, wy; = 4 is
a solution of the system

Wy + w, — wy =0
3wy — wy — 2wy =0
— 4w, + 3wy =0

2wy + 2w, + w3 =0

w; — 3w, = 0.
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t follows that no system arising from (18.9) in the way (18.2) arises from (18.1) can
ave a unique solution: if [x,, x5, x3]7 is one solution then [x; + wy, X, + wa,
;3 + w3]T is another. More generally, consider an arbitrary polyhedron defined by
18.5) and assume that the system

a,]wj=0 (i=1,2,‘..,m)
j=1

J

(18.10)
w; =0 whenever [; or u; is finite

1as a nonzero solution. Under this assumption, no system (18.6) can have a unique

olution: if [xy, X, . . ., x,]7 is one solution then [x; + wy, x; + wy, ..., X, + w,]7
3 another. Hence the polyhedron (18.5) has no vertices in this case.
Existence of a nonzero solution w = [wy, w,, ..., w,]T of the system (18.10) has

natural geometric interpretation. First, take any solution x* = [x}, x%, ..., x*] of

18.5) and observe that x* + w is another solution of (18.5); in fact, x* + tw is a
olution of (18.5) for all real numbers t. For instance, taking x* = [1, 0, 2]" in our
[lustrative example, we observe that

x* +tw =1+ 3,12 + 4]7 (18.11)

5 a solution of (18.9) for all real numbers t. Geometrically, the set of all the points
18.11) is represented by a line passing through the point [1, 0, 2]7. More generally,
. line in R" is the set of all the points x* + tw such that x* is some fixed point in R"
nd w is some fixed nonzero vector of length n. It is easy to show that, for every
lonempty polyhedron P, the following two conditions are equivalent: (i) the system
18.10) has a nonzero solution, (ii) P contains a line. [ Since P is nonempty, it contains
ome point x*. If (18.10) has a nonzero solution w then P contains the line x* + tw.
Conversely, if P contains a line X + tw then w must be a solution of (18.10).]

To summarize, one reason why a nonempty polyhedron may have no vertices is
hat the polyhedron may contain a line. The following theorem shows that this is
he only reason.

THEOREM 18.3. A nonempty polyhedron has no vertex if and only if it
contains a line.

PROOF. Since the “if” part has just been established, we need only establish the
‘only if” part. For this purpose, we shall use a constructive procedure that, given
iny nonempty polyhedron P defined by (18.5), delivers either a nonzero solution of
18.10) or a vertex of P. To begin, write j € F if and only if x; is free in (18.5); then
bserve that (18.10) may be presented as
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w;=0 (je¢F)
along with
z a;;w; = 0 (l= l,2,...,m). (18.12)
jeF
Finding a nonzero solution of (18.12), or showing that there is none, is an easy matter,
which can be handled routinely by Gaussian elimination. If (18.12) turns out to have

no nonzero solutions then, as in the proof of Theorem 18.1, Gaussian elimination
delivers a subsystem

Y ax; =0 (iel)

jeF
of (18.12) with no nonzero solutions and with |I| = |F|. But then a basic (although
not necessarily feasible) solution x* of (18.7) is readily available: its basic variables
are all the free variables along with all the slack variables x,,; such that i¢ I. To
compute x*, we need only set x¥ = [; or x} = u; for each bounded variable x; with
1 <j < n,set x},; = 0 whenever i € I, and then compute x} by solving the system

Z aijx;!: = bi — Z aijx}k (ie I)
jeF Jj¢F
Yoagxr 4+ x¥=b— Y axr (¢l
jeF j¢F

This basic solution may be used to initialize the first phase of the two-phase simplex
method as described in Chapter 8. Since P is nonempty, the first phase delivers a
basic feasible solution X of (18.7). Since all the free variables are basic in x*, and
since free variables never leave the basis, all of them are basic in X. By Theorem 18.2,
(%, %3, ..., %,]" is a vertex of P. |

Finding a nonzero solution w of (18.10) helps in characterizing all solutions of
(18.5). More precisely, let w, be any nonzero component of w; it is easy to show that
x is a solution of (18.5) if and only if x = X + tw for some solution X of (18.5) with
X, = 0, and for some number ¢. (The “if” part is trivial; to establish the “only if”
part, it suffices to set t = x,/w,.) Thus characterizing all solutions of (18.5) reduces
to characterizing all solutions of the system

Za,'ijSbi (i=172,"'9m)
=y

ljSXjSuj (]?ék)

which involves only n — 1 variables. This trick may be repeated over and over,
until a polyhedron containing no line is obtained. Thus, where characterizing all
solutions of (18.5) is concerned, no generality is lost by assuming that the poly-
hedron defined by (18.5) contains a vertex.
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asic Feasible Partitions

Let us investigate basic feasible solutions of systems Ax = b,1 < x < usuch that
[ the free variables are basic. Every such solution x* is fully determined by specifying
aich of the variables are basic, which nonbasic variables are at their lower bounds,
1d which nonbasic variables are at their upper bounds. The resulting partition of
into three parts will be referred to as a basic feasible partition; if A hassizem x n,
en the basic feasible partition may be represented by the vector e = [e;, e, ..., ¢,]
ch that

e, =1 if x,isbasic
e, =0 if x,isnonbasicand x} = I, < y,

e, = 2 if x,isnonbasic and x} = u,.

wo basic feasible partitions will be said to be neighbors of each other if they can be
rtained from each other by a single pivot. That is, two partitionse = [ey, e,, ..., €,]
d &= [€,8,,...,¢,] are neighbors of each other if and only if either (i) they
ffer only in two components such thate; # 1,8 = 1,and e; = 1,&; # 1 or (ii) they
ffer only in one component such that e; # &; and e; # 1, & # 1. (In the first case,
arises from e by a single pivot with x; entering and x; leaving the basis; in the second
se, € arises from e by a single pivot with the value of x; switching from one bound
+ the other and the basis remaining unchanged.) In addition, we shall say that a
1sic feasible direction is a neighbor of a basic feasible partition if the two have the
.me set of basic variables. For illustration, consider Ax = b,1 < x < uwith

31410 23
A=[4 150 1]’ b_[zs]

id
1=[-2,4,—00,0,0]7, =[3, +m,5, + o0, +0]".

he basic feasible partition [0, 0,2, 1, 1] determines the basic feasible solution
-2,4,5,5,4]7, and its three neighbors are

basic feasible partition [1, 0, 2, 1, 0]
basic feasible partition [0, 1, 2, 1, 0]
basic feasible direction [0, 0, — 1, 4, 5]".

fore generally, to produce all the neighbors of a basic feasible partition e, we have
> consider only each nonbasic variable x; with /; < u; in turn and to replace its
alue x* by x* + 1 (if x* = I) or by x* — t (if x} = u;) with ¢ as large as feasibility
llows. If t can be arbitrarily large, then we discover a basic feasible direction that is
neighbor of e; otherwise, we discover one or more basic feasible partitions that
re neighbors of e.

Aliste!, e, ..., eM w! w2, ..., w" of basic feasible partitions " and basic feasible
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directions w* will be called closed if it includes all the neighbors of each €. This
concept is featured in the following easy variation on Theorem 16.2.

|
THEOREM 184. Lete! e® ..., eM w!, w2 ..., w" bea closed list of basic
feasible partitions e" and basic feasible directions w* of

Ax = b, I<x<u (18.13)
Let v, v2, ..., vM be the basic feasible solutions determined by e!, e?, ..., eM. :
If M > 0 then:

(i) A vector x* satisfies (18.13) in place of x if and only if

M N
X*= Y pv + Y gw
r=1 s=1

for some nonnegative numbers py, p,,. .., Pu» 41, 4Gz, - - - > gy Such that
M
Y po=1
r=1

(i) Each basic feasible solution of (18.13) with all free variables basic is
one of the vectors v".

PROOF. The “if” part of (i) is easy: we have
M N M
Ax* = Y p(AV) + Y q(Aw)=Db Y p,=b
r=1 s=1 r=1
and, similarly, 1 < x* < u. To prove the “only if” part, consider an arbitrary but

fixed vector x* satisfying (18.13) in place of x. It will suffice to derive a contradiction
from the assumption that no numbers py, p,,..., Py, 415 425 - - - » gy Satisfy

M N
YoV o+ Y gw = x*
r=1 s=1

I

p =1 (18.14)

Mz

1

P1>P2s s Pms 91> 92>+ - > Gn = 0.

Theorem 9.2 guarantees that the unsolvable system (18.14) is inconsistent in the
sense that some row vector ¢ and a number d satisfy

v +d>0 forall r=12,....M
cw® > 0 forall s="1,2,...,N (18.15)
ex* +d < 0.

Now consider the LP problem
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minimize c¢x subjectto Ax =b, I<x<u (18.16)

The simplex method, initialized by the basic feasible partition e!, constructs a
sequence of basic feasible partitions, each of them appearing on the list e!, €2, . . ., eM,
until it either discovers that (18.16) is unbounded or delivers an optimal solution.
In the former case, the method actually discovers a basic feasible direction w such
that ew < 0. Since this basic feasible direction is a neighbor of one of the partitions
on the list, we must have w = w* for some s. By the second line of (18.15), this is
impossible, and so the latter case must take place. Now the optimal solution of
(18.16) delivered by the simplex method is one of the vectors v" and so, by the first
line of (18.15),the optimal value of (18.16)is at least —d. This is the desired contradic-
tion as x* is a feasible solution of (18.16) and cx* < —d by the third line of (18.15).
Finally, to prove (ii), consider an arbitrary basic feasible solution x* of (18.13) with
all free variables basic. Define a vector ¢ = [c¢y, ¢;, ..., ¢,] by

¢;= 0 if x;is basic

Il

¢; = —1 if x;is nonbasic and x}

c;= +1 if x;isnonbasic and x¥

I
=

and observe that x* is the unique optimal solution of the problem
maximize cx subjectto Ax =b, I<x<u

Hence the simplex method, applied to this problem and initialized by e?, will deliver
one of the basic feasible partitions e”, and this e" will determine x*. n

Breadth-First Search

The results presented so far reduce the task of characterizing all solutions of a system
of linear equations, as well as the task of finding all the vertices of a polyhedron,
into the task of producing a closed list of basic feasible partitions and basic feasible
directions of a system Ax = b, < x < u. In fact, we may even assume that a basic
feasible partition e* of this system is readily available. A straightforward procedure
for creating the closed list is known as breadth-first search; it is described in Box 18.1.

BOX 18.1 Breadth-First Search
Step 0. Sete' =e*, M = I, N =0,k = 1, and let v! be the basic feasible
solution determined by e’.

Step 1. Produce all the neighbors of e*. Whenever you produce a basic
feasible partition e that is not on the current list e!, e?, ..., eM, set eM*!
equal to e, let v *! be the basic feasible solution determined by ™!, re-
place M by M + 1, and continue. Whenever you produce a basic feasible
direction w that is not on the current list w!, w2 ..., w", set w¥*! equal
to w, replace N by N + 1, and continue.

Step 2. If k = M then stop; otherwise, replace k by k + 1 and return to
step 1.
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For illustration, let us return to the system Ax = b,1 < x < u with

3 4 1 0 23
A=[ 4 1 5.0 1]’ b_[zs]’
l = [*2, 4’ — 0, 0, 0]T,
u=[ 3, +oo, 5, +o00, +oo]T

and initialize breadth-first search by

el = [ 0, 0, 2, 1, l]
vi = [—-2 4, S, 5, 4]7.

In the first iteration, we produce three neighbors of e! and add

e?=1 1, 0, 2, 1, 0]
v=[-1 4 5, 2, o]
e =0 0, 1, 2, 1, 0]
v=[-2 8 5, 1, o]
wi=[ 0 0 -1, 4 57

to the list. In the second iteration, we produce three neighbors of e2, add
= 2 0, 1, 1, 0]
vi=1[ 3 4, 18, 28, o]"

to the list and find the remaining two neighbors on the list as e!, e3. In the third
iteration, we produce three neighbors of e3, add

05 = [ O, 1, 1, 0’ O]
v=[-2 13 4 0 0]

to the list and find the remaining two neighbors on the list as e, e2. In the fourth
iteration, we produce three neighbors of e*, add

=0 2, 1 , 0 0]
v=[ 3 18 -1, 0 O]
w2=[ 0 0 —02 08 1I]7

to the list and find the remaining neighbor on the list as e2. In the fifth iteration,
we produce three neighbors of e, add

wi=[ 0 4 —1, 0, 1]

to the list and find the remaining two neighbors on the list as €3, €. In the sixth
iteration, we produce three neighbors of e® and find them on the list as e*, e°, w3.
Since €S is the last partition on the current list, the procedure terminates here; the
list ', €2, ..., e% w!, w2, w is closed. Now we may conclude that x=[x, x,, x3]"
is a solution of
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3x; + x5 + 4x;3 <
4%y + X, + 5x3 < 25 (18.17)
—-2<x, <3, x,>24, x3<5

if and only if

Xy [—27] [—1 -2 3 -2 3
Xp|=pi| 4|+p2| 4|+ps| 8|+pa| 4 |+ps| 13| +ps| 18]+
X3 L 5] LS 5 1.8 4 -1
0] o 0
g Of+q| O [+4g3| 4
| —1 ] |—0.2 -1
for some nonnegative numbers p;, p,, ..., ¢, 4, 42, 45 such that p, + p, + -+ +

pe¢ = 1. Furthermore, we may conclude that

-2 -1 -2 3 -2 3
4\ 41 8L |4 | | 13| | 18
5 5 5 1.8 4 —1

are all the vertices of the polyhedron defined by (18.17).

The main computational burden involved in each execution of step 1 comes from
solving the n — msystems Bd = a with B standing for the basis matrix and a running
through all the nonbasic columns. This task requires no more than m2(n — 2m/3)
multiplications (up to m?/3 to find a triangular factorization of B, and up to m? to
solve each of the n — m systems afterwards). Finding out if the most recently pro-
duced neighbor of e* is already on the list is a different matter: frequent sequential
scans of the list might become prohibitively time-consuming when M and N get
very large. Fortunately, data structures known as balanced trees implement each
look-up in time proportional only to n; another alternative, satisfactory at least
from the practical point of view, is the use of so-called hashing tables. For more
details, those interested are referred to D. E. Knuth (1973) or A. V. Aho, J. E. Hopcroft,
and J. D. Ullman (1983). To summarize, each execution of step 1 takes time propor-
tional to at most m?n, and so the total running time of breadth-first search is at
most proportional to m*nM. This guarantee is quite satisfactory: any algorithm for
producing the list v*, v2, ..., v has to take at least n units of time to record each v",
and so its running time is at least proportional to nM.

For further discussion and an extensive bibliography of related algorithms, those
interested are referred to M. E. Dyer and L. G. Proll (1977), T. H. Mattheiss and
D. S. Rubin (1980), and to T. H. Mattheiss and B. K. Schmidt (1980).
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RELATED PROBLEMS

When applied to systems
Yoap; <0 (i=12...,m) (18.18)

the breadth-first search may waste much time by examining many different basic
feasible partitions e!, €2, .. ., e of the system

Zainj+x,,+i=0 (i=1,2,-~"m)
j=1

Xp+; =0 i=12...,m

all of which define the same basic feasible solution [0,0, ..., 0]". We are going to
describe a way of avoiding such unnecessary work. Without loss of generality, we
may assume to have found a set I such that the system

Y ax;=0 (i€l
j=1
has no solution other than x; = 0 for all j. Writing
=y a; (j=12,...,n
iel

we observe that each nonzero solution of (18.18) satisfies the inequality Y a;x; < 0.
In particular, if a; = 0 for all j, then (18.18) has no solution other than x; = 0 for
all j. On the other hand, if a, # 0 for some k, then we may convert the system

Yax;< 0 (=12...,m
(18.19)

n
Z ax; = —1
j=1

into a system of m inequalities in n — 1 variables by converting the equation
Yax; = —1 into a formula for x, and substituting from this formula throughout
(18.19). Then we are all set for finding vectors v!,v2 ..., v™ and w!, w2 ... 6 w"
such that x satisfies (18.19) if and only if

M N
X= ) pv+ Y qW (18.20)
r=1 s=1
for some nonnegative numbers p;, p,, .. ., Pu, 41, 425 - - - » gy With Y p, = 1. Finally,

we claim that x satisfies (18.18) if and only if

M N
X = ; LY+ Y tyasW (18.21)

s=1
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for some nonnegative numbers t,, t,, . . ., ty 4y TO justify the “if” part of this claim,
it suffices to observe that each of the vectors vi, v2, ... v™ w! w2 ... wV satisfies
(18.18) in place of x. To justify the “only if” part, consider an arbitrary solution
x of (18.18). If x = [0,0,...,0]", then we may satisfy (1821) by t, = t, = - =
tw+y = 0; otherwise, y a;x; = —t for some positive ¢. In this latter case, the vector
x/t satisfies (18.19) in place of x, and so it equals the right-hand side of (18.20) for
some nonnegative numbers py, p,, . . ., P> 4y, 43, - - - » gy But then x satisfies (18.21)
with t, = tp, and ty, .5 = tgs.
For illustration, let us consider the system of inequalities
4x; — 2x; — x3 — x, <0
Xy — X — x4 <0
2%y + X3 — %, <0 (18.22)
=Xy + 2X; — X3 — X, <0
—4x; + 2%, — x3 — x4 < 0.
We might establish, for instance, that the system of equations
4x; — 2x; — x3 — x4 =0
Xy — X —x, =0
2%, + X3 — x4 =0
=Xy + 2x; — X3 — X4 =0
has no solution other than x, = x, = x3 = x, = 0; in this case, the equation
Yajx; = —1assumes the form

dxy + x5 — x3 — 4xy = — 1. (1823)
Substituting for x5 from (18.23) into (18.22) we obtain the system
= 3x, + 3x, <
Xy — X3— Xg< O
4x, + 3x; — 5x, < —1 (18.24)
—5x; + X, +3x, < 1

IA

—8xy + x5 + 3x4

Now a routine application of breadth-first search shows that [x,, x,, x,]7 satisfies
(18.24) if and only if

Xy % —% % —% 0 0
Xp |=pi| =% |+ p2| =3 |+ P3| 3|+ pa|—3|+ps|F|+ pe| 0
x 2 0 3 1 2 1
4 9 9 9 7 3

for some nonnegative numbers py, p,, ..., ps such that ) p,=1. Hence, [xy, x, X3, X4]"
satisfies (18.22) and (18.23) if and only if
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Xy 5 -3 § -5 0 0
- -1 3 -3, |4 0
=D 4 |t P2 2|+ Ps 2|t Pa 1|t Ps 0 + Ps 1
X3 9 7 —9 -3 -3
X4 % 0 % 'é‘ : %
for some nonnegative numbers p,, p,, . . ., pe such that Y p, = 1. We conclude that
[X1, X3, X3, x4 ]7 satisfies (18.22) if and only if,
Xy 1 -1 4 -1 0 0
X3 —1 -1 5 -2 1 0
=t t t t t t 18.25
X 1 g Tl ol Ty Tl | T Tlel_y (18.25)
Xq4 2 0 8 1 2 1
for some nonnegative numbers t,, t,, ..., tg.

In closing, we shall comment on two problems related to the problem of char-
acterizing all solutions of (18.18). The first of these is the problem of describing the
convex hull of a set of points v!, v2,..., v¥ as an intersection of half-spaces. The
proof of Theorem 16.4 reduces this problem into the problem of characterizing all
solutions of a certain system Qx > 0. For instance, if

—4 -1 0 1 4
vi=| 21 v*= 1|, v¥»=|=2| v=|=2| vW=]|-
! 0 —1 1 1
then
(-4 2 1 1
—1 1 1
Q= 0 -2 -1 1
1 =2 1 1
| 4 -2 1 1

and the characterization (18.25) of all solutions of Qx > 0 points out that [ x;, x,, x3]"
belongs to the convex hull of v!, v2, ..., v3 if and cnly if

—x1+ XZ*4X3S2

Xy + X3 —2x3 <0

—4x; — 5x, + 2x3; < 8
X+ 2x, + x3<1
—X; <2

x3 < 1.,

The other problem goes as follows: Given a matrix A, find a system of linear in-
equalities that is satisfied by a vector b if and only if the system Ax < b is solvable.



286 18 Finding All Vertices of a Polyhedron

To solve this problem, we need only find row vectors u', u?, . . ., u™ such that a row
vector y satisfies yA = 0, y > 0 if and only if y = Y t,u* for some nonnegative
numbers t,, t,,...,t,: Theorem 9.2 implies that Ax < b is solvable if and only if
u*b > 0 for all k =1,2,..., M. In finding the vectors u*, we may write yA = 0,
y > 0as ATy = 0, yT > 0 and assume that the m x n matrix AT = (ai;) has full
row rank; then it suffices to find, by breadth-first search, all basic feasible solutions
of the system

Zaijyj:() i=12...,m
j=1

Eyjzl (18.26)
j=1
y; =20 (G=L1L2...,n).

[It is not difficult to see that (18.26) has no feasible directions.] For illustration, we
borrow an example from R. J. Duffin (1974):

[ 5 1 3 —1
-2 1 1 -1

2 -2 -4 2
-3 -1 =2 1
-1 0 1 0
| 6 -1 -5 -1

-

Here system (18.26) reads
591 = 2y; 4+ 2y3 — 3y, — ys + 6ys = 0

Vit Y2—2y3— Y - y6=0
3yi+ Y2 —4ys — 2y, + ys — Sye =0
—y1— Y2+ 2y3+ ya - y6=0

Yi+ Yo+ Y3+ yat+ys+ Vs 1
Y15 Y2,-+-5 Ve = 0.
Since its only two basic feasible solutions are
8 8 3 10 d 4 14 9 o |7
l:E, E’ E, Ev 07 O:I and [ﬁa ﬁv ﬁ, 0, ﬁv O}
a vector y satisfies yA = 0,y > 0 if and only if
y = 1,[8,8,3,10,0,0] + £,[4, 14,9, 0, 10, 0]

for some nonnegative ¢, and t,. We conclude that Ax < b is solvable if and only if
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8b, + 8b, + 3b; + 10b, >0
4b, + 14b, + 9b, + 10bs > 0.
PROBLEMS

18.1  Illustrate Theorem 16.2 on the system
Xy + 2x5 + 3x3 < =2

X, +2x3 < 1
X, +3x3 < =3
Xy + 2x, + 4x3 < —4
—X; — X3 < —1
—X; — 2x, —3x3 < 4.
A 182 Illustrate Theorem 16.4 on
3 5 5 3 5 5
-1 1 2 0 1 -1
1 2 _ 3 4 _ 5 _ 6 _
Y al VT sl VT o) Y T el Y T ep Y 6
-1 3 4 0 1 3

183  Prove that a point x* in a polyhedron P is a vertex of P if and only if the set P — x*
obtained from P by deleting x* remains convex.

184  Prove that a solution x* of a system Ax < b is a vertex of the corresponding polyhedron
if and only if x* is the unique optimal solution of some linear programming problem
maximize ex subjectto Ax < b.

18.5 As in Problem 17.6, a subset S of R" is called bounded if there is a constant ¢ such that
|x;] < ¢ for each component x; of every x in S. A bounded polyhedron is called a polytope.
Prove that every polytope is the convex hull of its vertices.

18.6  For fixed positive integers s and ¢, let h(s, t) denote the number of sequences c,, ¢,,. .., ¢
such that each c; is a nonnegative integer and ) ¢; = s. Prove that

h(s, {) = <S ’:i_l 1).

(Hint: Consider sequences d,,d,,...,d,_, defined by d; =i+ ¢, + ¢, + " + ¢;.)

18.7 A set I of n integers selected from 1, 2,..., m will be called admissible if between every
twor, s ¢ I there are an even number (possibly zero) of elements of I. Prove that the number
of admissible sets equals f(m, n), as defined by (18.4).
(Hint: Observe that each admissible set is characterized by a sequence of nonnegative
integers dy, dy, ..., d,_, such that }'d; = n and each of the terms d,, d,,. .., d,_,_, is
even. Then observe that the number of such sequences equals h(n/2,m — n + 1) +
h((n — 2)/2,m — n + 1) if'nis even and 2h((n — 1)/2,m — n + 1)if n is odd.)

188  Lett,,t,,...,t, benumberssuch thatt, <t, <--- < t,and let ] be a set of n integers
selected from 1, 2, ..., m. Prove that the system
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18.9

18.10

18.11

18 Finding All Vertices of a Polyhedron

i i(ti—t{f)>x,»=1 (iel (18.27)
j=1 \k=1

(with #f standing for the jth power of t,) has at most one solution.
(Hint: Consider solutions vy, v,,...,v, and wy, w,, ..., w,. Define

m

ﬂ0=0—21i$»+mi%”
i=1

k=1j=1
and
o0 = (1= £ 5 i) m %
. k=1j=1 ji=1

Observe that f(t;) = g(t;) = 0 whenever i € I, and so f(t) = cg(t) for all ¢ and some con-
stant c. Conclude that v; = cw; for all j and show that ¢ = 1.)

Prove: If I is admissible, then there are numbers x,, x,, . . . , x, satisfying (18.27) and such
that

Y Y —thx; < 1 forall i¢l.

j=1k=1
(Hint: Write
SO =T1¢~1
iel
and observe that, for every r, s, ¢ I, the two values f(t,), f(t;) have the same sign. Hence,
each f(¢,) with r ¢ I has the same sign as

d= i ).
k=1

Now define ¢y, ¢y, . .., ¢, by

n

=73 ct

i=0
and verify that the numbers x,, X5, . . ., x, defined by x; = c;/d have the desired property.)

Prove: If I is not admissible, then there are no numbers x;,, x5, . . . , x, satisfying (18.27)
and such that

Y Y —thx;<1  forall i¢l

j=1k=
(JH int: i&ssuming that there are numbers x,, x,, . .., x, satisfying (18.27), define
1o =Tle-1
and -
gty =m i xith + (1 - i i tixj>~
j=1 k=1 j=1

Show that there is a nonzero constant ¢ such that cf(t) = g(t) for all ¢. Observe that there
are r, s ¢ I such that f(t,) and f(t,) have different signs. Conclude that at least one of g(t,),
g(t,) is negative.)

Prove that the polyhedron

3 Z(ti—t{))xjs_l (i=12...,m
j=1 \k=1
has precisely f(m, n) vertices, as defined by (18.4).
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The Network
Simplex Method

The special structure found in certain LP problems can often be exploited in the
design of highly efficient solution techniques. This effect of the special structure is
at its most impressive for so-called transshipment problems or network flow problems,
the subject of this chapter and the next four. As shown by G. B. Dantzig (1951b) and
A. Orden (1956), the special structure of transshipment problems allows radical
simplifications in the revised simplex method. The resulting network simplex method
may be developed either by streamlining the revised simplex method or, just as easily,
from scratch. To make our exposition self-contained, we shall adopt the latter option.
(The connection between the revised simplex method and the network simplex
method is pinpointed in Problem 19.9.)

THE TRANSSHIPMENT PROBLEM

The transshipment problem concerns finding the cheapest way to ship prescribed
amounts of a commodity such as oil, oranges or empty railroad cars from specified
origins to specified destinations through a concrete transportation network. The
network may be represented by an illustration such as Figure 19.1. Here, each of the
small circles labeled 1, 2;...,7 may be thought of as one of seven cities and each
of the arrows may be thought of as a one-way highway or a railroad line. (No generality
is lost by considering one-way rather than two-way communication links—quite

291
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the contrary: each two-way highway can be represented by a pair of arrows pointing
in opposite directions between the two particular cities.) More rigorously, a network
is a set of elements called nodes and a set of elements called arcs, each arc e being
an ordered pair (i, j) of distinct nodes i and j. It is convenient to write e = ij rather
‘han e = (j, j); for instance, the network in Figure 19.1 consists of nodes 1, 2, 3, ...
and arcs 15, 14, 21, .... If e = ij is an arc, then the node i is called the tail of e and
the node j is called the head of e; the two nodes i and j may be also referred to as
the endpoints of e.

A network constitutes only a part of the data in a transshipment problem: there
is also a demand for some commodity at certain nodes and a supply of the same
;ommodity at other nodes. The nodes with a demand for the commodity are called
sinks and the nodes with a supply of the commodity are called sources. There may
also be nodes that, although present in the network, have neither a demand for nor
a supply of the commodity. Such nodes are referred to as intermediate. (Note that
‘his classification of nodes into three kinds is completely independent of the structure
of the network: it is defined only by the numerical data specifying supplies and
lemands.) For instance, if there is a demand for 6 units at the node 3 a demand for
10 units at the node 4 a demand for 8 units at the node 5 and a supply of 9 units
1t the node 6 a supply of 15 units at the node 7 then nodes 3, 4, S are sinks, nodes
5, 7 are sources and nodes 1, 2 are intermediate. Throughout this chapter, we shall
maintain a convenient but unrealistic assumption:

The total supply equals the total demand. (19.1)

The lack of realism in this assumption is obvious: it would be quite surprising to
find that, say, the total demand for oranges matches their supply precisely. Never-
theless, the assumption does not limit the applicability of the resulting theory: as we
shall point out in the next chapter, problems involving actual shipments of goods
can always be converted into a form which does satisfy (19.1). On the other hand,
assumption (19.1) makes the theory simpler and more elegant: as soon as it holds,
zvery schedule of shipments that satisfies the demand at each sink must satisfy this
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demand exactly and it must fully exhaust the supply at each source.

We shall always describe a schedule of shipments by specifying, for each arc ij,
the amount x;; of the commodity shipped directly from i to j. For instance, the
schedule of shipping

6 units from 6 to 3 directly

3 units from 6 to 5 via 7
10 units from 7 to 4 via 2

5 units from 7 to 5 directly

will be represented by xg3 = 6, Xxg7 = 3, x5 =10, x5, =10, x,5 =8

and x;; = O for all the remaining arcs ij. True, this representation is ambiguous:
it could also mean shipping

6 units from 6 to 3 directly

7 units from 7 to 4 via 2

3 units from 6 to 4 via 7 and 2

8 units from 7 to 5 directly.
Nevertheless, the ambiguity is harmless: when two crates of oranges are considered
interchangeable, the actual trajectory of an individual crate is of little interest. In small
examples, it is often convenient to write each positive x;; next to the corresponding

arc ij and to completely ignore arcs ij with x;; = 0. For instance, a schedule of ship-
ments might be presented in the form shown in Figure 19.2.

Figure 19.2

A schedule of shipments described by the amounts shipped along individual arcs
can be implemented if and only if :

(i) The amount entering each intermediate node equals the amount leaving that
node (for instance, 10 = 4 + 6 at intermediate node 2 in our case).
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ii) The amount entering each sink minus the amount leaving that sink equals
1e demand at that sink (for instance, 9 + 1 — 2 = 8 at sink 5 in our case).

ii) The amount leaving each source minus the amount entering that source
juals the supply at that source (for instance, 10 + 9 — 4 = 15 at source 7
1 our case).

v) Each amount shipped along an individual arc is nonnegative.

: “only if” part of this claim is easy to establish; a rigorous proof of the “if” part
little trickier. The details are left to the reader.)

hese requirements can be expressed as

X = b, x>0 (19.2)
1

(-1 -1 -1 1 1 ]
-1 -1 -1 -1 1 1

-1 -1 -1 —1
1 -1 —1]

's notation deviates from the convention that reserves double subscripts ij for

ies of a matrix rather than components of a vector.) Matrix A is called the incidence

rix of our network. More generally, the incidence matrix of a network with n nodes
m arcs has n rows and m columns; each arc ij corresponds to a column
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a . ,
a5 -1 ifk =1
: defined by a, = 1 ifk =j
a, 0 otherwise.

(Although in the past we reserved the letter m for the number of rows in a matrix,
and the letter n for the number of columns, the roles of the two letters are now inter-
changed: A has size n x m. This switch is forced by a convention of network theory:
it is customary to denote the number of nodes by n and the number of arcs by m.)
Each component b; of the demand vector b specifies the demand at node i, with
supplies interpreted as negative demands. We shall denote the cost of shipping a
unit amount along ij by ¢;; and refer to the row vector ¢ with components ¢; as
the cost vector. In our example, we shall consider

¢ = [c13, €14 €15, €215 €235 Ca4s C255 Csa» C61> Co25 Co35 Co7> C725 C75)

=[53 18,29, 8, 60, 28, 37, 5 44, 38, 98, 14, 23, 59].
Now the total cost of a schedule x equals
CX = Zcijxij

and so the natural problem of finding the cheapest schedule amounts to minimizing
cx subject to (19.2). More generally, the transshipment problem is any problem

minimize e¢x subjectto Ax =Db, x>0

such that A is the n x m incidence matrix of some network and such that
Z bi = 0.
i=1

[The last requirement stipulates assumption (19.1): The total supply equals the total
demand.] Note that the sum of the n equations Ax =b reads 0 = 0, and so any
one of them amounts to the sum of the remaining n — 1. Hence, removing the last
of the n equations, we may state our problem in the form

minimize cx subjectto Ax =b, x>0

such that matrix A has only n — 1 rows and vector b has only n — 1 components.
For instance, deleting the last equation in our illustrative problem we obtain

-1 -1 -1 1 1 0
1 -1 -1 -1 1 1 0

- 1 1 1 - 6
A= 1 1 b=1 10
1 1 -1 1 8

1 -1 -1 —1 -9

The matrix A will be referred to as the truncated incidence matrix of the network.
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AND FEASIBLE TREE SOLUTIONS

stween nodes u and v is a network with nodes w;, w,,...,w, and arcs
, €1 such that u = wy, v = w, and the two endpoints of each e; are w;
A cycle is a network arising from this path by adding a new arc with end-
and w,. (In particular, two distinct arcs with the same pair of endpoints
cle.) A network is called connected if between every two of its nodes there
it is called acyclic if it contains no cycle. A tree is a connected and acyclic
an example of a tree is shown in Figure 19.3. Note that this tree T and our
etwork N have the same set of nodes; in addition, each arc of T is an arc
h trees are called spanning trees of N. A feasible tree solution is a feasible
¢ associated with a spanning tree T in such a way that x;; = 0 whenever
r instance, the tree in Figure 19.3 determines the feasible tree solution in
4.

5
> O
4
2

7
Figure 19.3 Figure 19.4
it difficult to prove that every tree has the following property: no matter
de v, is chosen, the remaining nodes can be enumerated as v,, v3,..., 0,
way that:

ery i > 2, there is precisely one arc with one endpoint equal to v;
e other endpoint among the nodes v, v,,. .., ;- ;. (19.3)

ance, if v; = 7 is chosen in our example, then we may set v, = 2, v; = 3,
s = 1,vs = 5,v; = 6tosatisfy (19.3).] We leave the proof for problem 19.5.

ular, every tree with n nodes has precisely n — 1 arcs: if vy, v,,...,0,
).3), then the arcs can be enumerated as e,, es,. . ., e, in such a way that
oint of each e; equals v; and the other endpoint is among vy, v,, ..., v;_ 4.

<ample, e, = 72, e5 = 23, e, = 24, e5 = 14, ¢ = 15, e; = 61))

onsider the truncated incidence matrix B of this tree, with a row for each
)pt v, = nand a column for each arc. When the rows and columns of B are
so that the rows correspond to v,, v, . . ., v, in this order, and the columns
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correspond to e,, e, . .., e, in this order, the resulting matrix is upper triangular
with nonzero entries on the diagonal. Hence the system Bx* = b has a unique solu-
tion x*. We conclude that each feasible tree solution x is uniquely determined by
the associated tree: if x* stands for the column vector with n — 1 components x;

-~ J
one for each arc of the tree, then Bx* = b.

THE NETWORK SIMPLEX METHOD:
AN ECONOMIC MOTIVATION
L —

The network simplex method works exclusively with feasible tree solutions. In each
iteration, it aims to improve the current solution. As a result, either it produces a
feasible solution defined by a new tree or it finds out that the current solution is
optimal. There are three parts to each iteration. We shall illustrate them on the
feasible tree solution shown above and motivate them in intuitive economic terms;
rigorous general treatment will follow in the next section.

In the first part of the iteration, we imagine that the current feasible tree solution
has been adopted by a transportation company. Because of the shipping costs, the
market price of the commodity will vary with location: for example, oranges cost
more in Alaska than they do in Florida. If the unit price is y; at a node i and if the
company ships the commodity along an arc ij, then it is fair to expect a unit price of
y: + ¢;; at the node j: a lower price would make shipping along the arc ij wasteful,
whereas a higher price would allow competitors to undersell the company at j and
still make a profit for themselves. Our first task is to determine a set of “fair prices”
V1> Y25 - - - » Yu Such that

Vi + ;=Y foreach ijeT. (19.4)

Note that (19.4) amounts to only n — 1 equations (one for each arc of T'), in n variables
(one for each node of T'). Hence it does not determine the fair prices uniquely: if d
is an arbitrary constant then y, +d,y, + d,...,y, + d satisfy (19.4) whenever
Y1s Y25+ - - » Yo do. (To put it differently, the fairness of the prices depends only on
their relative differences y; — y; and remains unaffected when all the prices rise or
fall uniformly.) In particular, we may assume that y, = 0; as we shall see in a moment,

the resulting system of n — 1 equations in y,, y, ..., y,~; has a unique solution.
In our example, this system reads
Y2 =23
— Y2t 3 = 60
— Y2 + Ya =28
W + Vs =18
— ¥ +Js =29

y1 — ye = 44
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ts unique solution is

=23, y3; =283, y, =51, y, =33, y; =62, yo= —11L
though one of these “fair prices” is negative, the differences y; — y; retain
economic significance.) In general, the left-hand side of the system may be
ht of as the row vector yB such that y is the row vector with components
, Yn-1 and B is the truncated incidence matrix of the tree. As observed
usly, the rows and columns of B may be permuted in such a way that the
1g matrix is upper triangular with nonzero entries on the diagonal. Hence the
has a unique solution.
e second step of each iteration, we put ourselves in the role of a competitor:
‘t pay to buy the commodity at some node i, ship it along an arc ij and sell at
¢ j? In our example, the answer is affirmative for several different arcs ij. For
3, we could buy at the node 2 for y, = 23 and ship along the arc 25 for ¢,5 =
total expense of y, + ¢,5 = 60 compares favorably with the selling price of
'. In general, this second step consists of choosing an arc ij such that
cij <y (19.5)
er, this arc is referred to as the entering arc. [If no arc satisfies (19.5), then the
solution is optimal; more about that in the next section.] Of course, (19.4)
hat only the out-of-tree arcs have to be examined in this step. In hand
>ns on small problems, it is customary to choose that arc which maximizes
ence y; — y; — ¢;; between the two sides of (19.5). When problems with
of thousands of arcs are handled on a computer, this rule is abandoned in
ome less time-consuming strategy. In our example, it doesn’t take long to

most tempting” arc 75 with the net profit of y5 — y, — ¢;5 = 3 per unit
“his will be our entering arc.

1ird step of each iteration, we imagine that the first company has found out
:ompetitor’s plan and hastens to use the information to its own advantage.
7 ship t units through the entering arc and keep ignoring other out-of-tree
hipments along the arcs of T will have to be adjusted so as to maintain
>f the resulting schedule. The adjustments, easy to work out, are shown in

5. Our intuitive reasoning suggests that each unit shipped along the arc

ew schedule cuts down the total cost. Hence x,5 = t should be made as
ssible. The requirements

—1t=20, X540 =9—-1t>0, and x;, =15—-1t>0

rom making ¢ too large; the largest value we get away with is t = 8. The
ng solution is shown in Figure 19.6. (Note that the new solution is again
ze solution. As we shall explain in the next section, this is no accident.)
illustrate this third step again, we shall continue solving our problem.
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91

15—t
o

Figure 19.5 Figure 19.6
The second iteration begins.

Stepl. y, =0,ys =59,y, =23,y; =83, y, =51, y; = 33,y = —11.
Step 2. We let 21 be the entering arc (y; — y, — ¢33 = 2).
Step 3. Illustrated in Figure 19.7.

94

5

The third iteration begins.

Figure 19.7

Stepl. y;, =0,ys =59, y, =23,y; =83, y, =3, y, =49,y = —13.
Step 2. Now y; — y; — ¢; < 0 for all arcs ij.

Now our current solution is optimal. To see that this is the case, suppose that we
approach the company and propose to take over its services for a fee. To make the
proposal more persuasive, we do not name the fee explicitly; instead, we exhibit our
list of local prices yy, y;, - - -, y, and offer to trade at these prices. Since y; — y; < ¢;;
for all arcs ij, the company has no incentive to stay in business: in every single instance,
shipping from i to j would cost it at least as much as selling to us at i and buying
back at j. Hence its total operating cost must be at least the lump sum > yib; we are
implicitly asking for. On the other hand, this lump sum equals our total operating
cost: on each individual shipment, we break even.
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3 3
Figure 19.11

tree solutions in an important respect: x;; = 0 not only for all the arcs ij outside the
tree, but also for certain arcs ij in the tree. Such feasible tree solutions are called
degenerate. Although degeneracy is quite harmless in its own right, it may indicate
serious trouble ahead. To illustrate this trouble, we shall continue solving our
example.

In the next iteration, we are led to consider solutions shown in Figure 19.12. Now
x, = 0 for the leaving arc f, and so the new solution X will not differ from the current
solution x. The only change occurs in the underlying tree; it is illustrated in Figure
19.13.

3 3
Figure 19.12 Figure 19.13

More generally, pivots with x; = 0 for the leaving arc f are called degenerate.
such pivots change only the tree but leave x unaltered. (In our example, the next
sivot happens to be degenerate again; after that, one more pivot brings us directly
o the optimal solution.) These degenerate pivots are a nuisance: they cause the
ietwork simplex method to “stall” without showing any signs of progress. In fact,
hey can lead to something far worse than stalling. For example, consider a network
vith sources 1, 2, 3, 4, sinks 5, 6, 7, 8, and an arc ij for each source i and each sink j.
“here is a unit supply at each source and a unit demand at each sink; the costs are
pecified as

Ci6 = Ci7 = Cz5 = Cz7 = C35 = C36 = C4g = |

nd ¢;; = 0 otherwise. The network simplex method, initialized by the tree with
rcs 15, 16, 26, 28, 48, 47, 37 (so that x;s = X, = X4 = X3; = 1 and x;; =0
itherwise) might proceed as shown in Table 19.1.
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Table 19.1 A Cycle
of Twelve Iterations

Iteration Entering Leaving

number arc arc
1 18 28
2 36 16
3 46 47
4 35 36
S 38 18
6 25 35
7 45 46
8 27 25
9 28 38
10 17 27
11 47 45
12 16 17

After twelve iterations, we find ourselves looking at the initial tree again. Now we
might go through these twelve iterations over and over again, never reaching an
optimal solution (such as x;s = X3 = X37 = X46 = 1 and x;; = O otherwise).
This phenomenon, called cycling, seems to make the network simplex method
unsound. Nevertheless, its threat is only illusory: cycling can be avoided by judicious
choices of leaving arcs. The most elegant way to avoid cycling, and also the easiest to
implement in practice, was proposed by W. H. Cunningham (1976); we shall return
to it later in this chapter. Furthermore, cycling is extremely rare. Its occurrence in
practical problems has never been reported; the first example was constructed
artificially by B. J. Gassner (1964) and published 13 years after the appearance of the
network simplex method. [ The example given here is its simplified version. For other
examples, see W. H. Cunningham (1979) and W. H. Cunningham and J. G. Klincewicz
(1983).] Finally, it is not known whether cycling can occur when each entering arc
maximizes y; — y; — c;;. (However, the interest of this question is only theoretical:
efficient computer implementations of the network simplex method do not select the
entering arcs in this way.)

TERMINATION AND INITIALIZATION

For the moment, It us simply assume that cycling does not occur. In other words,
let us assume that each tree is looked at in at most one iteration. Under this assumption,
the network simplex method must terminate: since there are only a finite number of
trees to be possibly looked at, there can be only a finite number of iterations. Hence the
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only remaining problem is that of finding a feasible tree solution to begin with. This
problem is far from trivial: not every transshipment problem has a feasible solution,
and the nonexistence of a feasible solution is not always apparent.

To get around this difficulty, we first observe that a feasible tree solution is readily
available whenever our network is sufficiently rich in arcs. More precisely, it suffices to
have an arc from a fixed node w to each sink or intermediate node other than w
itself, and an arc to w from each source other than w itself. These n — 1 arcs, one for
each node other than w, constitute a tree T,,. Now we may set

X,j = b; whenever b; >0 and j#w
X = —b; whenever b; <0 and i#w
x;=0 whenever ij¢ T,,.

To verify that this is a feasible tree solution, we need only check that
ink - Zxkj = b (19.7)
i j

for every node k. If k = w then (19.7) is obvious: only one of the left-hand side vari-
ables corresponds to an arc of T,,. On the other hand,

inw_zij= - 2 bk = bw

i j k#w
and so (19.7) holds even for k = w.

Of course, it may happen that not all of the n — 1 arcs constituting T, are present
in our network. In that case, we resort to an intuitive trick: we make the absent arcs
available but penalize their use. More precisely, we choose w arbitrarily and enlarge
the network by adding the missing arcs of T,,. The added arcs are referred to as
artificial. As we have just observed, a feasible tree solution in the enlarged network
is readily available; what we really want is a feasible solution x such that x;; = 0
for each artificial arc ij. Toward this end, we associate a penalty p;; = 1 with each
artificial arc j, set p;; = O for all the original arcs ij, and seek a feasible solution x*
minimizing Y p;;x;;. The resulting transshipment problem is called the auxiliary prob-
lem; to find x*, we may use the network simplex method initialized by T,,. (Clearly,
the auxiliary problem has a feasible solution and is not unbounded.) It will be con-
venient to distinguish three possible outcomes, depending on the optimal solution
x* and the corresponding tree T in the auxiliary problem.

(i) T contains an artificial arc up with x}¥, > 0.
(i) T contains no artificial arc.
(iii) T contains at least one artificial arc, but every artificial arc ij has x}; = 0.
In case (i), the original problem has no feasible solution: such a solution x would

satisfy ) p;;x;; = 0 < ) p;x¥, contradicting the optimality of x*. In case (ii), the net-
work simplex method on the original problem can be initialized instantly by T and
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x*. The somewhat atypical case (iii) is perhaps the most interesting: even though th
original problem has a feasible solution (specified by the values of x* on the origin¢
arcs), it may have no feasible tree solution (for instance, the original network ma
be not connected). We are going to show that in case (iii) the original network break
down into smaller subproblems, which may be solved separately.

Decomposition into Subproblems

To begin, let us note a simple but useful identity: for each set S of nodes and fc
every feasible solution x, we have

YoXiy— 2 Xy =3 b (19.¢
i¢S ieS keS

jes i¢s
In intuitive terms, (19.8) makes perfect sense: its left-hand side represents the impo
to S minus the export from S, whereas the right-hand side represents the net deman
in S. A rigorous proof is equally easy: in the system Ax = b, take the sum of thos
equations that correspond to the nodes of S.

Next, suppose that the set of nodes of our network can be partitioned into nor
empty subsets R and S in such a way that

Y. b, =0 and thereis noarcij withie R,je S. (19.¢

keS
In intuitive terms, S represents a region whose domestic demand matches its domest
supply and which has no means of import. Clearly, such a region cannot afford t
export. To put it formally, every feasible solution x must have

x; =0 whenever i€ S, jeR

[A rigorous proof of this fact is obtained instantly by combining (19.8) with (19.9)
Hence the arcs ij with i€ S, j € R are useless and might just as well be deleted. A
soon as this is done, the original problem splits into two subproblems with noc
sets R and S, respectively. For illustration, consider the network and demands i
Figure 19.14. If R stands for the two rightmost nodes and S stands for the remainin

-5Q O3

Figure 19.14
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five nodes, then (19.9) holds. Hence the problem splits into the two subproblems
(with cost coefficients inherited from the original problem) shown in Figure 19.15.
Solving the two subproblems separately requires less time and space than solving
the original problem as a whole.

and B

2 (5_3.

Figure 19.15

We claim that in case (iii), the original problem always decomposes in this way. In
fact, the decomposition is pointed out by the node numbers y,, y,, . . ., ¥, associated
with the optimal solution x* of the auxiliary problem. More precisely, taking an
arbitrary artificial arc uv in the optimal tree T, we may set ke Rify, < y,and ke §
if y, > y,. Since R and S are nonempty (we have u € R trivially and v € S since y, =
Yu + Pup = Yu + 1), we need only verify that (19.9) holds. As y; + p;; = y; for all
arcs ij, no original arc jj has i € R, j € § (otherwise y; + p;; = y; < y, < y;). Thus the
second part of (19.9) holds. Furthermore, substituting x* for x in (19.8) and recalling
that x# = O for all artificial arcs ij, we find that

Y b= —Yxk

keS
with the right-hand sum taken over all the original arcs ij such thatie S, j e R. But
none of these arcs can be in T (otherwise y; = y; + p;; = y; and y; > y, > y; at
the same time) and so each of them has x¥ = 0. Thus the first part of (19.9) holds
as well.

Updating the Node Numbers

Now the problems of initialization are out of the way. Before returning to the un-
finished business of cycling, we shall make a few general comments on the nature
of numbers y,, y,, . .., y, satisfying

Vi + ¢ =Y; whenever ije T. (19.10)

As previously observed, there are unique numbers y¥, y*, ..., y* such that
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y¥ =0 and y¥ 4+ c; = yF whenever ijeT. (19.11)
It follows easily that y,, y,, ..., y, satisfy (19.10) if and only if
Ve=YE+d k=1,2...,n

for some constant d. [ The “if”” part is trivial; to prove the “only if” part, observe that
Ve — y,satisfy (19.11) in place of y¥, and so d = y,.] In particular, all choices of num-
bers yi, Vi, - - -, Y, satisfying (19.10) determine the same vector © = ¢ — yA with
components ¢;; = ¢; + y; — y;- (Any side conditions such as y, = 0, imposed in our
example, are irrelevant.)

We shall show that the numbers y,, y,, . . ., y, can be updated by a simple formula
rather than computed from scratch in each iteration. The update relies on the fact
that every tree with an arc e deleted splits into two disjoint trees, each of which con-
tains one endpoint of e. (A proof is left for problem 19.8.) In particular, if e = w
is the entering arc in an iteration leading from Tto T + e — f,then(T + e — f) — e
consists of two disjoint trees T, and T, such that ue T,and ve T,. If y;, y5, ..., ¥,
satisfy (19.10), then the numbers y,, 7,, . . . , J, defined by

- {yk (ke T,
Ve =

(19.12)
Yk + Ee (k € Tv)

with ¢, = ¢, + y, — y, satisfy

Vit =17; whenever ijeT + e — f.
[The last claim is easy to justify. We have 3; — 3; = y; — y; whenever jj e (T + e —
f) — e; in addition, y, + ¢, = y, + ¢, = y, + T, = ¥,.] Practical implementations

of the network simplex method make use of the updating formula (19.12) or its rela-
tives such as

{yk - C (k € Tu)

he= Vi (ke TU)

(19.13)

whose right-hand side is obtained by subtracting ¢, from the right-hand side of (19.12).

An Easy Way to Avoid Cycling

To state a certain theoretical result on cycling, we need one more definition. Let T* be a tree and
let w be a node of T*. In an intuitive sense, each arc of T* is directed either towards w or away
from it. For instance, the arcs 14, 29,49, 62, and 75 in the tree of Figure 19.16 are directed towards
the node 9, whereas 28, 43, and 95 are directed away from it. This notion can be made precise by
referring to the partition of T* — wv into trees T, and T, such that ue T,and ve T,. Iff we T,
then wv is directed toward w; if w e T, then uv is directed away from w. In the theorem below, we

0



]

308 19 The Network Simplex Method

choose an arbitrary node w, call it the root and keep it fixed through all iterations of the network
simplex method.

Figure 19.16

THEOREM 19.1. 1If, in each degenerate pivot leading from Tto T + e — f, the entering
arc e is directed away from the root in T + e — f then the network simplex method does
not cycle.

PROOF. We shall associate two numbers g(T) and h(T) with each tree T examined by the
network simplex method. To define g(T'), we recall that T uniquely determines its feasible tree
solution x; then we set g(T) = ex. The other number h(T) arises from numbers y,, y5, ..., s
satisfying (19.10): even though these numbers are not uniquely determined by T, the quantity

RT) =3 (5 — yu)
k=1

is.

Now consider two consecutive trees, T; = T and T;,, = T + e — f, in the sequence T,, T,
Ts, ... constructed by the network simplex method. Clearly, we have

9(Tivy) < g(T). (19.14)

If g(T:+,) = g(T), then the pivot leading from T; to T;,, is degenerate and, by our hypothesis,
eisdirected away from the root win T, ;. To putit differently,w e T, in (19.12) or (19.13). But then

Z (7k - yw) = Z (yk - yw) + EeITvI
k=1

k=1

and T, < O as e is the entering arc. In short,

h(T;+y) < K(T) whenever ¢(T;,,) = g(T). (19.15)
If the conclusion of the theorem fails, then T; = T, but i < j for some subscripts i and j. In that
case, (19.14) and g(T;) = ¢(T)) imply g(T)) = g(T:+,) = - = ¢(T;). But then (19.15) implies
h(T;) > h(Tivy) > -+ > h(T;), contradicting h(T}) = h(T}). |

The anticycling strategy devised by W. H. Cunningham (1976) relies on Theorem 19.1. Let
us say that a tree T is strongly feasible if the feasible tree solution x defined by T has the following
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property: Every arcij € T with x;; = 0 isdirected away from the root. If all the trees in the sequ
T,, T3, T3, ... constructed by the network simplex method are strongly feasible, then the
pothesis of Theorem 19.1 is satisfied: in each degenerate pivot leading from T to T + e
the entering arc e maintains x, = 0, and so it must be directed away from the root in the stro
feasible T + e — f. Now it follows that cycling in the network simplex method never oc
as long as (i) the initial tree is strongly feasible and (ii) each pivot, departing from a stro
feasible tree T, arrives at a strongly feasible tree T + e — f.

Getting hold of an initial strongly feasible tree presents no difficulty: we need note only
the initial tree in the auxiliary problem is always strongly feasible. Furthermore, given any fea
tree solution x, we can easily find either a strongly feasible tree defining x or a decompos:
of the problem into two subproblems. More precisely, consider a tree T defining X. An arc ut
will be called bad if it prevents T from being strongly feasible: that is, uv is bad if it is dire
towards the root and yet x,, = 0. As above, T — uv consists of disjoint trees T,, T, such
ue T, ve T, let R and S stand for the node sets of T, and T,, respectively. Trivially, T -
contains no arc with one endpoint in R and the other endpoint in S. Hence x;; = 0 when
ieR,je S oriesS,je R. Substituting into (19.8), we see that S satisfies the first part of (1
Now there are two possibilities. If there is no arc ij with i€ R, j € S then (19.9) holds anc
problem decomposes. If there is an arc ij with i € R, j € S, then x may be defined by the tree
ij — uv which contains fewer bad arcs than T. This procedure may be iterated as many tim:
necessary; the result is either the decomposition or the strongly feasible tree.

Now we need ensure only that each pivot, departing from a strongly feasible tree T, ar
at a strongly feasible tree T + e — f. This objective may be achieved with a remarkable eleg
and simplicity by an appropriate choice of the leaving arc f, allowing a total freedom ir
choice of the entering arc e. (Readers acquainted with Chapter 3 will note the contrast witt
smallest-subscript pivoting rule, which prescribes the entering as well as the leaving varie
On the cycle C in T + e, we locate a special node called the join: this is the first node at w
the path from one endpoint of e to the root in T meeets the path from the other endpoi
e to the root in T. (See Figure 19.17.) If there are two or more candidates for the leaving
then break the tie by the following rule:

Choose the first candidate encountered when C is traversed in the direction of e,
starting at the join. 1

root

O
Figure 19.17

To verify that (19.16) preserves strong feasibility, consider an arbitrary pivot leading |
T to T + e — f. Assuming that T is strongly feasible, we wish to establish strong feasibili'
T + e — f. For that purpose, we may restrict our attention to the arcs of C: the remai
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arcs ij change neither their direction with respect to the root nor the corresponding values of
x;;. Now we distinguish between two cases.

Case 1. The pivot is nondegenerate. In this case, the values of x;; increase on all forward arcs
and decrease on all reverse arcs. Hence the arcs ij e C with X;; = 0 in the new solution X are
precisely the candidates for the leaving arc. Now (19.16) guarantees that all of these arcs are
directed away from the root in T + e — f. (See Figure 19.18.)

T to the root

leaving candidate

candidate candidate

entering

Figure 19.18

Case 2. The pivot is degenerate. In this case, the solution does not change; we shall refer to
the arcs ij € C with x;; = 0 as zero arcs. The entering arc e = uv splits C into three parts: first the
path from the join to u, then the arc uv itself, and finally the path from v back to the join. Strong
feasibility of T guarantees that every zero arc on the first path is forward and every zero arc on
the second path is reverse. (In particular, the leaving arc is on the second path.) Now the desired
conclusion follows again from (19.16). (See Figure 19.19.)

to the root

candidate

No reverse

& No forward
zero arcs here ﬁ

zero zero arcs here

candidate

leaving

L u zero v J
O Figure 19.19
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THE NUMBER OF ITERATIONS

——

With cycling effectively prevented, the network simplex method will always terminate
after a finite number of iterations. It is natural to ask just how large the number of
iterations can get. The answer depends not only on the size of the problem, but also
on the way in which the entering arcs are selected.

Specific rules for the selection of entering arcs are called pivoting rules. For example,
the rule of always choosing that arc which maximizes y; — y; — ¢;;is a pivoting rule;
we shall refer to it as the rule of the largest merit. Another example is the rule of the
first candidate: Always choose the first encountered arc jj with y; — y; — ¢;; > 0.
Efficient implementations of the network simplex method use pivoting rules (sketched
in the next section) that are more sophisticated than first candidate and yet less time-
consuming than largest merit. In practice, such rules have been found quite satis-
factory: the typical number of iterations that they require is comparable to (and often
smaller than) the number of nodes in the network. [When it comes to guarantees of
a reasonably quick termination, the situation is far less encouraging. The largest-
merit rule, in spite of its intuitive appeal, may lead to a disaster: N. Zadeh (1973)
constructed a sequence of transshipment problems such that the kth problem has
only 2k 4+ 2 nodes but the largest-merit rule leads to 2% + 2%~2 — 2 iterations. For
instance, in a network with 100 nodes, the method goes through nearly 10'3 itera-
tions, which is not “reasonably quick” by any standards. Similar examples may exist
for other popular pivoting rules, but they must be very rare: the network simplex
method works remarkably fast even on randomly generated problems.]

In practice, the network simplex method is a spectacular success. It takes just a few
minutes to solve a typical problem with thousands of nodes and tens of thousands of
arcs; even problems ten times as large are solved routinely. To attain this level of
efficiency, the method must be properly implemented.

COMPUTER IMPLEMENTATIONS

Since the first outline of the network simplex method, we have revised our view of a typical
iteration. Now we know that the numbers y,, y,, . . . , y, can be easily updated by (19.12) or (19.13)
rather than computed from (19.10) in each iteration. Consequently, we shall view each iteration
as beginning with some T, X, y, and divided into two parts: (i) choose an entering arc; (ii) update
T, x, y. The implementation of the first part involves questions that are radically different from
the challenge presented in the second part.

To choose an entering arc, we have to have a pivoting rule. Simple pivoting rules, such as the
first candidate, require a relatively short time per iteration whereas more complicated rules, such
as the largest merit, tend to reduce the number of iterations. An efficient pivoting rule should
attempt to combine both of these virtues, so as to minimize the total running time. For instance,
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we may occasionally scan the list of arcs until we find r candidates for the entering arc. In the
subsequent s iterations, the entering arcs are chosen from this candidate list by the rule of the
largest merit. After these siterations, the scan begins again where it had previously left off. (Typical
values of the two parameters might be » = 40 and s = 20.) Pivoting rules of such kind aim for a
reasonable compromise between the largest merit, requiring a long search in each iteration, and
the first candidate, disregarding the magnitudes of y; — y; — c;; altogether. This basic theme is
open to endless variations. For example, we might form a relatively long candidate list by scanning
109 of all the arcs and putting aside every single arc ij such that y; + ¢;; < y;. In each subsequent
iteration, we consult only some 30 arcs on the list and choose the arc ij that maximizes y; — y; —¢;;
among these 30. As we move through the candidate list at the rate of 30 entries per iteration, we
keep deleting those arcs ij that now show y; + ¢;; > y;. Consequently, the candidate list shrinks
until it eventually becomes empty. At that point, we scan the next 10%, of all the arcs, and so on. A
rigorous analysis of these stratagems seems impossible. The definitive choice of the actual proce-
dure, and the setting of its various parameters, require a great deal of craftsmanship based on
practical experience and/or experimental results. For more information, see J. M. Mulvey (1978)
and G. H. Bradley et al. (1977).

The update of T, x, and y begins by finding the path between the two endpoints of the entering
arc. The time required to implement this operation depends heavily on the particular representa-
tion of T in the computer. For instance, if we had at our disposal only a list of the arcs of T, then
finding the path might be a relatively cumbersome task. (To take a very small example, see how
long it takes to find a path between S and T in the tree with arcs AL, BR, CM, CP, DG, EI, EQ,
EU, FK,GT,GC, HI, HL, HS, IT, JK, KS, LN, OR, RT.) The path may be found faster if we
choose a different representation of T. Consider an ordering v,, v, . . ., v, satisfying (19.3): for
each node v, other than the root v,, there is precisely one arc with one endpoint equal to v, and
the other endpoint w equal to one of the nodes vy, v, . . ., v,_,. We shall refer to w as the prede-
cessor of v,. When the tree is drawn as hanging down from the root, the predecessor of each node
is its unique neighbor on the next higher level. For illustration, consider the tree in Figure 19.20.
(In this context, the actual directions of the various arcs are irrelevant, and so we ignore them.)
The predecessor p(i) of each node i can be found in the following array.

Figure 19.20
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i | 1

p@) 9

The main virtue of this predecessor array is that it stores, in a compact and implicit fashion, all
the paths between arbitrary nodes and the root. For example, to find the path from node 6 to
root 5, we have to look up only p(6) = 1, p(1) = 9, p(9) = 5: the nodes of the desired path are
6, 1,9, 5. From finding paths between prescribed nodes and the root, it is only a small step to
finding paths between prescribed pairs of nodes. To find a path between u and v, we first find the
path P from u to the root and the path Q from v to the root. Then, starting at the root, we move
backward along P and Q at the same rate until we locate their join. The desired path from u to v
consists of the portion of P between u and the join, and the portion of Q between the join and v.

Even though the path between the join and the root is totally useless, it gets traversed three
times: first as a portion of P, then as a portion of Q, and finally in the backward scan. We can
avoid looking at this path altogether as long as we maintain a certain auxiliary array. Each entry
d(i) in this array specifies the depth of a node i, defined as the number of nodes on the path between
i and the root. The depth array for our example follows.

|
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The new array enables us to look for the join while we are constructing the two paths. Assuming
d(u) > d(v), we can describe the streamlined procedure as in Box 19.1.

Box 19.1 Finding the Path Between u and v
Step 0. [Initialize.] Seti=1,j =1, u; = u, v, = v. i
Step 1. [The level of v reached?] If d(u;) = d(v) then go to step 3; otherwise proceed
to step 2. ‘
Step 2. [Climb up on the longer path.] Set u;,, = p(u;); then replace i by i + 1 and |
return to step 1.

Step 3. [Join reached?] If u; = v; then output the path uy, up, ..., u; vj_y,.... 0y
Otherwise proceed to step 4.

Step 4. [Climb up on both paths.] Set u;,; = p(u) and v;, ; = p(v;). Then replace i
by i + 1, replace j by j + 1 and return to step 3.

-

Incidentally, the leaving arc can be found while this procedure is being executed: we need only
keep track of that reverse arc f that minimizes x, among all the reverse arcs encountered so far.
[Monitoring the values of x, with e € T is easy as soon as x is represented by a certain array x(-)
of length n — 1: for each node i other than the root, the value of x(i) is either x;,; or —x,q,.
depending on the direction of the arc between i and p(i). Cunningham’s tie-breaking rule (19.16)
can be incorporated in this scheme with no extra work.] As soon as the path between u and v
and the leaving arc have been found, updating x presents no problem.

To update y, we shall use formula (19.12) in case the root belongs to T, and formula (19.13)
in case the root belongs to T,. It will be convenient to use S to denote that of the two trees
T,, T, which does not contain the root. Now y, changes only for k € S: we have
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Ve =

{yk (k¢S) (19.17)

yki-z‘e (kes)

with the + sign interpreted as + if e is directed away from the rootin T + e — f: and as — if
e is directed toward the root.

A fast implementation of this formula requires a fast identification of S. The arrays p(-) and
d(-) are not particularly well suited for this purpose; in order to identify S quickly, we shall make
use of yet another array. When a rooted tree is drawn in the plane, imagine tracing a continuous
line around its contours, beginning at the root and eventually returning there. As the line sweeps
round the tree, it traverses each arc twice: first on its way down and later on its way in the opposite
direction. This way of traversing the tree is known as depth-first search. In our example, depth-
first search visits the nodes

5,14, 8, 14, 4, 14, 10, 14, 5,9, 1, 6, 11, 6, 12, 2, 12, 13, 12, 6, 1, 3, 7,3, 1, 9, 5

in this order. Recording only the first visit to each node, we obtain an ordering of the nodes known
as a preorder. In our example, the preorder is

5,14,8,4,10,9,1,6,11,12,2,13,3,7.

A rooted tree may have many different preorders, depending on how it might be drawn in the
plane. We choose a fixed preorder and, for each node i, record the successor s(i) of i in this preorder.
When i is the last node in the preorder, we let s(i) be the root. The array s(-) is known as a thread;
the following is the thread for our example.

iil\2J3l4l5J6l7l8!9 10l11\12113|l4

s(i) 6ll3|7‘10’14l11\5l4l1

Now let f be the leaving arc in our tree T. As usual, T — f splits into two disjoint trees. One
of these trees contains the root; the other tree is easily seen to be the tree S featured in (19.17).
Hence S can be identified easily by depth and thread: having traversed f downward, depth-first
search proceeds to explore the entire S and, when finished, leaves by traversing f upward. The
resulting implementation of (19.17) is described in Box 19.2.

BOX 19.2 Implementation of Formula (19.17)
Step 0. [Initialize.] Denote the two endpoints of f by f; and f; in such a way that
d(fy) = d(f;) + 1. Set k = f, and proceed to step 1.

Step 1. [Update y,.] Replace y, by y, + T, and proceed to step 2.

Step 2. [Follow the thread through S.] Replace k by s(k). If d(k) > d(f) then return
to step 1; otherwise stop.

The only remaining task is updating 7, which means updating the three arrays p(-), d(*) and
s(-). These arrays are merely tools for a quick update of x and y; if they could not be updated
fast in their own right, then the means would defeat the purpose. Fortunately, they can be updated
fast. In fact, the update of p(-), d(-), and s(*) can be carried out concurrently with the update
of y.

Whereas the updated arrays p(-) and d(-) are uniquely determined by the new rooted tree
T + e — f, the updated form of s(-) depends on the way we imagine T + e — f drawn in the
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22 23
Figure 19.21

plane. In other words, T + e — f may have many different preorders. We shall remove the
ambiguity by choosing a preorder designed to minimize the work required in the update of s(-).
A formal description of the new preorder is a little complicated; we shall illustrate it on the tree
T shown in Figure 19.21. For clarity, the 32 nodes of T are labeled in such a way that 1,2,..., 32
is a preorder. The entering arc e has endpoints 3 and 20; the leaving arc has endpoints 8 and 9.

The endpoints of the entering arc e will be labeled as e, e,, and the endpoints of the leaving
arc f will be labeled as f;, f5 in such a way that e, ¢ S, e, €S, f1 ¢ S, f5 € S. (The labels on f are
easy to assign: as previously observed, d(f,) = d(f;) + 1. To assign the labels on e, observe that
it is the path from e, to the join in T, rather than the path from e, to the join, which contains the
leaving arc f.) The path between e, and f, in T is called the pivot stem or the backpath; we shall
denote the sequence of its nodes by vy, v, . . ., v, in such a way that v, = e, and v, = f,. Inour
example, v; = 20, v, = 17,v3 = 16, v, = 12, and vs = 9.

Now consider an arbitrary node k € S and find the smallest subscript ¢ such that v, appears on
the path from k to the root: for this subscript t, we shall write k € S,. Thus S splits into pairwise
disjoint subsets Sy, S,, ..., S,; we shall consider each S, ordered by the preorder on T. In our
example, we have ;

S, = {20,21,22,23,24}
S, = {17, 18,19, 25,26}
S5 = {16,27,28,29}
Sy = {12,13,14,15}
Ss = {9, 10, 11, 30, 31}.
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We shall denote by S* the concatenation of the ordered sets S, S, . .., S;. In our example, S* is
20, 21, 22, 23, 24, 17, 18, 19, 25, 26, 16, 27, 28, 29, 12, 13, 14, 15, 9,.10, 11, 30, 31.

Finally, the preorder on T + e — f is obtained from the preorder on T by first removing the
block S and then inserting the block S* directly after e;. In our example, the corresponding
drawing of T + e — f is shown in Figure 19.22. This operation requires certain changes in the
thread. When the block S is removed, the resulting gap has to be closed: if the first node f, in S
was preceded by a node a, then the new successor of a will be the old successor z of the last node in
S. Similarly, to insert S* between e, and its old successor b, we make the first node e, of S* the
new successor of e,, and we let b be the new successor of the last node in S*. (In the singular
case e; = a, we simply make e, the new successor of e,, and we let z be the new successor of the
last node in S*.)

Figure 19.22

The transformation of S into S* requires further changes in the thread. First, the new successor
of the last node in each S, with t < h — 1 will be the first node v, , of S, , (as the last node in S,
is the last node in S*, its new successor will be b). Secondly, one additional node in each S, with
t > 2 may change its successor. In preparation for this change, note that each S, with t > 2 splits
into its left part, consisting of nodes appearing before v,_, in the old preorder, and the remaining
right part, consisting of nodes appearing after v, _,. The left part always includes v,, but the right
part may be empty. (For instance, consider ¢t = 4 in our example.) If the right part is nonempty,
then the last node in the left part changes its successor from v, _, to the first node in the right part.
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Box 19.3 describes an implementation of these changes. The variable k scans through §,,
S5, ..., S, in this order. While k is scanning through S,, the variable i stands for v, and, if t > 2,
the variable j stands for v,_,. The variable r is the first node in the right part of the set that,
among all the sets S,, S, , 1, - . . , S, with nonempty right parts, has the smallest subscript; if there
is no such set, then r is the old successor of the last node in S.

U |

BOX 19.3 Updating the Thread

Step 0. [Initialize.] Set @ = f; and, as long as s(a) # f, keep replacing a by s(a).
Set b = s(e;) and i = e,. |
Step 1. [Find the last node k in S, and initialize the value of r.] Set k = i and, as '
long as d(s(k)) > d(i), keep replacing k by s(k). Then set r = s(k). |
Step 2. [If at the end of S*, remove S and insert S*.] If i = f, then set s(a) = r, |
s(ey) = ey, s(k) = bincase e; # a,and s(e;) = e,, s(k) = rin case e, = a, and stop.

Step 3 [Climb up the pivot stem and update s(k).] Set j = i, replace i by p(i), and }
then replace s(k) by i. '
Step 4. [Find the last node k in the left part of S,.] Set k = iand, aslong as s(k) #j, |
keep replacing k by s(k).
Step 5. [If the right part of S, is nonempty then update s(k), find the last node k in |
S,, and update r.] If d(r) > d(i) then replace s(k) by r, keep replacing k by s(k) as long |
as d(s(k)) > d(i), and finally replace r by s(k).

Step 6. [Iteration completed.] Return to step 2.

Now for the update of p(-) and d(-). Graphically, the transformation of T into T + e — f may
be seen as consisting of two steps: first, the link e between e; and e, is attached, and then the link
f between f; and f, is cut. As a result, the pivot stem flips down: each of its nodes v,, formerly
hanging down from v, ;, is now suspended from v,_,. Nevertheless, each S, continues to hang
down from v, in the same old way. This observation has two useful corollaries.

(i) The value of p(k) changes only if k is on the pivot stem. The original values p(v,) = v,,
p(vy) = v3,...,p(vy) = f; change into p(vy) = ey, p(vy) = vy, ..., p(Uy) = Uy -

(ii) Foreacht = 1,2,...,h there is a constant ¢, such that the new depth d*(k) of each
ke S, equals d(k) + ¢,. Since d*(e;) = d(e;) + 1, we have ¢, = d(e,) — d(e;) + 1. Since
d*(v,) = d*(v,_;) + 1 and d(v,_,) = d(v,) + | whenever t > 2, we have ¢, =2+ ¢,_,
whenever t > 2.

Now it becomes easy to incorporate the update of p(-) and d(-) into the procedure for updating
s(+). The update of y may be incorporated into the same procedure rather than carried out
separately.

For more information, including implementations based on data structures other than prede-
cessor, depth and thread, the reader is referred to A. I. Ali et al. (1978); our exposition followed
closely the lines of G. H. Bradley et al. (1977).
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PROBLEMS
[ ]
A19.1 Solve the problems
minimize ¢x subjectto Ax =b,x >0
with
-1 —1 1 7]
1 -1 1
1 -1 -1
1 -1 -1
A= 1 -1 -1
1 -1 1
1 1 -1
| 1 -1 1]

and the following three choices of b, ¢:
@ b=[-2-1,2-6,10, 3,3]%c=[31 001, 24231,10]
@) b=[-2-1,2-6,10, 3,3],¢=1[21-3,1,1,-2,4223,1,2,4]

(i) b=[-3, 1,3,-1,20,-3,1]Nc=1[2,1,-3,1,1,-2,4,2,3,1,2,4].
19.2 Decompose the problem
minimize ¢x subjectto Ax =b, x>0
with
B U G | 7
-1 -1 1
1 1 —1
1 -1 -1
A= and
-1 -1 1
1 -1 1
-1 1 -1
| -1 1 1 ]
b=[-1,23,-4,-567 —8]"
into subproblems.
193  Update the arrays
i 1 2 3 4 S 6 7 8 9
plols | — 1 ]9]5]3]1]3
d 3 4 1 4 3 4 2 2
s 4 6 7 8 3 9 S
representing a tree T into the arrays representing T + 12 — 59.
194 Prove that a network is not connected if and only if its nodes can be colored green and

red jn such a way that each color occurs at least once but the two endpoints of every arc

have the same color.



19.5

19.6
19.7

19.8

19.9

19.10

19.11
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Design an efficient algorithm that given any node v, in any network N with »n nodes
produces one of the following three outputs: (i) a labeling of the nodes as vy, v,, ..., v,
such that (19.3) holds; (ii) a coloring of the nodes as in problem 19.4, showing that N is not
connected; (iii) a cycle in N.

[Hint: Consider a sequence vy, v,,. . .,v, which might conceivably be enlarged into
output (i). Show that this sequence may be enlarged by v,,, or else one of the outputs
(ii), (iii) produced immediately.]

Prove: In an acyclic network, there is at most one path between any two nodes.

Prove: If | < k < n then every acyclic network with n nodes and n — k arcs consists
of k disjoint trees.

Prove that the network T — e obtained by deleting an arc e from a tree T consists of two
disjoint trees, each of which contains one endpoint of e.

Let B be a truncated incidence matrix of a network T with n nodes and n — 1 arcs. Prove
that B is nonsingular if and only if T is a tree.

Construct an example of a transshipment problem with all arc costs positive and the
following counterintuitive property: If the supply at a suitable source and the demand at
a suitable sink are simultaneously lowered by one unit, then the optimal transshipment
cost increases. (This can be done with as few as four nodes.)
Every transshipment problem

minimize ¢x  subjectto Ax=b, x>0
can be perturbed into

minimize c¢x  subjectto Ax=b, x>0
such that b,, = b,, — (n — 1) for the root w and 5, = b; + ¢ for each remaining node i,
with a very small positive ¢ (when b is integer valued, ¢ = 1/n will do). Prove that each
feasible tree solution in the perturbed problem is nondegenerate and that a tree is feasible
in the perturbed problem if and only if it is strongly feasible in the original problem.
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Applications of the
Network Simplex Method

The scheduling problems that can be stated as transshipment problems, and solved
by the network simplex method, extend beyond the obvious range involving ship-
ments of goods. Furthermore, many combinatorial problems in pure mathematics
can be seen as transshipment problems, and corresponding min-max theorems
derived easily from an analysis of the network simplex method.

INEQUALITY CONSTRAINTS

| — 3

The most straightforward applications of transshipment theory deal with actual

physical shipments of some commodity. In this context, the total supply of the com-

modity often exceeds the total demand, and so the individual supplies at the various

sources do not have to be fully exhausted. The resulting problem no longer fits the

format described in Chapter 19, in which we assumed an eguality constraint for each

node. Nevertheless, the new variation can be incorporated into the old scheme.
For illustration, consider the network in Figure 20.1 with supplies of
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3
0

—0O~

»0

N Q

Figure 20.1

4 units at the source 1
9 units at the source 2

and demands of

7 units at the sink 3
2 units at the sink 4.

Let us assume that the demands at the sinks have to be satisfied exactly,
supplies at the sources need not be exhausted fully. To accommodate this assu‘
we introduce a new node with zero cost arcs leading into it from the sources a:‘
in Figure 20.2. This new node may be thought of as a dump into which the|

1 3
5
2 4
Figure 20.2

supplies may be diverted free of charge; the demand at the dump equals th
supply, (4 + 9) — (7 + 2) = 4. Thus we have converted the original probler

minimize Z = C13Xy3 + Ca1Xay + €33X23 + Cy4Xa2s + C34X34
subject to —X13 +  Xa > —4
- X2y T X3 T Xag = -9
X13 + X3 - Xzga= 7
Xoa +  Xzg= 2

X13, X21, X235 X24, X34 = 0
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into an equivalent transshipment problem,

minimize z
subject to —X;3 + X - 2 4
Y 13 21 Xis
— X1 T X3 — Xpq — Xzs = —9
X3 + X33 — X3q = 7
Xpq + Xag4 = 2
Xis + X5 = 4
X13, X215 X235 X24, X34, X135, X25 = 0.

The new node 5 is called a dummy node and the new arcs 15, 25 are called dummy arcs.
In general, dummy arcs kd leading into a dummy node d convert inequality
constraints

EDIETEDIE M A (20.1)
7 i
into equations
—§ X + Zi:xik — X = by
Similarly, dummy arcs dk leading out of a dummy node d convert inequality
=YX+ Xxu < by (202)
J i
into equations
—;xkj + ;xik + Xg = by.
Thus we may convert every problem with constraints of the types (20.1), (20.2) and
— 2 X+ 2 Xa = by (20.3)
7 i

into a proper transshipment problem, all of whose constraints have the form (20.3)
and x;; = 0. The only extra node required for this transformation is the dummy
node d; the constraint corresponding to this node reads

"‘Z xdj + Zx,'d = —z bk'
j i k

SCHEDULING PRODUCTION AND INVENTORY

There are other, less intuitive applications of transshipment theory in industry. Some
of them are reminiscent of the inventory scheduling problems of Chapter 12. For
example, consider a factory that produces goods whose predicted demand fluctuates
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over a period of time. There are three different ways of adjusting the volume of the
output to meet the fluctuating demand:

(i) Change the level of the regular production.
(i) Use overtime production to cover temporary shortages.
(iii) Store the present excess to cover future shortages.

We shall assume that there are no penalties on variations of the regular production
level; however, this level is limited to at most r units per month. Similarly, the over-
time production level is limited to at most s units per month. The overtime produc-
tion cost, b dollars per unit, exceeds the regular production cost, a dollars per unit.
There is no limit on the volume of the inventory, but there is a holding charge of ¢
dollars per unit per month. For definiteness, we shall say that the predicted demand
changes from one month to the next over a period of n months, and we shall denote
the demand in the jth month by d;.

The problem of meeting the fluctuating demand at the least possible cost can be
formulated as a transshipment problem. The data corresponding to n = 4 are shown
in Figure 20.3. For each of the n months, the network includes a regular production
source with supply r, an overtime production source with supply s, and a sink with
demand d;. The sink can be supplied from the regular source at a dollars per unit,
from the overtime source at b dollars per unit, or from the last month’s inventory
at ¢ dollars per unit. (If the sum of the three exceeds the demand d;, then the excess
goes to the next sink in the form of inventory.) The unused production capacity at
each source can be diverted to a dummy sink free of charge. [ An essentially equivalent
formulation has been pointed out by E. H. Bowman (1956).] Now the problem can
be solved by the network simplex method. (Actually, even more straightforward
solution procedures are available; we leave their design for problem 20.2.)

4(r +5) — 2d;
()

d, c d, c dy c d,
Figure 20.3
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THE CATERER PROBLEM
;

)

A more intricate problem of a similar nature originated in scheduling aircraft engine
overhauls. In a disguised description, it became known as the caterer problem [W.
Jacobs (1954), J. W. Gaddum et al. (1954), W. Prager (1956)]. Imagine a caterer who
has to provide fresh napkins over a period of n days; the number d; of napkins
required on the jth day is known in advance. To satisfy these requirements, the
caterer can either buy new napkins (for a cents apiece) or have the used napkins
laundered. The laundry provides a fast service (napkins returned g days later for b
cents apiece) and a slow service (napkins returned p days later for ¢ cents apiece).
Naturally,p > ganda > b > c Forillustration, we shall consider the case of n = 10,

d, =50, d, =60, dy =280, d, =70, ds=50,
d¢ = 60, d, =90, dg =280, dy =50, d,, =100,
and p =4, g9 =2, a = 200, b = 75, ¢ = 25. One possible strategy is summarized

in Table 20.1. The associated costs are $2 x 170 = $340 for purchase, $0.75 x 490 =

$367.50 for fast laundry, and $0.25 x 30 = $7.50 for slow laundry; the total comes
to $715.

Table 20.1 The Caterer Problem: A Feasible Solution

Supply of fresh napkins Dispatching used napkins

Day
Laundered Bought Fast Slow Hold
1 — 50 50 — —
2 — 60 60 — —
3 50 30 50 30 —
4 60 10 60 — 10
5 50 — 60 — —
6 60 — 60 — —
7 90 — 50 — 40
8 60 20 100 — 20
9 50 — — — 70
10 100 — — — 170

The problem of finding the cheapest strategy can be formulated as a transshipment
problem. The network and demands for our example are shown in Figure 20.4. Each
of the left-hand side nodes may be thought of as the hamper at the end of the jth day,
with the supply of used napkins equal to d;. Each used napkin can be dispatched to
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—6900
Shop

Hampers

-100 - O 6900
Inventory

Figure 20.4

the fast laundry (horizontal arcs, cost b) or to the slow laundry (slanted arcs, cost c)
or held till the next day (vertical arcs, zero cost). The required number d; of napkins on
day j can be obtained from the hamper of day j — g by quick laundry, from the ham-
per of day j — p by slow laundry, or from the shop (arcs of cost a). It is convenient to
assume that the shop holds a sufficient supply of napkins: in an extreme case, all the
napkins could be bought and none laundered. The used napkins from the last day’s
hamper are transferred to the final inventory at no extra charge, and so are the nap-
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50
- 60
80
50
70
60

80

\&)
- o Y 6640
50

40 90
: \

110

160

260

Figure 20.5

kins remaining at the store after the n-th day. The optimal solution of our illustrative
case is shown in Figure 20.5, and the corresponding schedule is given in Table 20.2.
The associated costs are $2 x 260 = $520 for purchase, $0.75 x 80 = 60 for fast
laundry and $0.25 x 350 = $87.50 for slow laundry; the total comes to $667.50.

THE INTEGRALITY THEOREM

S ———————— ——

Our treatment of the caterer problem contains an apparent flaw: the transshipment
formulation ignores the fact that the quantities of napkins bought, laundered, and
stored are integers. An optimal solution of the transshipment problem would be of
no use to the caterer if some of its variables had fractional values. Fortunately, vari-
ables never have fractional values in an optimal solution found by the network sim-
plex method. More generally, we have the following theorem.
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Table 20.2 The Caterer Problem: Optimal Solution

Supply of fresh napkins

Dispatching used napkins

Day -- -
Laundered Bought Fast Slow Hold

1 — 50 — 50 —
2 — 60 — 60 —
3 — 80 — 80 —
4 — 70 — 70 —
5 50 — 10 — 40
6 60 — 10 90 —
7 90 — 50 — 40
8 80 — 10 — 110
9 50 — — — 160

10 100 — — — 260

327

problem

minimize ¢x

subjectto Ax = b,

x>0

THEOREM 20.1 (The Integrality Theorem). Consider a transshipment

(20.4)

such that all the components of the vector b are integers. If (20.4) has at least one
feasible solution, then it has an integer-valued feasible solution. If (20.4) has an
optimal solution, then it has an integer-valued optimal solution.

PROOF. The crucial point is that:

Every feasible tree solution of (20.4) is integer-valued.

(20.5)

To justify (20.5), let B stand for the (n — 1) x (n — 1) truncated incidence matrix
of that tree which defines the feasible tree solution. As observed in Chapter 19, the
rows and columns,of B may be permuted in such a way that the resulting matrix is
upper triangular with each diagonal entry equal to + 1. Hence each system Bx* =
may be solved by straightforward back substitution requiring no divisions whatso-
ever. In particular, if all the components of b are integers, then all the components
of x* are integers. Now (20.5) follows.
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With (20.5) established, the theorem may be proved by induction on the number
of nodes. If (20.4) has a feasible solution, then the network simplex method applied
to the auxiliary problem finds either a decomposition of (20.4) into two,smaller
subproblems or a feasible tree solution. In the former case, the desired conclusions
follow from the induction hypothesis applied to each of the subproblems. In the latter
case, the feasible tree solution is integer-valued by virtue of (20.5) and, in case (20.4)
has an optimal solution, the optimal tree solution found by the network simplex
method is integer-valued by virtue of (20.5). |

Alternatively, one might prove the Integrality Theorem by appealing to the mecha-
nism of the network simplex method: if a feasible tree solution encountered in some
iteration is integer-valued, then the next feasible tree solution is integer-valued again.
Hence the network simplex method, once initialized by an integer-valued solution,
encounters only integer-valued solutions.

Problems of the form

minimize c¢x subjectto Ax = b, x >0, x integer-valued (20.6)

are known as integer linear programming problems. Such problems are notoriously
hard to solve, both in theory and in practice. Yet if A happens to be the incidence
matrix of a network, then (20.6) can be solved quite efficiently by the network simplex
method. This fact is a direct consequence of the Integrality Theorem (or, rather, a
direct consequence of the proof given here).

Furthermore, the Integrality Theorem has many applications in combinatorial
mathematics. For instance, it readily implies a classical result [K6nig (1916)] that
may be stated frivolously as follows.

THEOREM 20.2 (Konig’s Theorem). If, in a set of n girls and n boys, every
girl knows exactly k boys and every boy knows exactly k girls, then n marriages
can be arranged with everybody knowing her or his spouse.

PROOF. Consider a network with nodes ry, r,,..., 1, 5y, 5,5, ..., s, in which r;s;
s an arc if and only if girl i and boy j know each other. Assign a unit supply to each
sirl-node r; and a unit demand to each boy-node s;. Regardless of the cost coefficients,
he resulting transshipment problem has a feasible solution x: we need only set
¢, = 1/k for every arc e. By the Integrality Theorem, the problem has an integer-
ralued solution x*. Clearly, we have x} = O or x* = 1forevery arce. In fact, precisely
ne arc e with x} = 1 leaves every girl-node and precisely one such arc enters every
yoy-node. These arcs point out the desired marriages. |
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DOUBLY STOCHASTIC MATRICES

The trick used in the proof of Theorem 20.2 applies in a more general setting of
doubly stochastic matrices. An n x n matrix X = (x;;) is called doubly stochastic if

i

xij=l fO['all j=l,2,-~'5n

1

x; =1 forall i

1

II‘M EY

L,2,...,n (20.7)

J

x; =0  forall iandj.

(Thus, in terms of Chapter 15, a square matrix is doubly stochastic if and only if
all of its rows and all of its columns are stochastic vectors.) For example,

0.86 0.07 007 O 0
0.07 093 0 0 0
X=1007 0 007 08 O

0 0 056 0 04

0 0 030 014 0.56

is a doubly stochastic matrix. Doubly stochastic matrices with integer entries are
particularly simple: exactly one entry in each row equals one, exactly one entry in
each column equals one, and the remaining entries are zeros. These are precisely the
permutation matrices defined in Chapter 6.

THEOREM 20.3. For every n x n doubly stochastic matrix X = (x;;) there
isann x npermutation matrix X* = (x¥) such that x} = 0 whenever x;; = 0.

(Note that Theorem 20.3 generalizes Theorem 20.2: we may set x;; = 1/k if girl i
knows boy j, and x;; = 0 otherwise. The permutation matrix X* points out the
desired marriages.)

PROOF. Consider a network with nodes ry, r,,..., 7,54, 8,,...,S, in which r;s;
isanarcifand only if x;; > 0. Assign a unit supply to each node r; and a unit demand
to each node s;. Regardless of the cost coefficients, the resulting transshipment
problem has a feasible solution: in fact, the entries x;; of the matrix X constitute one.
By the Integrality Theorem, the problem has an integer-valued solution x*. The
numbers x7 are the entries of the desired permutation matrix X*. |
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If ty, t5, .. ., t; are nonnegative numbers such that Y t; = 1 then the matrix
M =t,M, + t,M, + - + M,

is called a convex combination of the matrices M, M,, ..., M,. It is a routine matter
to verify that a convex combination of doubly stochastic matrices is a doubly
stochastic matrix. In particular, a convex combination of permutation matrices is a
doubly stochastic matrix. The converse of this claim, discovered independently by
G. Birkhoff (1946) and J. von Neumann (1953), is commonly referred to as “the
Birkhoff-von Neumann Theorem,” even though it was published by D. Kdnig (1936)
a decade earlier. [Other proofs were given by A. J. Hoffman and H. W. Wielandt
(1953), and by J. M. Hammersley and J. C. Mauldon (1956).] For example, the
doubly stochastic matrix X just shown may be expressed as

1 00 00O 10 00O
01000 01000
0300 0 0 1 0O|+05f0 0 0 1 O
000 01 00100
00100 00001
01000 001 00
1 0000 01000
+007/0 0 1 0 0|+007/1 0 O 0 O
00001 000O0°1
00010 00010

THEOREM 20.4 (The Birkhoff-von Neumann Theorem). Every doubly sto-
chastic matrix is a convex combination of permutation matrices.

PROOF. The following algorithm expresses an arbitrary doubly stochastic matrix
M as a convex combination of permutation matrices M, M,, ..., M,.

Step 0. Sett, =1, X =Mk =1
Step 1. Now we have permutation matrices M, M,, ..., M, _, a doubly stoch-
astic matrix X and nonnegative numbers t,, t,, .. ., t, such that

M=tM, + -+ 4_M_; +1X

and t; + - + t, = 1. If X is a permutation matrix, then set M, = X and stop.
Otherwise use Theorem 20.3 to find a permutation matrix X* such that x} =
whenever x;; = 0.
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Step 2. The n entries x;; of X for which x# = 1 are all positive; denote the least
of them by c. (Since X is not a permutation matrix, we have ¢ < 1.) Set ¢t = t,,
te = ct, tyyy = (1 — ¢)t and M, = X*. Then replace X by (1/1 — ¢)(X — cM,),
replace k by k + 1 and return to Step 1.

With each iteration of this algorithm, the number of zero entries in X increases.
Hence the algorithm must terminate. |

Readers acquainted with the problems at the end of Chapter 18 may appreciate
the following effortless derivation of the Birkhoff-von Neumann Theorem. The n?
entries of an n x n matrix may be thought of as the components of a vector of length
n*. Now every n x nmatrix represents a point in the n?-dimensional Euclidean space,
and the system (20.7) defines a polyhedron in this space. The result of problem 18.5,
combined with the easy observation that the polyhedron (20.7) is bounded, shows
that every n x n doubly stochastic matrix represents a convex combination of
vertices of (20.7). By the result of problem 18.4, each vertex of (20.7) is the unique
optimal solution of some transshipment problem

minimize Yy c;x;  subject to (20.7).

By the Integrality Theorem, this unique solution is integer-valued and therefore
represented by a permutation matrix. (This argument has been pointed out, in
conversation, by J. Edmonds.)

COVERS AND MATCHINGS IN BIPARTITE GRAPHS

Next, we shall describe an application of transshipment theory to graph theory.
Loosely speaking, a graph is a network whose arcs have no directions (see Figure 20.6).

[

<O

Figure 20.6

We shall investigate certain sets of nodes and certain sets of arcs in various graphs.
A set of nodes is called a cover if it includes at least one endpoint of each arc. The
dark nodes in Figure 20.7 constitute a cover. A set of arcs is called a matching if no
two of its arcs share a common endpoint. The wiggly arcs in Figure 20.8 constitute
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Figure 20.7

Figure 20.8

a matching. As usual, we shall denote the number of nodes in a cover C by |C |, and
the number of arcs in a matching M by |[M|. It is quite easy to see that

IC| = |M]| (20.8)

for every cover C and every matching M in the same graph: if M is a matching con-
sisting of k arcs v,v,, V3, ..., Uyx_ V2, then the 2k nodes vy, v,, ..., vy are all
distinct. Foreachi = 1,2, ..., k,acover C must include at least one of the two nodes
Dy;- 1, U2;- Hence C must include at least k nodes.

A graph is called bipartite if its nodes can be labeled “left” and “right” in such a
way that each arc has one endpoint among the left nodes and the other endpoint
among the right nodes. An example of a bipartite graph is shown in Figure 20.9.

Figure 20.9

The problem of finding the largest matching in a bipartite graph can be turned
to a transshipment problem. To begin, assign a unit supply to each left node, assign
unit demand to each right node, and direct each arc from its left endpoint to its
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right endpoint. Then add two extra nodes v and w with an arc wo between them,
an arc iv for each left node i, and an arc wj for each right node j. The demand at
vequals the number of left nodes and the supply at w equals the number of right nodes.
Thus the bipartite graph in Figure 20.9 gives rise to the network and demands in
Figure 20.10.

Figure 20.10

It is easy to see that every integer-valued feasible solution x in the network points
out a matching in the original bipartite graph: each original arc ¢ has either x, = O or
x. = 1, and the arcs e with x, = 1 form a matching. For instance, the feasible tree
solution in our example, shown in Figure 20.11, points out the matching in
Figure 20.12. In fact, the matching pointed out by x consists of precisely x,, arcs:

Figure 20.11 Figure 20.12

if the bipartite graph has.r left nodes and s right nodes, then precisely s — x,, right
nodes get supplied from w and the remaining x,,, right nodes must be supplied from
the left nodes. Conversely, every matching consisting of k arcs points out an integer-
valued feasible solution x with x,,, = k: in this solution, precisely s — k right nodes
are supplied from w and precisely r — k left nodes supply v. Now denote the incidence
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matrix of the network by A, denote the demand vector by b, and define the cost
vector ¢ by ¢;; = 0 everywhere except for c,, = — 1. The network simplex method
applied to the transshipment problem

minimize cx subjectto Ax =b, x>0 (20.9)

will find an integer-valued feasible solution x maximizing x,,. Thus it will find a
largest matching in the bipartite graph.

Next, we turn to the node numbers y, associated with an optimal tree solution of
(20.9). In our example, the feasible tree solution shown in Figure 20.11 is optimal;
the corresponding numbers y, are shown in Figure 20.13. In general, we may always
set y, = 0; then, as ¢;; = 0 everywhere except for c,, = —1, the value of each y,
will be zero or one. Now consider an arc ij coming from the original bipartite graph.
We must have y; = 1 orelse y; = 0: otherwise y; = ¢;; = Oand y; = 1, contradicting
the optimality condition y; + ¢;; > y;. To put it differently, all the left nodes i such
that y; = 1 along with all the right nodes j such that y; = 0 form a cover in the
bipartite graph. In our example, this cover consists of the three dark nodes in Figure
20.14.

Figure 20.13 Figure 20.14

Now we are ready for a classical theorem discovered by D. Konig (1931) and J.
Egervary (1931).

THEOREM 20.5 (The Konig—Egervary Theorem). In every bipartite graph,
the largest size of a matching equals the smallest size of a cover.

| S

PROOF. We may assume that the bipartite graph has at least one arc (otherwise
the theorem holds trivially). As we have just seen, the network simplex method applied
‘0 (20.9) finds a largest matching M* and a certain cover C* in the bipartite graph.
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We propose to show that |C*| = |[M*|. Since the inequality |C*| > |M*| is a special
case of (20.8), we need only establish the reverse inequality,

|M*| > |C*|. (20.10)

For this purpose, denote the optimal tree by T, denote the optimal solution defined
by T (and defining M*) by x, and denote the node numbers defined by T (and defining
C*) by y. (As before, we set y, = 0; since x,,, = |[M*| > 1, we have woe T and so
y» = 1.) Now consider a left node i € C*. As iv ¢ T (we have y; + ¢;, = 1buty, = 0),
there must be a right node j with x;; = 1. As jje T, we have y; = y; = 1 and so
j ¢ C*. Similarly, consider a right node je C*. As wj¢ T (we have y, + c,; = 1,
but y; = 0), there must be a left node i with x;; = 1. Asije T, we have y; = y; = 0
and so i ¢ C*. To summarize, every node in C* is an endpoint of some arc in M*
whose other endpoint does not belong to C*. Hence (20.10) follows.

So far we have established that the size of C* equals the size of our largest match-
ing M*. The rest is easy: by (20.8) with M* in place of M, every cover C satisfies
|C| > [M*| = |C*|. Thus C* is a smallest cover. |

Consider an arbitrary bipartite graph with n nodes. Our proof of Theorem 20.5
shows that a smallest cover and a largest matching in this graph can be found si-
multaneously by applying the network simplex method to the transshipment problem
(20.9). Now we are going to point out that the network simplex method does the
job in at most n(n + 1)/2 iterations as long as it is initialized by a strongly feasible
tree and as long as Cunningham’s tie-breaking rule is used in the selection of leaving
arcs. (An initial strongly feasible tree is readily available: it consists of all the arcs
iv, all the arcs wj and the arc wv with the node w designated as the root. The only
arc with x, = 0 in the corresponding feasible tree solution x is e = wv.) It will
suffice to show that:

(i) At most n/2 pivots are nondegenerate.
(i) There are at most n + 1 degenerate pivots in a row.

The first claim is obvious: the value of x,,,, always between 0 and n/2, increases by
one unit with each nondegenerate pivot. The second claim follows from a similar
argument: the value of ¥ (y, — y,), always between —(n + 1) and 0, decreases by
at least one unit with each degenerate pivot. (For a justification, return to the proof
of Theorem 19.1 and the subsequent discussion of Cunningham’s rule in Chapter 19.)

Each individual iteration is bound to take a bit of time. Even though T, x, y can
be updated relatively quickly, finding an entering arc may require looking at all the
out-of-tree arcs in an extreme case. Since the number of these arcs may be proportional
to n2, the time per iteration may be proportional to n>. We conclude that the time
required by the network simplex method to find a smallest cover and a largest
matching in a bipartite graph with n nodes is at most proportional to n*. From a
theoretical point of view, this guarantee is quite satisfactory. Alternative algorithms
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for solving the same problem are guaranteed to terminate even earlier; we shall
discuss them in Chapter 22.

In graphs that are not bipartite, the equality max|M| = min|C| of the Konig-
Egervary Theorem may fail, even though (20.8) still implies max|M| < min|C|.
In such graphs, the problem of finding the smallest cover may be difficult. It
seems that there is no efficient algorithm for solving this problem; a fascinating
theorem of S. A. Cook (1971) provides partial evidence supporting this belief. For
more information, see M. R. Garey and D. S. Johnson (1979). On the other hand,
the problem of finding the largest matching in a nonbipartite graph has been solved
satisfactorily by an ingenious algorithm of J. Edmonds (1965). For more information,
see E. L. Lawler (1976).

SYSTEMS OF DISTINCT REPRESENTATIVES

]

A sequence x;, X,, ..., X, is said to form a system of distinct representatives for a
family of finite sets S,, S,,..., S, if x;€ S, for each i, and x; # x; whenever i # j.
For instance,

a,cd,f, e (20.11)
is a system of distinct representatives for the family
Sl = {a’ b’ C}, SZ = {C, d}’ S3 = {C’ d}’ S4 = {C’ e, f}’ SS = {e} (2012)

In this context, it is convenient to represent S, S,, .. ., S,, by a bipartite graph: each
of the left nodes represents one of the sets S,, S,, ..., S,, each of the right nodes
represents an element x of S; U S, U -+ U §,, and there is an arc between x and
S; if and only if x € S;. Thus (20.12) gives rise to the bipartite graph in Figure 20.15.

a

Sy

b
Sz

c
Sa

d
Ss

€
Ss

f

Figure 20.15

n this representation, systems of distinct representatives correspond to matchings
f size m, and vice versa. For instance, the system of distinct representatives (20.11)
orresponds to the matching in Figure 20.16. Therefore, our family has a system of
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S,

b
Sz

c
Sa

d
S4

€
Ss

f

Figure 20.16

distinct representatives if and only if the corresponding bipartite graph has a matching
of size m. That may or may not happen. In the bipartite graph representing

Sl = {a’ b}’ S2 = {b}’ S3 = {b’ C}, S4 = {C}’ SS = {C, d, e}’ (2013)

there is no matching of size five: the dark nodes in Figure 20.17 constitute a cover
of size four. Hence there is no system of distinct representatives for the family (20.13).
That can be concluded at once by looking at the three sets S,, S5, S,: since their
union {b, ¢} has only two elements, it cannot accommodate three distinct repre-
sentatives. More generally, we have a theorem of P. Hall (1935).

S, a
S, b
S, c
S, d
Ss e
Figure 20.17

THEOREM 20.6 (Hall’s Theorem). There is no system of distinct represen-
tatives for S, S5, ..., S, ifand only if thereisaset I < {1,2,..., m} such that

U s

iel

< 1. (20.14)
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PROOF. The “if” part is easy: if (20.14) holds then the union of all the sets S;
with i € I is not big enough to accomodate |I| distinct representatives. To prove the
“only if” part, consider a family S,, S,, . . ., S,, for which there is no system of distinct
representatives. The corresponding bipartite graph has no matching of size m. Hence
the largest matching M* has size less than m and, by the Kénig-Egervary Theorem,
there is a cover C* such that |C*| = [M*| < m. Define a set I < {1,2,...,m} by
putting i e I if and only if the left node S; does not belong to C*. If i € I, then each
element x of §;, viewed as a right node in our graph, must be in C*: otherwise, C*
would not be a cover. We conclude that the union

Us:

iel
is a subset of the right nodes in C*. Since C* has precisely m — 1| left nodes, it has
|C*| = (m — |I|) < || right nodes, and so (20.14) holds.

CHAINS AND ANTICHAINS IN PARTIALLY ORDERED SETS

3

In this section we shall investigate the case of a company that offers guided tours.
Each of the tours has a fixed starting date and a fixed duration. If a tour x finishes
sufficiently long before a tour y starts, then the guide in charge of x can be reassigned
to y; whenever that is possible, we shall write x — y. Let us note at once that:

We never have x — x. (20.15)

Otherwise x would have to finish before it starts, a clear absurdity. Furthermore,
10te that

x -y and y - z togetherimply x — z (20.16)

That is, if a guide can be reassigned from x to y and subsequently from y to z, then
hat guide can be reassigned from x to z directly. To take a miniature example,
onsider tours a, b, ¢, d, ¢, f, g, with all the possible reassignments listed below:

a—»c, a—d a-f, a-g boc boyg dog e—-f, e—g

does not take long to see that the seven trips can be taken care of by as few as
iree guides. We may assign

the first guide to a, d, g

the second guide to b, ¢ (20.17)
the third guide to e, f.

general, when the number of tours is large, a schedule minimizing the required
mber of guides may be far from obvious.
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The problem of finding such a schedule may be turned into the problem of finding
the largest matching in a certain bipartite graph. The transformation (in a slightly
different form) is due to G. B. Dantzig and D. R. Fulkerson (1954). To construct
the graph, we associate nodes x" and x” with each trip x; each possible reassignment
x — y gives rise to an arc with endpoints x" and y”. The graph resulting in our illus-
trative example is shown in Figure 20.18. The matching consisting of the arcs a'd”,
b'¢",d'g", and €f" in this graph suggests the reassignments a - d, b — ¢,d — g and
e — f, describing schedule (20.17). More generally, we are going to show that each
matching M in the bipartite graph defines a schedule using only n — [M| guides
(with n standing for the total number of tours).

Oa"
o b
a' c”
b’ d"
<o Oe"
d r
e’ g"
fo
g'o
Figure 20.18

If x and y are tours with x'y"" € M, then y will be called a successor of x and x
will be called a predecessor of y. Note that each tour has at most one successor and
at most one predecessor: otherwise, M would not be a matching. In particular, each
tour ¢ defines a unique sequence t, ty, . .. such thatt, = tand each ¢, ; is a successor
of t;. Similarly, t defines a unique sequence ..., t_y, t, such that t, = t and each
t;_ is a predecessor of t;. Note that, in the concatenation

RS SE T ST . (20.18)

of these two sequences, we have t; — t;,, for all i; thus, repeated applications of
(20.16) yield t; — t; whenever i < j. Now it follows that the sequence (20.18) contains
no repeated terms: t; = t; with i < j would contradict (20.15). In particular, as there
are only a finite number of tours, the sequence (20.18) must be finite. To summarize,
each tour z occurs as a term z; in a unique sequence
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Z1y 25 ns 2y (20.19)

such that z, has no predecessor, z, has no successor, and zjz;,, € M for all i =
1,2,...,r — 1. (Of course, the length r of this sequence may vary with the choice
of z; if z has neither a successor nor a predecessor, then r = 1.) Furthermore, each
arc x'y" € M occurs as some z;z{, , in one of the sequences (20.19). If the total number
of these sequences is k and if the lengths of the sequences are ry, r, ..., r, then
clearly

K x
Y ri=n and Y (r,—1)=|M|
i=1 i1

These two equations imply k = n — |M|. This is the desired conclusion: as z;, —
Z3, 2y = Z3,. .., Z,_1 — Z,, each sequence (20.19) can be taken care of by a single
guide.

Conversely, it can be shown that each schedule using only k guides points out a
matching with n — k arcs in the bipartite graph; then it follows that the schedule
defined by a largest matching M* is optimal. Rather than going into the details, we
shall establish the optimality of the schedule defined by M* in a roundabout way.
Our argument relies on the Konig—Egervary theorem. Along with the matching M*,
the bipartite graph contains a cover C* such that |C*| = |M*|. Define a set A* of
trips by setting z € A* if, and only if, z' ¢ C* and 2" ¢ C*. Note that no reassignment
x — y with x, y € A* is possible; otherwise, the bipartite graph would contain the
arc x'y" with x' ¢ C*, y" ¢ C*, contradicting the fact that C* is a cover. To put it
differently, no guide can take care of two different trips in A*. Hence each schedule
must use at least |4*| different guides. But A* has at least n — |C*| elements: each
node in C* makes only one trip ineligible for membership in 4*. To summarize,
every schedule must use at least [4*| > n — |C* = n — |M*| different guides. We
conclude that the schedule defined by M*, using only n — |M*| guides, is optimal.

Our findings can be reviewed in a more abstract context. A list of pairs x — y
satisfying conditions (20.15), (20.16) is called a partial order; a set whose elements
appear in a partial order is called a partially ordered set. A subset C of a partially
ordered set is called a chain if

x—y or y-—x whenever x,yeC and x # y.

(To put it differently, C is a chain if and only if its elements can be enumerated as
Z4, Z3, ..., 2, in such a way that z;, = z,,z, > z5,...,2,_; — z.) Asubset 4 of a
partially ordered set is called an antichain if

x—y forno x,yeA.

The following theorem was discovered by R. P. Dilworth (1950).
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THEOREM 20.7 (Dilworth’s Theorem). In every partially ordered set P,
the smallest number of chains whose union is P equals the largest size of an
’ antichain.

PROOF [D. R. Fulkerson (1956)]. The partially ordered set P may be thought of
as a set of tours with all possible reassignments. In this interpretation, chains are
precisely those sets of tours that can be taken care of by a single guide. Hence the
procedure described above produces the smallest number k of chains whose union
equals P. Along with these chains C,, C,, . .., C,, the procedure finds also an anti-
chain A* of size at least k. Since every antichain A shares at most one element with
each of the chains C;, C,,. .., C,, it must satisfy |[A] < k < |4*]. Now it follows
that A* is a largest antichain and (as 4* can be substituted for A4) that its size is
precisely k. ]

THE ASSIGNMENT PROBLEM

i T IT T —

Now we shall turn to an application of the transshipment theory in which the Inte-
grality Theorem again plays a crucial part. Consider a college with a small depart-
ment offering five courses in the upcoming term. There are five teachers in the
department; the performance of teacher i in charge of course j is roughly evaluated
by a score s;;, with a higher score indicating a better performance. (See Table 20.3.)

Table 20.3 Evaluation of Teachers’ Performances

Course 1 Course 2 Course 3 Course 4 Course 5

Teacher 1 7 5 4 4 S
Teacher 2 7 9 7 9 4
Teacher 3 4 6 S 8 5
Teacher 4 5 4 5 7 4
Teacher 5 4 5 5 8 9

The department chairman has to assign teachers to courses in some reasonable
way. For instance, assigning
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teacher 1 to course 1
teacher 2 to course 2
teacher 3 to course 3 (20.20)
teacher 4 to course 4

teacher 5 to course 5

is clearly better than assigning

teacher 1 to course 2
teacher 2 to course 1
teacher 3 to course 3 (20.21)
teacher 4 to course 4
teacher 5 to course 5.

[In passing from (20.21) to (20.20), the quality of teaching improves in course 2 and
remains unaltered in the other courses.] However, comparing (20.20) with the assign-
ment of

teacher 1 to course 1
teacher 2 to course 3
teacher 3 to course 2 (20.22)
teacher 4 to course 4

teacher 5 to course 5

is more difficult: in passing from (20.20) to (20.22), the quality of teaching improves
in course 3 and deteriorates in course 2. The chairman decides to appraise each pro-
posal on the basis of its average score. Under this criterion, assignment (20.20) with
the average score of (7 + 9 + 5 + 7 + 9) = 7.4 fares better than the assignment
(20.22) with the average score of 3(7 + 6 + 7 + 7 + 9) = 7.2.

Now the problem is clearly defined and we can state it in mathematical terms.
Let us write x;; = 1 if teacher i is assigned to course j, and x;; = 0 otherwise. When
there are n teachers and n courses, we have

x;=1 forall i=12,...,n (20.23)

1

T

(each teacher is in charge of precisely one course),

o

[
-

x;=1 forall j=12,...,n (20.24)

13
(each course is taught by precisely one teacher) and, of course,

x;;=0o0r1 forall i and j. (20.25)
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Conversely, numbers x;; satisfying (20.23), (20.24), (20.25) describe an assignment.
The average score in this assignment equals

Si]-xij.

[

| =
‘Ma
M:

i=1 j=1

Since maximizing the average score amounts to maximizing the total score, we are
led to

n n

maximize YOY sixi
i=1j=1

subject to Y x;j=1 forall i=12...,n
= (20.26)

1 forall j=1,2,...,n

=
It

™=
kel
I

x;; = 0or 1 for all i and j.

This problem is called the assignment problem.
A related problem,

Z (_Sij)xij

j=1

g

I}
-

minimize
1

subject to Y ox;=1 forall i=1,2,...,n
i=1 (20.27)

M=

x; =1 forall j=1,2,...,n

[

i=1

x; =0 forall i and j

can be solved by the network simplex method. The corresponding network has a
source u; with a unit supply for each teacher i, a sink v; with a unit demand for each

course j, and an arc from each source u; to each sink v;. The cost on each arc uv,
is —s;;. Note that:

(i) Every feasible solution of (20.26) is a feasible solution of (20.27).
(ii) Everyinteger-valued feasible solution of (20.27) is a feasible solution of (20.26).

(iii) The network simplex method finds an integer-valued optimal solution of
(20.27).

It follows that the optimal solution of (20.27) found by the network simplex method

is, in fact, an optimal solution of (20.26). Thus the network simplex method, applied

to the transshipment problem (20.27), solves the assignment problem (20.26).
Rather than maximizing the average score, the chairman might decide to maximize
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u,y Uy
Uy 12
us vy
U, vy
us Vs

Figure 20.19

the lowest score: now the assignment (20.20) with the lowest score s;; = 5 fares
worse than the assignment (20.22) with the lowest score s5, = 6. The new objective
suits those situations where the overall performance of a team is measured by the
worst performance of an individual member, just as the proverbial strength of a
chain equals the strength of its weakest link. (For instance, if each of n workers per-
forms one of n tasks on an assembly line, then the speed of the line equals the speed
of the slowest worker.) The resulting bottleneck assignment problem can be solved by
repeated applications of an algorithm for finding the largest matching in a bipartite
graph. To begin, consider the problem of deciding whether there is an assignment in
which every score exceeds a prescribed threshold t. This problem amounts to deciding
whether a certain bipartite graph contains a matching of size n. This graph G, has a
node u; for each teacher i, a node v; for each course j, and an arc up ; whenever s; > t.
For instance, t = 5 in our example gives rise to the graph G in Figure 20.19.

1y vy
Uy 123
Uy U3
Uy L2
us Vs
Figure 20.20

The matching u,v,, 03, Usb,, Uy, usvs in this graph represents the assignment
(20.22) with each individual score exceeding 5. Replacing t = 5 by t = 6, we obtain
the graph G, with no matching of size five: the nodes uy, u,, us, v, form a cover of
size four (see Figure 20.20). Hence (20.22) is an optimal solution of our bottleneck
assignment problem. More generally, the following procedure suggests itself.

Step 0. Let M consist of the arcs u;v,, u,v,, .. ., u,,.
Step 1. Let t be the smallest of the n scores s;; such that up; e M.
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Step 2. If G, contains no matching M* of size n, then stop: M represents an
optimal solution. Otherwise, replace M by M* and return to step 1.

This procedure can be speeded up by a more sophisticated search for the largest
value of t such that G, has a matching of size n. We shall not go into the details of
such a search.

TRANSPORTATION PROBLEMS

The i)roblem

m n
minimize YO¥ e

subject to Yxjj=r  (=12...,m

x; =0 forall i and j

[studied by F. L. Hitchcock (1941)], is often referred to as the Hitchcock transportation
probiem. Problem (20.27) has this form with m = n,¢;; = —s;;foralliandj, r; = 1
for all i, and s; = 1 for all j. Clearly, the Hitchcock transportation problem is a
transshipment problem. The corresponding network has sources uy, u,, ..., U,
sinks vy, v,, . .., v, and an arc ww; for each source u; and sink v;. The supply at
equals r;, the demand at v; equals s;, and the cost on u;v; is c;;.

More generally, a transportation problem is a transshipment problem with no
intermediate nodes and with each arc leading from a source to a sink. For example,
the transshipment problem shown in Figure 20.21 is actually a transportation problem
(but not a Hitchcock transportation problem).

Demands Figure 20.21 Costs
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The special form of transportation problems does not lead to any essential simplifications of
the network simplex method. However, it does make manual solutions of small problems more
convenient, since the data and intermediate results can now be kept in a neat tabular form. We
shall illustrate the point on the example shown in Figure 20.21. The data can be presented in the
following array:

3 1 5 7

6 4 1 7 2

Each row in this array represents a source and each column represents a sink. The cell in each
row and column represents the arc between the corresponding source and sink; the cells that are
crossed out indicate the absence of the corresponding arcs. The number beside each row is the
supply at the corresponding source, the number below each column is the demand at the corre-
sponding sink, and the number in each cell is the cost on the corresponding arc.

Figure 20.22 Figure 20.23

The intermediate results can be kept in a similar format. For instance, the feasible tree solution
in Figure 20.22 and the corresponding node numbers in Figure 20.23 can be recorded as

3 1 1 -2 -1

0 3 4
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The next set of intermediate results is

3 I -4 -2 -1

0 3 4
-3 3 5 2
-5 1 2
and then

0 6 1
-1 3 5 2
-3 1 2

which is the optimal solution. This format is particularly suitable for the Hitchcock transporta-
tion problems (20.27) arising from the assignment problem (20.26).

We shall use the tabular format in a discussion of a problem concerning recycled paper; the
data come from C. R. Glassey and V. K. Gupta (1974). The principal sources of fiber for paper
production are the virgin wood pulp and the secondary pulp recovered from waste paper. Paper
and paperboard are broadly classified into 13 categories:

1. Newsprint.
2. Uncoated groundwood paper.
3. Coated paper.
4. Uncoated book paper.
S. Writing and related paper.
6. Bleached bristols.
7. Unbleached kraft packaging and industrial covering paper.
8. Other packaging and industrial covering paper.
9. Tissue paper.
10. Unbleached kraft linerboard and medium corrugated.
11. Bleached packaging.
12. Box board.
13. Building paper, bohard and construction paper, etc.

For each type j of new paper, the fixed level of production brings about a fixed demand for pulj
d; thousands of tons (Table 20.4). The standards of quality may require that at least m; thousanc
of tons come from virgin pulp and that the sources of secondary pulp be restricted to specifie
types of waste paper. The recovered waste paper is converted into secondary pulp by certai
processes (de-inking, asphalt dispersion, bleaching) that cause a fiber loss. As a result, x tons ¢

{
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Table 20.4 Recycled Paper Problem: Data

j d; m; t; Allowed donors
1 3,475 0 0.85 1,2
2 1,223 699 0.90 1,2,3,4
3 2,260 1,077 0.85 2,3,4,5,6
4 2,700 1,285 0.85 2,3,4,5,6
5 2,950 1,965 0.90 56
6 1,112 848 0.95 4,5,6
7 3910 2,980 0.80 7,8, 10
8 1,673 1,275 0.80 7,8, 10
9 3,855 367 085 1,2,4

10 12,100 9,210 0.90 10

11 7,382 6,320 095 6

12 7,215 0 093 any

13 4,000 381 0.90 any

recovered waste paper contribute fewer than x tons of secondary pulp. The actual contribution
t x depends on the recipient (the new paper of type j that is being produced).

Finally, reliable predictions of the amount of waste paper actually recovered are difficult to
obtain. Let us say that s; thousands of tons of waste paper of type i will be recovered: thus s;
is a definite but as yet unknown number. For obvious reasons, we wish to minimize the actual
consumption of virgin wood pulp. To achieve this objective, we shall judiciously dispatch the
available waste paper to suitably chosen recipients. With the notation

<
|

; = amount of virgin wood pulp used to produce new paper of type j

Wi

amount of waste paper of type i used to produce new paper of type j

D(j) = set of allowable donors i in producing new paper of type j

R(i) = set of allowable recipients j of waste paper of type i

our problem is to

minimize Yy
i=1

subjectto ;> wy; + v

ie D(j)

)

jeR@)

IA

w;;

\%

v

Wi

Writing x;; = wy, ¢;; = 0if 1 <i <

formulation into the problem

s i=1,2,..

m; (G=12,..

0 forall i

13,and x;; = (v;

(=12,

,13)
., 13)

., 13)
and j.

— mj)/t;, c;; = t;if i = 14, we convert this
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14 13
minimize CifXij
i=1j=1
14
subject to Yoxy=Wdj—m); (j=1,2...,13)
i=1
13
Y X < s (i=12...,13)
j=1
x; =0 forall i and j.

(For convenience, we let the subscripts i and j run from 1 to 14 and 13, respectively, even though
variables x;; with 1 < i < 13 and i ¢ D(j) are simply absent.) Note that a fourteenth inequality,
Y'xi; < s; with i = 14, may be added as long as the bound s, , is large enough to represent no
real restriction. For instance, with r; standing for (d; — m;)/t;, every feasible solution satisfies

13 14 13
Y X xi=rr
j=1i=1 j=1

and so we may set s,, = ) r;. (Specifically, we have r;, = 4,088,r, = 582,r, = 1,392, 7, = 1,665,
rs = 1094, rg = 278, r, = 1,162, rg = 498, ro = 4,104, ro = 3,211, ry, = L118, ry, = 7,758,
ri3 = 4,021,and so 5,4 = 30,971.) Finally, we let x;; with j = 14 stand for the slack

13
Si— Y Xy
j=1
and denote the sum of these slacks,
14 13 14 14 13 14 13 13
2<5i— inj>= TS— Y X Xy=rs— =0
i=1 j=1 i=1 i=1 j=1 i=1 =1 i=1

by r,4. Now our problem is converted into a proper transportation format,

14 13
minimize Y Y e
i=1j=1

14
subject to Yoxy=r (=12,...,14
=1

14
Yxg=s  (=12...,14
j=1

x; 20 forall i and j.

Its data in the tabular format (with zero costs indicated by blank cells) are shown in Table 20.5.
Now certain simplifications become apparent. For instance, the third and fourth columns in the
table look precisely the same, and so we can combine them into a single column whose demand is
1,392 + 1,665 = 3,057. Similarly, the seventh and eighth column merge into a single column with
demand 1,162 + 498 = 1,660. (However, we cannot merge the twelfth and thirteenth columns,
since the cost coefficients, 0.93 and 0.90, are not the same.) Analogous operations may be applied
to the rows; Table 20.6 is the streamlined result.

As soon as the supplies s; become known, this transportation problem can be easily solved.
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Table 20.5 Recycled Paper Problem: Tabular Format

Sy

S2

S3

Ss

Se¢

S7

Sg

So

0.85 | 090 | 085 | 0.85 | 090 | 095 | 0.80 | 0.80 | 0.85 L0.90 095 | 093 | 090 30,971

4,088 582 1,392 1,665 1,094 278 1,162 498 4,104 3211 1,118 7,758 4,021 ry4

‘able 20.6 Recycled Paper Problem: Streamlined Tabular Format

Sy

S3

Sa

Ss

Se

57 + Sg

Sio

Sg + S1; + 512 + Sy3

185 | 090 | 085 | 090 | 095 | 0.80 | 0.85 | 0.90 | 0.95 | 093 | 0.90 30971

088 582 3057 1,094 278 1,660 4104 3211 1118 7,758 4021 Y



Problems 351

PROBLEMS

A20.1

20.2

203

204

20.5

20.6

20.7

20.8

—_— [P

Minimize 2%y + 3%, + 4x3 + X4 + 3xs + X + 3x; + 2xg + Xo
subject to —X; + Xg — X,
X; — X5 — Xg
X3 — X3 — Xg
X3 — X4 + X,
X4 — X5 + Xg
X5 — Xg + Xo
X1y Xgye ..y X

VNN IIANVIA
[ |
H RO -

I

Develop a simple algorithm for scheduling production and inventory to meet a fluctuating
demand. (Hint: Assume that an optimal solution for the first n — 1 months has been
found.)
Solve the caterer problem with n = 10,
dy =3, d,=1, dy=4, dy=1, ds=5 dg=9, d, =2, dg =06,
do =38, dio=1
and
p=3 qg=1, a=3 b=2 c¢c=1
Illustrate the Birkhoff-von Neumann Theorem on the following doubly stochastic matrix:
03 03 0 03 01
01 05 02 01 01
02 0 03 05 O
0 02 05 0 03
04 0 0 01 05
Illustrate the Konig-Egervary theorem on the bipartite graph with left nodes a, b, ¢, d, e,
right nodes f, g, h, i, j, and arcs ag, ai, bf, bg, bh, bj, cg, df, dh, di, dj, eg, ei.

Ilustrate Hall’s theorem on the following family of sets:

S, = {1,3,5,8)
S, = {3,5,6,8)
S, = {2,4,7}
S, = {6,8}

S = {2,4,7,9)
S, = {3,5,8}
Se = {5,6,8)

Se = {1,3,5}.
Ilustrate Dilworth’s theorem on the partial ordera — d,a —» e,a — g,a = i,b — i,c > e,
cofico>gcohd-oie—g, f—h

Solve the assignment and the bottleneck assignment problems with

667 8 6 8
6§ 536 45
9869 79

G)=l4 s s 63 af
5326 43
988 9 6 8



352

209

20.10

20.11
20.12

20 Applications of the Network Simplex Method

Solve the paper recycling problem with s, = 4,160, s, = 620, s, = 840, s, = 680,
ss = 980, s = 500, s, = 1,440, sg = 620, sy = 160, s,, = 4,380, s,; = 3,280, s5,, =
3,080, 5,5 = 720.

Turn problem 1.6 into a transportation problem and solve it by the network simplex
method.

Construct an unbounded transportation problem or show that there is none.

Eastern Provincial Airways flights served by Boeing 737 are listed in Table 20.7.

Table 20.7 Flight Timetable

Number Departure Arrival Frequency
101 St. John’s 6:55 Montreal 11:15 Daily
102 Montreal 16:10 St. John’s 23:10 Daily
St. John’s 23:35 Gander 0:05 MWEF Sat
103 Gander 8:15 St. John’s 8:45 Th Su
St. John’s 9:25 Wabush 12:20 Th F Su
104 Wabush 13:35 St. John’s 17:55 Th F Su
107 Charlottetown 6:45 Montreal 7:55 Daily
108 Montreal 18:55 Halifax 21:50 Daily
109 St. John’s 18:40 Halifax 21:10 Except W
St. John’s 19:45 Halifax 22:15 w
110 Halifax 9:40 St. John’s 12:20 Except Su
Halifax 9:00 St. John’s 12:20 Su
111 St. John’s 13:00 Montreal 17:10 Daily
112 Montreal 9:00 St. John’s 16:10 Daily
115 Gander 8:15 Wabush 12:30 Tu
116 Wabush 13:15 St. John’s 17:55 Tu Sat
117 Chatham 15:05 Montreal 15:25 Except Sat
118 Montreal 11:55 Chatham 14:45 Except Sat
119 St. John’s 7:35 Wabush 11:15 M
120 Wabush 15:50 Gander 21:05 M
123 Gander 7:40 Wabush 12:30 Sat
124 Gander 6:00 St. John’s 6:30 Daily
125 St. John’s 7:20 Wabush 10:00 w
126 Wabush 14:35 St. John’s 19:00 w
127 St. John’s 17:10 Halifax 18:15 Daily
134 Halifax 19:15 Gander 22:00 Daily
151 St. John’s 15:10 Toronto 18:05 Daily
152 Toronto 9:15 St. John’s 14:25 Daily
153 Halifax 7:05 Toronto 8:30 Daily
154 Toronto 19:15 Charlottestown 23:10 Daily

Find the smallest number of planes capable of implementing this timetable (and justify

your answer). Can you state and prove a relevant minimax theorem?
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Upper-Bounded
Transshipment Problems

The network simplex method can be easily modified to handle problems
minimize c¢x subjectto Ax =b, I<x<u

such that A is the incidence matrix of a network, each component /;; of the vector 1
is either a number or the symbol — co (meaning that no lower bound is imposed on
x;;) and each component u;; of the vector u is either a number or the symbol + oo
(meaning that no upper bound is imposed on x;;). These modifications are simply
a particular instance of the upper-bounding technique described in Chapter 8; we
shall develop them from scratch so as to make our presentation of the network sim-
plex method self-contained. To avoid fussy formalism, we shall restrict ourselves to
so-called upper-bounded transshipment problems (or minimum cost network flow
problems),

minimize c¢x subjectto Ax =b, 0 <x<u

The generalization to arbitrary lower bounds is straightforward.

353
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AN EXAMPLE
| —_—

For illustration, let us consider the data in Figure 21.1. The key to ynderstanding
the modifications is the realization that the new constraints x;; < u;; should be
treated analogously to the constraints x;; > 0. For instance, a feasible tree solution
in a transshipment problem had the property that x;; = 0 whenever ij ¢ T. In the
context of upper-bounded transshipment problems, we shall require that

x;=0 or x;=u; whenever ij¢ T.

The arcs ij with x;; = u;; are sometimes called saturated. An example of a feasible
tree solution is shown in Figure 21.2: the in-tree arcs are solid, whereas the saturated
out-of-tree arcs are dashed. We shall initialize the network simplex method by this

feasible tree solution. The node numbers y; are defined by the equations
Vi + CU = y,l fOI‘ all ije T

just as they were in Chapter 19 (see Figure 21.3). In transshipment problems, each
entering arc ij ¢ T has the property that

yi+c; <y and x;=0. (21.1)

There is no harm in choosing such an arc in the present context either (although we
shall see later in this section that certain arcs ij ¢ T with x;; = u;; are eligible as well).
For instance, arc 13 will do. As we used to do, we now set x,; = t and adjust the
values of x;; for ij e T (see Figure 21.4). The largest value of ¢ for which feasibility
is maintained is t = 8. The resulting feasible tree solution is shown in Figure 21.5
along with the corresponding node numbers.

w

0O 6 -5CF > O -8

1

Node names and arc costs Demands and upper bounds

Figure 21.1



Figure 21.2

Figure 21.3

Figure 21.5

An Example
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Now we choose 54 for the entering arc (note that this arc satisfies (21.1) in place
of ij). Setting x5, = t and adjusting the values of x;; for ij € T, we obtain Figure 21.6.

Now the constraint x,3 < ug3 = 9 dictates t < 6. Setting t = 6, we obtain the
feasible tree solution and new node numbers shown in Figure 21.7. Note that arc
4 3 leaves the tree and becomes saturated.

Now the only arc satisfying (21.1) in place of ij is arc 12. We choose this arc for
our next entering arc. With x;, = t we are led to consider Figure 21.8. The constraint
Xy, < Uy, = 2 forces t < 2; in fact, the solution corresponding to ¢t = 2 remains
feasible. Thus the entering arc becomes saturated before any arc is forced to leave
the tree. Consequently, the tree does not change even though the solution does. The
new solution is shown in Figure 21.9; since the tree does not change, the node numbers
do not change.

At this moment, no arc ij ¢ T satisfies (21.1) and yet our solution is not optimal.
Consider, for instance, arc 23. Under the current prices y;, shipping through this
arc is unprofitable (y, + ¢,3 > y3) and yet we are doing it; in fact, we are using
this arc to its full capacity. It seems sensible to decrease the value of x,5, and that is
precisely what we are going to do. Setting x,; = u,3 — t, and adjusting the values
of x;; with ij € T accordingly, we obtain Figure 21.10. Since the constraint x4, > 0

Figure 21.7



An Example

Figure 21.8

Figure 21.9

55—tV

!

Figure 21.10
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forces t < 2, and since t = 2 does yield a feasible solution, we enter the next iteration
with the feasible tree solution and node numbers shown in Figure 21.11.
More generally, any arc ij ¢ T such that

yi+ci>y; and Xx;=u; (21.2)

can be chosen for an entering arc: we shall reduce the total cost by decreasing the
value of x;; tou;; — tand adjusting the values of x;; with ij € T accordingly. At present,
the arc 64 satisfies (21.2) in place of ij; choosing this arc for an entering arc we obtain
Figure 21.12. As t increases, arc 62 becomes saturated and leaves the tree. The
resulting feasible tree solution, along with the corresponding node numbers, is shown
in Figure 21.13.

Now arc 56 satisfies (21.2) in place of ij. Choosing this arc for the entering arc
we are led to Figure 21.14. As ¢t increases, the entering arc 56 obtains xs¢ = 0 before
any arc is forced to leave the tree. Hence the tree does not change and the node
numbers do not change either. The next feasible tree solution and its node numbers
are shown in Figure 21.15.

2
00— - 04
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~
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4—1t 4+1¢
3+1Y A6+1¢
241t 8—1t

Figure 21.12
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Now we have

Xij = U whenever y; + ¢;; < y; (21.3)
and
x;=0 whenever y; + ¢; > y;. (21.4)

Thus no arc ij satisfies (21.1) or (21.2). As we are about to prove, this circumstance
indicates that the current solution is optimal.

]ANALYSIS

Let us show at once that a feasible solution x of an upper-bounded transshipment
problem

minimize e¢x subjectto Ax =b, 0 <x<u (21.5)

is optimal whenever there are numbers y;, y,, ..., y, satisfying (21.3) and (21.4).
The proof of this claim is simple: by virtue of (21.3) and (21.4), any feasible solution
% of (21.5) satisfies

(cij + yi — )%y = (cij + yi — y)xij

for all arcs ij. If T denotes the vector with components ¢; = ¢;; + y; — y; then
¢ =7=C + yAandso

cX =CX + yYAX =CX + yb>0x + yb = ¢ + yAx = cx

which is the desired conclusion.

Along similar lines, we can explain the choice of the entering arc e as one satisfying
¢, <0,x,=0o0rc, > 0, x, = u,. In the corresponding pivot, the current feasible
solution x is replaced by a feasible solution X such that
X = x; for all arcs ij ¢ T except the entering arc e.

Since

;=0 whenever ijje T

Nowe =T + yA, Ax = AX = b imply
X = X + C,(%. — X,).

Since we set, for some nonnegative t,
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Xe=Xx,+1 incase ¢, <0, x,=0
and

Xe=x, — t incase ¢, >0, x,=u
it follows that

Ee(ie - xe) = _|E¢’| L
In particular, if ¢ is positive, then ¢X < cx, and so the pivot improves the value of
the objective function. Such pivots are called nondegenerate; pivots with t = 0 are
called degenerate.

To obtain the new solution %, we locate the unique cycle C in T + e and then
adjust x;; on all the arcs ij € C. Each of these arcs is either forward (directed in the
same sense as e) or reverse (directed in the opposite sense). In case ¢, < 0, we set

{xi ;+t  forall forward arcs ij

%=

X;; — t for all reverse arcs ij.

ij
In case ¢, > 0, we set
. {x,-j —t  forall forward arcs ij
Y X+t for all reverse arcs ij.
In either case, the adjustments cancel each other out at every node of C, and so
AX = b. As we have just observed, the value of cX decreases when ¢ increases, and so
we are led to choosing t as large as possible. The constraints that prevent us from

increasing t beyond every bound arise from the need to maintain feasibility. More
precisely, the requirement 0 < X < u amounts to

X;j+ t <u;  forall forward arcs ij) . _
in case¢, < 0

x;—1t=0 for all reverse arcs ij
and
x;—t>0 for all forward arcs ij| . _
in casec, > 0.
X+t < for all reverse arcs ij

It may happen that these formal constraints represent no real restrictions on the
value of t. Clearly, this is the case if and only if

%;=x;+1t and u; = oo forallarcsijeC. (21.6)

Let us examine this situation more closely. To begin, (21.6) implies %, = x, + ¢ for
the entering arc e and, since e is a forward arc, we have ¢, < 0. Now it follows that
every arc ij € C must be forward. The change of x into X amounts to sending ¢t extra
units around the cycle C; since ¢X < c¢x, sending a unit around C must cost a negative
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amount. In other words, the sum of the cost coefficients c;; over all the arcs ije C
must be negative. To summarize, the cycle C has the following three properties:

(i) All the arcs ij € C are directed in the same sense.
(i) There is no finite upper bound u;; on any x;; such that ij e C.
(i) Y ¢;<0O.
ijeC

We shall refer to such cycles as negative cycles. The presence of a negative cycle
indicates that the problem is unbounded: by sending larger and larger amounts
around this cycle, we can make the objective function negative and arbitrarily large
in magnitude.

If C is not a negative cycle, then there is at least one upper bound on the value of
t,and somearc f € C provides the most stringent bound. We set ¢ at the corresponding
level (u, — x, if f is forward, x if f is reverse) and define % as above. If f # e, then
the tree that goes with Xis T + e — f. It may happen, as it did in our example, that
e = f. In that case, x changes into X, but the tree T and the node numbers y remain
intact. To summarize, each iteration may be of one of the following six types:

() ¢.<0, x,=0 and e#f, %, =0.
(i) ¢,<0, x,=0 and e#f, %X, =u,.
(i) ¢, <0, x,=0 and e=f, %, =u,.
@) ¢, >0, x,=u, and e# f, X, =
(v) ¢.>0, x,=u, and e# f, %, =u,.

(vi)

Each of these six types has been illustrated on one of the six iterations in our example.
It may happen that some arc f € C limits the increase of ¢ to zero. In that case,
we have

o

. >0, x,=u, and e=f, X, =0.

feT andeither x, =0 or x; = u,.

Feasible tree solutions x with this property are called degenerate. The corresponding
pivot, replacing T by T + e — f but leaving x unchanged, is also called degenerate.

In the presence of degeneracy, the network simplex method may cycle: we have
seen an example of this phenomenon even in the case without upper bounds (u;; =
+ oo for every arc ij). Nevertheless, Cunningham’s cycling-prevention rule, discussed
in Chapter 19, extends to the upper-bounded case. We used to call a feasible tree
solution strongly feasible whenever every arc ij € T with x;; = 0 was directed away
from the root. Now we shall also require that every arc ij € T with x;; = w;; be directed
towards the root. Again, there is an easy procedure that either replaces a feasible tree
solution by a strongly feasible one or else decomposes the problem into smaller
subproblems. In Chapter 19, the decomposition was induced by a set S of nodes such
that:
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(i) There was no arc ij withi ¢ S,j e S.
(i) Wehad ) b, =0.
keS

Intuitively, S was thought of as an autonomous region whose home supply matched
the home demand, and which possessed no import channels. In the upper-bounded
case, these two conditions get replaced by

Y b= uy

keS i¢S

jesS

Now S may be thought of as an autonomous region whose total net demand matches
the upper bound on the volume of import. Hence in every feasible solution, the
region S will import all it can and export nothing:

x;; = u;; whenever i¢S, jeS§, and x;; = 0 whenever ieS, j¢S.

It is an easy exercise to couch this argument in algebraic terms.
Having initialized the algorithm by a strongly feasible solution, we break ties in
each choice of a leaving arc by the following rule:

Choose thefirst candidate encountered when C is traversed, beginning at the join,
in the direction of the entering arc e in case ¢, < 0, or in the opposite direction in
casec, > 0.

Again, it can be proved that this procedure transforms each strongly feasible solution
into another strongly feasible solution. Furthermore, it can be proved that in each
degenerate pivot of this kind, the quantity Z( Y — V), for a fixed w and with the
summation running through all &, decreases. Hence no tree appears in two different
iterations. Now cycling is purged, and so the algorithm terminates.

The only remaining problem is finding a feasible tree solution to begin with. As we
did in Chapter 19, we shall get around this difficulty by solving a related auxiliary
problem. To obtain the auxiliary problem, we first designate some node w as a root;
then we add an artificial arc iw for each node i such that b; < 0 and an artificial arc
wj for each node j such that b; > 0. The demands at the nodes and the upper bounds
on the original (nonartificial) arcs remain unchanged, but we replace the cost coeffi-
cient c;; on each original arc ij by p;; = 0. The artificial arcs ij receive p; = 1 and
u;; = +o00. In the resulting auxiliary problem, a feasible tree solution is readily
apparent: the tree consists of the m — 1 artificial arcs. Hence we can use the network
simplex method to find a feasible tree solution x* minimizing the new objective
function px. If x¥% = 0 for every artificial arc ij, then the remaining components of
x* describe a feasible solution of the original problem. (In order to initialize the
network simplex method on the original problem, we also need a tree T that goes
with x*. If the optimal tree T* in the auxiliary problem includes no artificial arcs,
then we can set T = T*. If T* does include artificial arcs ij, but we still have x}; = 0
for all such arcs, then an easy procedure decomposes the original problem into
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independent subproblems and finds a feasible tree solution in each of them. The
details follow the lines of Chapter 19 and will not be repeated here.) On the other
hand, if x¥ > O for some artificial arc ij then no feasible solution x of.the original
problem can exist: such an x, extended by x;; = 0 for every artificial arc ij, would
yield px = 0 < px*, contradicting optimality of x*. A further analysis of this case
leads to the following result.

1
|
THEOREM 21.1 [D. Gale (1957)]. An upper-bounded transshipment prob- |
lem has no feasible solution if and only if there is a set S of nodes such that

kZS by > % i (217) |
© jl'eS !

PROOF. The “if” part is easy: the left-hand side of (21.7) represents the total net
demand of the region S, whereas the right-hand side represents an upper bound on
the total volume of import into S. To prove the more difficult “only if” part, consider
an optimal solution x* of our auxiliary problem. Since the original problem has no
feasible solution, there is an artificial arc uv such that x%, > 0. The corresponding
node numbers yq, y,,. .., y,, must satisfy

Vo =VYut Puw=Yu+ 1

Let S consist of all the nodes k such that y, > y,. We propose to show that

2oxXh = xh 4 ) uy (21.8)
i¢s igs
jes jes

with the right-hand side summation restricted to original arcs ij, and that

ZS xf = 0. (21.9)

jes
Once these two facts are established, the desired inequality (21.7) will follow: it is
easy to see intuitively, and to justify rigorously, that

Yho=2 x5 Y xb

keS i¢S ieS

jes jts

for an arbitrary set S. [See also equation (19.8).]

To prove (21.8), we need only show that x} = u;; for each original arc ij with i ¢ S,
j € S. But this fact follows directly from the optimality conditions since y; + p;; =
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y: < y;- To prove (21.9), we need only show that x} = 0 for each arc ij, original
or artificial, such that i € S, j ¢ S. Again, this fact follows directly from the optimality
conditions since y; + p;; = y; > y;. n

In closing, let us note that Theorem 20.1 generalizes easily to the context of upper
bounded transshipment problems.

THEOREM 21.2 (The Integrality Theorem). Consider an upper-bounded
transshipment problem !

minimize c¢Xx subjectto Ax =b, 0 <x<u (21.10)

such that all the components of the vector b and all the finite components of
the vector u are integers. If (21.10) has at least one feasible solution, then it has !
an integer-valued feasible solution. If (21.10) has an optimal solution, then it
has an integer-valued optimal solution. |

PROBLEMS

A 211 Solve the problems

minimize ¢x subjectto Ax =b, 0 <x<wu

with
-1 -1 1 0
1 —1 1 i
1 1 -1 2
A= 1 -1 —1 b=l 5
1 -1 1
1 -1 -1 4

and the following choices of ¢, u:

() c=[2,40, 2, 1,3,0,1,3], u=[2, 5 +o0,+©, 5 +00,5 40, 3]"
(i) c=[4,1,3, -5 —1,1,40,5], u=[2, 5 +oo. 4+, 5 +0,5+x, 3]
(i) e¢=[4,1,3,-5 —-1,1,4,0,5], u=[3,+oc,+o0, S5,+cc. 4,1, 2 +x]"

21.2 Prove in detail that Cunningham’s rule prevents cycling when extended to the context of
upper-bounded transshipment problems along the lines described in the text.
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213

214

215

21.6

21.7

21 Upper-Bounded Transshipment Problems

Decompose the problem
minimize ¢x subjectto Ax=b, 0<x<u

with Y
1 1 1 8
-1 -1 -1 -9
—1 1 -1 -3
A= 1 -1 -1 S b=l
1 -1 -1 4
1 1 1 2
and -

u=[+0,1, +0,6,7, +m,2,573]"
into two subproblems.
Generalize Theorem 21.1 to the context of problems
minimize c¢x subjectto Ax =b, 1<x<u
such that A is the incidence matrix of a network.
[D. Gale (1957), H. J. Ryser (1957).] Find necessary and sufficient conditions, in terms of

positive integers ry, r5, ..., r, and sy, S5, . . ., S,, for the nonexistence of an m x n zero—
one matrix A = (a;;) such that

Y oa;=r forall i=1,2,....,m

o=
8
£
I

s;  forall j

I
—
AN
=

[H. G. Landau (1953).] A vector s = [sy,52,...,s,] is called a score vector if each s;
specifies the number of wins scored by the ith player in a tournament where every two
participants played against each other precisely once, with draws excluded by the rules
of the game. Find necessary and sufficient conditions under which s is not a score vector.

[G. B. Dantzig (1953), pp. 380—382.] Given an upper bounded transshipment problem,
add two new nodes r, s with b; = u;;, b, = —u;; for each arc ij with a finite ;. Then replace
ij by three arcs is, rs, rj with u;; = u,, = u,; = +00 and ¢;; = c;;, ¢,, = ¢,; = 0. How is
the resulting problem related to the original one?



Maximum Flows
Through Networks

The subject of this chapter is a restricted class of upper-bounded transshipment
problems, known as the maximum-flow problems. Even though these problems are
quite special, they still retain a wide range of applications: we shall see that (i) the
task of finding a feasible solution in an upper-bounded transshipment problem,
(ii) the task of finding a largest matching in a bipartite graph, and (iii) an important
strip mining problem, known as the open-pit problem, can all be turned into maximum
flow problems. What makes maximum-flow problems appealing is the fact that they
can be solved very fast by specialized algorithms. We shall describe first the classical
augmenting path method developed by L. R. Ford, Jr. and D. R. Fulkerson (1957)
and then its more recent efficient variations.

THE TRAVELERS’ EXAMPLE
[ S LAAVD

Consider a hypothetical group of people that must get from San Francisco to New
York City on a short notice. Even though all direct flights have been booked up,
it is still possible for a traveler starting from San Francisco to reach New York
City on the same day by changing planes at other airports. The seat availability

2R7T
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Table 22.1 The Travelers’ Example:

Seat Availability

From To Number of seats
San Francisco Denver 5

San Francisco Houston 6
Denver Atlanta 4
Denver Chicago 2
Houston Atlanta 5
Atlanta New York 7
Chicago New York 4

Figure 22.1

on potentially useful flights is shown in Table 22.1 and in Figure 22.1. We assume
that there is sufficient time between the arrival of each flight at an airport and the
departure of another flight from the same airport.

Thus, for instance, four people may travel via the route SF-Denver—Atlanta-NYC.
Once these seats are committed, an extra passenger may take the northern route
(SF-Denver-Chicago-NYC) and an additional three passengers may take the
southern route (SF-Houston—Atlanta—-NYC). The resulting schedule is represented
in Figure 22.2.

Now we have eight people on their way; can we do better than that? As the reader
may have noticed, our problem may be presented in an upper-bounded transshipment
form. The trick is to enlarge our network by adding a return arc that enables every
passenger to get from New York City back to San Francisco. The people using
this arc will be precisely those passengers that arrived in New York City; since we
wish to maximize their number, we assign the cost coefficient ¢;; = —1 to the return
arc ij and set ¢;; = O for all the remaining arcs ij. (As usual, we are going to mini-
mize cx.) In this closed system, people neither emerge out of the blue nor disappear;
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H

Figure 22.2

every passenger eventually returns home. Hence the demand b; at each node i equals
zero. The upper bounds, naturally, are as given in Figure 22.1, with u;; = oo on the
return arc ij. The resulting upper-bounded transshipment problem may be solved
routinely by the network simplex method. The point of this chapter is that highly
special problems of this kind may be solved even faster by certain specialized
algorithms.

WHAT IS A MAXIMUM-FLOW PROBLEM?

— 1

In the present chapter, a network will mean an ordinary network with n nodes,
one of which is designated as a source s and another as a sink t. (In our example,
the source is San Francisco and the sink is New York City.) The remaining n — 2
nodes will be called intermediate. For simplicity of exposition, we shall assume that
no arc enters the source and no arc leaves the sink. Each arc ij will carry a positive
upper bound u;;, possibly u;; = + co. In a contrast with the general upper-bounded
transshipment problem, there will be no demands b; associated with nodes i and no
cost coefficients c;; associated with arcs ij. By a flow x through our network, we
shall mean an assignment of numbers x;; to the various arcs ij such that

X = 2 X 22.1)
i k

for all intermediate nodes j. In our example, this conservation law reflects the fact
the passengers arriving at an airport j are precisely the passengers leaving that
airport. In the sum of the n — 2 equations (22.1), the terms corresponding to arcs
between intermediate nodes cancel each other out, and we obtain

2 Xy = 2 X (22.2)
j j

In our example, this identity states that the number of passengers leaving San
Francisco equals the number of passengers arriving in New York City. The common
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value of the two sides in (22.2) will be referred to as the volume of the flow. Finally,
a flow x will be called feasible if

0< XU—‘ U;;

for each arc ij. A feasible flow of the largest possible volume is referred to as a maxi-
mum flow through the network; the maximum-flow problem is the problem of finding
a maximum flow through a prescribed network.

THE MAX-FLOW MIN-CUT THEOREM

By a cut in a network, we shall mean any set C of nodes that includes the source s
but does not include the sink ¢. If C is a cut and if x is a flow of volume v, then the
sum of the identity v = ) x, and all the equations (22.1) with j # s, j € C reads
v+ Y X+ Zx,,— Y Xp+ Y X
jeC jeC

ieC
jeC jEC keC k¢C

After simplifications, we obtain

V=) Xp— ) Xy (22.3)
jeC i¢C
k¢C jeC

In intuitive terms, this identity says that the volume of x equals the net export out
of the region C. In particular, the identities v = Y xg and v = ) x;, arise from (22.3)
by letting C consist of the single node s and of all nodes except t, respectively.

The capacity of a cut C is defined to be the quantity

2 Ui

jeC

k¢C
(Ifat least one of the summands uy is + co, then the capacity of C is said to be infinite.)
Identity (22.3) implies at once that, for every feasible flow x and for every cut C, the
volume of x is at most the capacity of C. The fundamental theorem of this chapter
asserts that the gap between the two can always be closed by a suitable choice of
x and C.

e —— —

THEOREM 22.1 (The Max-Flow Min-Cut Theorem). Every maximum-flow
problem has precisely one of the following two properties:

! (i) There are feasible flows of arbitrarily large volumes and every cut has
i an infinite capacity.

| (if) There is a maximum flow and its volume equals the minimum capacity
of a cut.

Y

——
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PROOF. As previously illustrated, every maximum-flow problem can be turned
into an upper-bounded transshipment problem: we need only add the return arc ts
with u,, = + 00 and ¢, = —1, to set ¢;; = O for all the original arcs ij, and to set
b, = 0 for all the nodes k. Every upper-bounded transshipment problem has precisely
one of the following three properties: (i) it is unbounded, (ii) it has an optimal solution,
(iii) it has no feasible solution. Our particular problem cannot have the property (iii),
since a feasible solution can be obtained by setting x;; = 0 for all arcs ij. Hence it is
unbounded or it has an optimal solution. In the first case, there are feasible flows
of arbitrarily large volumes; furthermore, since the capacity of each cut is bounded
from below by the volume of every flow, this capacity must be infinite. In the second
case, the network simplex method finds an optimal solution x along with node
numbers y, such that

x; =0 whenever y; + ¢; > y; (22.4)
and

x;; = uy;  whenever y; + ¢; < ;. (22.5)
In particular, since u,, = + o0 and ¢, = —1, we must have y, — 1 > y,. Hence the

set C of all nodes k such that y, < y, is a cut. Since ¢;; = 0 for all original arcs ij,
fact (22.5) implies x;; = w;; for each original arc ij with ie C, j¢ C and fact (22.4)
implies x;; = O for each original arc ij with i ¢ C, j e C. Now (22.3) implies that the
volume of the flow defined by x equals the capacity of C. To complete the proof.
we need only observe that x defines a maximum flow (the volume of any feasible
flow is at most the capacity of C) and that C is a cut of the minimum capacity (the
capacity of any cut is at least the volume of the flow defined by x). |

The Max-Flow Min-Cut Theorem was obtained independently by P. Elias,
A. Feinstein and C. E. Shannon (1956), by L. R. Ford, Jr. and D. R. Fulkerson (1956)
and, in the special case where each u;; is a positive integer, by A. Kotzig (1956).
Theorem 22.2 is a companion theorem, often useful in applications.

THEOREM 22.2 (The Integral Flow Theorem). 1If each finite u;; is a positive
integer and if there is a maximum flow then there is an integer-valued maximum

flow. n

This fact follows easily from the reduction of a maximum-flow problem into an
upper-bounded transshipment problem combined with Theorem 21.2. The details
are left for an exercise (problem 22.3). Alternative proofs of Theorems 22.1 and 22.2
follow from an analysis of the specialized algorithms presented later in this chapter.
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APPLICATIONS

- ]

The problem of finding a feasible solution in an upper bounded transshipment
problem can be turned into a maximum-flow problem: we need only create a fictitious
source capable of supplying up to —b; units to each real source j and a fictitious
sink capable of absorbing up to b; units from each real sink i. More precisely, we
begin with the original network of the transshipment problem, discard the cost
coefficients c;;, and retain the upper bounds u;;. Then we introduce a source s and
a sink ¢, join s to each node j having b; < 0 by an arc sj having u; = —b; and join
each node i having b; > 0 to ¢ by an arc it having u;, = b;. Since Y b, = 0, we have
Yug; = Y u;. Since the common value w of the two sides in this equation is the
capacity of the cut consisting of the single node s (as well as the capacity of the cut
consisting of all nodes but ), no feasible flow can have a volume greater than w.
In fact, the following three properties of a feasible flow x are easily seen to be
equivalent:

(i) The volume of x is w.
(i) x,; = ug for all arcs sj.
(i) x; = u, for all arcs it.

Now it follows that every feasible flow of volume w represents a feasible solution in
the upper bounded transshipment problem (we can ignore all the arcs sj and it) and,
conversely, every feasible solution in the upper-bounded transshipment problem
represents a feasible flow of volume w (we can write x; = ug;forallarcs sj,and x;, = u,
for all arcs it). In short, the upper-bounded transshipment problem has a feasible
solution if and only if the maximum flow has volume w. (This reduction, along with
Theorem 22.1, yields an alternative proof of Theorem 21.1; we leave the details for
problem 22.4.)

Along similar lines, the problem of finding a largest matching in a bipartite graph
may be turned into a problem of finding a maximum integer-valued flow. We direct
every arc of the bipartite graph away from its left endpoint towards its right endpoint,
and assign it an infinite upper bound. Then we add a source s with an arc si for every
left node i and a sink ¢ with an arc jz for every right node j. The new arcs have upper
bounds u; = u;, = 1. It is not difficult to see that every integer-valued feasible
flow x of volume k points out a matching M of size k (ij € M if and only if x;; = 1)
and, conversely, that every matching M of size k points out a feasible flow x of volume
k (x; = x;; = x;, = 1 whenever ij € M). In particular, a maximum integer-valued
flow x points out a largest matching in the graph. (This reduction, along with Theo-
rem 22.1, yields an alternative proof of Theorem 20.5; we leave the details for
problem 22.5.)

A rather unexpected application of the maximum flow theory involves a problem
of some practical significance in strip mining: given a reliable survey of underground
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ore deposits, design the open pit that will be created. The walls of the pit must slope
gently, for otherwise they might cave in. Consequently, before the deposit can be
tapped, much of the earth lying above it must be removed. It may even be advisable
to ignore part of the deposit altogether when the profit obtained from the ore does
not make up for the attendant cost of earth removal. Thus, finding the most profitable
contour of the pit may be a nontrivial task. Customarily, the volume under con-
sideration is partitioned into relatively small blocks with sides measuring about
30 feet. (The length and width of each block, usually equal to each other, increase
with the distance between successive bore-holes in the geological survey; the height
increases with the angle at which the walls are permitted to slope.) A typical number
of these blocks is several thousand or more. With each block i, we associate the net
profit w; resulting when i is included in the pit: to obtain w;, we subtract the cost
of excavating i (not the accumulated cost of excavating ; along with the blocks above it)
from the profit (if any) brought in by the ore found in i. Thus the total net profit of
creating a pit P equals Y ;. w;. Of course, not every set P of blocks constitutes a
feasible pit: whenever we decide to excavate a particular block i, we are forced to
excavate a number of other blocks, usually forming a vertical cone above i. For each
of these blocks j, we shall write i — j. (It is not difficult to see that the list of all the
pairs i — j forms a partial order, as defined in Chapter 20. Nevertheless, this fact is
irrelevant to our discussion.) Now a set P of blocks constitutes a feasible pit if and
only if

jeP whenever ie P and i-—j.

In the abstract version of the open pit problem, the data consist of a network and
a set of numbers w;, one for each node i. A set C of nodes is called closed if je C
for every arc ij such that i e C. The objective is to find a closed set C maximizing
Y iec wi. J.-C. Picard (1976), generalizing an earlier work of M. L. Balinski (1970) and
J. Rhys (1970), exhibited an ingenious way of converting this problem into maximum-
flow (or rather, minimum-cut) form. For each node i of the network, write ie 4 if
w; > 0 and i e B if w; < 0. Extend the network by adding a source s and a sink ¢,
with arcs si for each i € 4 and it for each i € B. The upper bounds on the new arcs
are defined by u; = w; foreach i e A and u;, = —w; for each i € B; the upper bounds
on the original arcs are infinite. It is not difficult to see that a set C of nodes is closed
if and only if C U {s} has a finite capacity. Furthermore, if the capacity of C U {s}
is finite then it equals

Z ug + z u, = Z w; + Z (—w,v)=2w,~—Zw,-.

ied—-C ie BnC ied-C ie BnC icA ieC

Since Y ;.4 w; is a constant, minimizing the capacity of C L {s] amounts to maxi-
mizing Zr‘e(‘ w;. We conclude that a minimum cut in our network points out an
optimal closed set C.
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THE AUGMENTING PATH METHOD
I —_— - - — e — - -

[ — —]

A classical algorithm for finding a maximum flow through a network was developed
by L.R. Ford, Jr. and D. R. Fulkerson (1957) from earlier contributions of H. W. Kuhn
(1955) and J. Egervary (1931). We shall refer to it as the augmenting path method.
Rudiments of this algorithm appear in our treatment of the travelers’ example. There,
we began with four passengers going via Denver and Atlanta, then we added an
extra passenger taking the northern route, and finally an additional three passengers
taking the southern route. In effect, we have moved through the sequence of flows
(with a steadily increasing volume) shown in Figure 22.3.

First flow

0

0

Third flow
1

Figure 22.3
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More generally, each iteration of the augmenting path method begins with some
feasible flow; if we find a path along which an extra passenger (or passengers) starting
at the source may reach the sink then we adjust the flow accordingly and proceed
to the next iteration with a feasible flow of a larger volume. This happened in each
of the first three iterations (Figure 22.3a—c). However, this crude trick fails after the
third iteration: now the flight from San Francisco to Denver is full, and so the extra
passenger would have to proceed via Houston to Atlanta, only to get stuck there.
Fortunately, a more sophisticated technique is available. Imagine that we do send
the extra passenger to Atlanta, thereby creating a passenger surplus at that airport
(eight passengers getting in and only seven coming out). The surplus may be trans-
ferred to Denver by cancelling one of the seats on the Denver—Atlanta flight. But a
surplus in Denver can be easily taken care of by routing the extra passenger via
Chicago to New York City. Altogether, the proposed modification may be represented
as in Figure 22.4. The resulting feasible flow is shown in Figure 22.5.

Figure 22.5

Now we arrive at the fundamental notion of an augmenting path. Consider a
feasible flow x through a network. A path with nodes v,, vy, ..., v, will be called
x-alterable if x;; < w; for each of its forward arcs jj (an arc ij is forward if i = v,
andj = v, for some k) and if x;; > O for each of its reverse arcs ij (an arc ij is reverse
if i = v, and j = vy, for some k). An x-alterable path from the source v, to the
sink v, will be called x-augmenting. For instance, if x is the fourth flow in our illustrative
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example then the path show in Figure 22.4, San Francisco-Houston-Atlanta—
Denver—Chicago-New York is x-augmenting. Each x-augmenting path points out a
simple way of augmenting the volume of x by uniformly increasing x on the forward
arcs and by decreasing x on the reverse arcs. More precisely, let us set

x;; + d if ijis aforward arc

X;=4x;—d if ijisareversearc (22.6)

X if ij is not on the path.

ij
It is not difficult to see that X is a flow (the conservation law remains preserved since
the new contributions cancel each other out at every intermediate node) and that
its volume exceeds the volume of x by d units. Furthermore, X is a feasible flow as
long as d < u; — x;; for each forward arc jj and d < x;; for each reverse arc ij.
Each of these constraints imposes a positive upper bound on d; we may simply let d
be the smallest of these upper bounds. (A somewhat unusual situation occurs if all
the arcs ij on the augmenting path are forward and if all of them have u;; = co.
In that case, the problem is unbounded: by choosing arbitrarily large values of d,
we may obtain feasible flows X of arbitrarily large volumes.)

Each iteration of the augmenting path mathod is initialized by some feasible flow x
and amounts to an efficient search for an x-augmenting path. If such a path is found,
then the volume of x is augmented as in (22.6) and the next iteration entered with X
in place of x. On the other hand, the search is organized in such a way that a failure
to find an x-augmenting path reveals a cut C such that

Xy = uy  foreacharcjk with jeC, k¢C (22.7)
and
xi; =0 for each arcij with i¢ C, jeC. (22.8)

In this case, the method may terminate at once, for x is a maximum flow and C is a
minimum cut. Indeed, a substitution from (22.7) and (22.8) into (22.3) shows that
the volume of x equals the capacity of C.

The search consists of successive enlargements of a set C of nodes j such that the
existence of an x-alterable path from the source to j has been established; it starts
with the source s being the only node in C and it may stop as soon as the sink ¢ finds
its way into C. New members j of C are recruited by old members i in two different
ways:

(1) Ifthereis anarcij withie C,j¢ C and x;; < u;;, then we may set j e C.
(i) Ifthereis an arcji withj¢ C,ie Cand x; > 0, then we may setje C.

Ineither case, setting j € C'is justified: the x-alterable path vy, vy, ..., v,y Withvy = s
and v,_,; = i, whose existence is guaranteed as i € C, extends into the x-alterable
pathvg, vy, ..., 0,_,0,withv, = j. (It is convenient to set p(j) = ijin (i) and p(j) = ji

in (ii): the resulting array p(-) makes it easy to reconstruct the x-alterable path v,
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vy, ..., 0, in the reverse order, from v, to v,.) In particular, the search may stop as
soon as the sink finds its way into C, for now an x-augmenting path may be recon-
structed. On the other hand, the search may also stop when neither (i) nor (ii) yield
any new members of C and yet the sink remains outside C. But then C is a cut satisfying
(22.7) and (22.8); therefore, x is a maximum flow and C is a minimum cut in this case.
Now our discussion of an individual iteration is completed; it only remains to be
shown that the method can always be initialized and that it always terminates. Ini-
tialization is easy: we can simply enter the first iteration with x;; = O for all the arcs
ij. On the other hand, it is easy to show that the method always terminates under
certain assumptions that are only mildly restrictive. More precisely, suppose that

each finite u;; is a positive integer (22.9)
and that
at least one cut has a finite capacity. (22.10)

If the augmenting path method is initialized by an integer-valued flow, then it will
produce an integer-valued flow in every iteration: assumption (22.9) guarantees that
the quantity d featured in (22.6) will always be a positive integer. In particular, the
volume of the flow will increase by at least one unit with each new iteration. Hence
the volume of the flow initializing the kth iteration will be at least k — 1. On the other
hand, the volume of every feasible flow is at most the finite capacity M of the cut
featured in the assumption (22.10). We conclude that the kth iteration can take place
only if k — 1 < M. To put it differently, the method will terminate after no more
than M + 1 iterations.

Assumptions (22.9) and (22.10) can be easily satisfied in nearly all practical applica-
tions (in particular, upper bounds u; recorded in floating-point may be converted
into integers by a change of scale). However, if either of them is violated, then the
method may fail to terminate. For example, consider the data shown in Figure 22.6.

4o + 00

+oc +oo

w

Figure 22.6

If the flow, initially x;; = O for all the arcs ij, is augmented along the path svwt in
each odd iteration and along the path swot in each even iteration, then the method
never terminates. Similarly, the augmenting path method may fail to terminate if all
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the upper bounds u;; are finite but some of them are irrational. (The relevant example,
constructed by L. R. Ford, Jr. and D. R. Fulkerson (1962), is more complicated; we
shall present its simplified version in problem 22.2.) Nevertheless, these examples
present no cause for alarm: we are about to describe a natural implementation of
the augmenting path method, whose fast termination is guaranteed even if ‘the upper
bounds u;; are infinite and/or irrational.

Implementations

Our description of the augmenting path method does not specify a way of searching
for the arcs ij such that ie C, j ¢ C, x;; < u;;, and the arcs ji such that j¢ C, ie C,
x; > 0. Ford and Fulkerson did specify a way of doing that.- In their terminology,
nodes in C are called labeled and nodes outside C are called unlabeled; the labeled
nodes are divided further into scanned and unscanned. Initially, the source s is labeled
but unscanned and all the remaining nodes are unlabeled. Scanning a labeled node
i means examining all the arcs ij and, whenever such an arc satisfies x;; < w;, j ¢ C,
setting j € C, p(j) = ij and examining all the arcs ji and, whenever such an arc satisfies
x;; > 0,j ¢ C, setting j € C, p(j) = ji. The search may be described as in Box 22.1.

BOX 22.1 Search for an Augmenting Path

Step 0. Mark s as labeled unscanned; mark the remaining nodes as
unlabeled.

Step 1. 1f all the labeled nodes are scanned then stop [the set C of labeled
nodes satisfies (22.7) and (22.8)]; otherwise, choose a labeled unscanned
node i.

Step 2 Scan i. If t has become labeled then stop (an x-augmenting path
has been found); otherwise return to step 1.

The amount of time required for scanning a node depends heavily on the repre-
sentation of the network. No generality is lost in assuming that the network, whose
nodes are named 1, 2, ..., n and whose arcs are named 1, 2, ..., m, is presented by
two arrays T(-) and H(-) of length m such that T(e) is the tail and H(e) is the head of
an arc e. For instance, our travelers’ example with

1 = San Francisco

2 = Denver

3 = Houston

4 = Chicago

5 = Atlanta

6 = New York City
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may be presented by the following arrays:

T T 1 — T
e i la2l3lals 67!
= e
"T@ 11 223405
5 s e e A
I He 2131415 516 6
— 1 1 H | L L

If the network is represented in this way, then scanning a node may involve a certain
amount of wasted work: every single one of the m arcs e has to be examined, only to
be discarded at once if neither T(e) nor H(e) is the node being scanned. To avoid this
waste, we need only weave threads through the list of arcs by certain arrays FT(+),
FH(") of length n and NT(*), NH(-) of length m. Each FT(i) is either the smallest
e such that T(e) = i, or zero if there is no such e. Each NT(e) is either the smallest ¢’
such that ¢ > e and T(¢') = T(e), or zero if there is no such ¢'. The values of FH( )
and NH(-) are defined similarly, with H(-) in place of T(-). In our travelers’ example,
these four arrays are as follows:

T T
S i_}L_J_S;J_
FT() | 1 3.5!6%7|0|
FH() 0\1!2 3i4!6i
R N _l_,__ B S ]
P 7]? |4 {“s"{! 6 l ﬂl
NT() | 2 0‘4To!|010.0|;
NH(e)|0,0’Oi5$017!0|
Y N RN (IR SN S U S

It is an easy exercise (problem 22.7) to design an algorithm that, given the arrays
T() and H(-), produces the arrays FT(-), FH(:), NT(:), NH(-) in a number of steps
proportional to m. As soon as these arrays are available, scanning i takes time pro-
portional only to the number of arcs e whose head or tail is i; these are the only arcs
examined while i is being scanned. (To list all the arcs e with T(e) = i, it suffices to
begin with e = FT(i) and then to keep replacing e by NT(e), until e = 0 indicates
that the end of the list has been reached. All the arcs e with H(e) = i may be listed
in an analogous way.) Thus, during the entire search for an x-augmenting path, each
of the m arcs ij is examined at most twice (while i is being scanned and while j is being
scanned). It follows that the total amount of time spent on all the executions of step 2
is at most proportional to m. On the other hand, each execution of step 1 takes only
a constant amount of time: we need only maintain a pool of labeled unscanned nodes
to which a node is added as soon as it gets labeled and from which a node is deleted
as soon as it gets scanned. We conclude that each iteration of the augmenting path
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method can be carried out in a number of steps that is proportional only to m. (It
will be convenient to adopt the so-called “big oh” notation, commonly used in the
analysis of algorithms: a quantity x is denoted by O(y) if it is at most proportional
to y. In particular, each iteration of the augmenting path method takes,only O(m)
steps.)

The pool of labeled unscanned nodes can be managed in many different ways. A
particularly interesting case arises when the nodes are removed from the pool in the
same order in which they have arrived. This version of the augmenting path method
is known under the name first-labeled, first-scanned. In a pioneering paper, J. Ed-
monds and R. M. Karp (1972) proved that the first-labeled, first-scanned version of
the augmenting path method finds a maximum flow after no more than mn/2 iterations
regardless of the upper bounds u;; (which may be infinite or irrational). Since each
iteration takes only O(m) steps, it follows that this method finds a maximum flow
in only O(m?n) steps. We are not going to prove the Edmonds—Karp theorem, for
there are even better things to come: improvements leading up to an algorithm that
finds a maximum flow in only O(n?) steps. (On networks that are sparse, in the sense
that m is much smaller than n?, this bound can be improved even further: algorithms
designed by Z. Galil (1978) and D. D. K. Sleator (1980) find a maximum flow in only
O(m3*m?3) and O(nm log n) steps, respectively. However, these algorithms are too
complicated to be discussed here.)

The Core and Blocking Flows

Edmonds and Karp first announced their results at a conference in 1969; independently of them,
E. A. Dinic (1970) designed an even faster algorithm for finding a maximum flow. (Actually, these
two developments are related: each iteration of Dinic’s algorithm may be seen as several iterations
of the first-labeled, first-scanned method lumped together in a way that avoids unnecessary du-
plication of work.) Even though Dinic’s algorithm, too, has been surpassed by faster methods,
its overall scheme is still the basis for all these subsequent improvements. In order to outline this
scheme, we shall need notions that may seem artificial until the moment Theorem 22.3 provides
the hindsight to demonstrate their worth.

When an iteration of the first-labeled, first-scanned method has terminated, the array p(‘)
points out an x-alterable path from the source s to each labeled node j. The number of arcs in this
path will be denoted by d(j). To find the values of d(j), it suffices to set d(s) = 0 in step O of the
first-labeled, first-scanned method and to set d(j) = d(i) + | whenever j gets labeled in the pro-
cess of scanning i. Now each iteration may be seen as divided into stages: in the gth stage, all the
nodes i with d(i) = g — 1 are scanned and all the nodes j with d(j) = g are labeled. Of course,
the very last stage may stop short of completion as soon as the sink t gets labeled; nevertheless,
each node i with d(i) < d(t) — 2 gets completely scanned. In particular,

if x,<u, and d() <d()—2, then d(j)< d(i)+ 1 (22.11)

and
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if x;>0 and d(i)<d()—2, then d(j)<d()+ 1. (22.12)

This observation will be required later on.

By the core defined by x, we mean the network consisting of all the labeled nodes and all the
arcs ij such that d(j) = d(i) + 1 and either (i) x,; < u;;, or (i) x,, > 0. (Note that the arcs ij of the
second kind do not necessarily appear in the original network.) In the core, each arc ij carries
an upper bound u}; defined as u;; — x;; in the first case (i) and as x;; in the second case (ii). For
illustration, consider Figure 22.7 with each arc ij labeled by u;; outside and x;; inside the paren-
theses. The core resulting in this case is shown in Figure 22.8, with each node j labeled by d(j)
and each arc ij labeled by u¥. The number d(t) will be referred to as the length of the core.

Figure 22.7

Figure 22.8

a
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Each feasible flow x* in the core points out a way of replacing the original flow x by a new
flow X: it suffices to set X;; = x; + xJ; for each arc ij of type (i) and X; = x; — x} for each arc
ij of type (ii). For illustration, a feasible flow x* in the core and the resulting flow X in the original
network are shown in Figure 22.9.

0
Figure 22.9

It is not difficult to verify that, in general, X is indeed a feasible flow in the original network
and that its volume equals the volume of x plus the volume of x*. This new flow X will be referred
to as x augmented by x*. Note that X;; > x;; only if d(j) = d(i) + 1 and that X; < x;; only if
d(j) = d(i) + 1. Again, this observation will be required in the future; it will be convenient to
record it with i and j interchanged as

Xji > x5 onlyil d(i) = d(j) + 1 (22.13)

and
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X < X5 only if d(i) = d(j) + 1. (22.14)

Finally, a feasible flow x* (in the core) will be called blocking if there is no x*-augmenting
path whose arcs are all forward. (In particular, every maximum flow is blocking. The converse
does not always hold: for instance, the flow x* shown in Figure 22.9 is blocking but not maximum.)
Now we are ready for a crucial fact.

o = S ST e e e e e T S

| THEOREM 22.3. Ifx is a feasible flow, if x* is a blocking flow in the core defined by x, |
andifXis x augmented by x*, then the core defined by X is longer than the core deﬁned by x. |

PROOF. Let numbers d(j) be defined by the old flow x and let r be the length of the new core

defined by X. By definition, there is an X-augmenting path wy, wy, ..., w,. Let us prove at once
that
dwy) < 1 + d(w,—,) whenever d(w,_,) < d(t) — 2. (22.15)

Writing i = w,_, andj = w,, we observe that either X;; < u;; or X; > 0. In the first case, d(j) <
1 + d(i) follows from (22.11) if x;; < w; and from (22.14) if x;; = w;;. In the second case, d(j) <
1 + d(i) follows from (22.12) if x; > 0 and from (22.13) if x; = 0. Thus (22.15) is proved.

To prove the theorem, we have to show that » > d(t). This task will be accomplished indirectly,
by deriving a contradiction from the assumption that

r<d(). (22.16)
Assuming (22.16), we shall first prove that
dw) =k forall k=0,1,...,r (22.17)

For this purpose, note that (22.15) and (22.16) imply
dwg) < 1 + d(we—y) whenever d(w,_,) <r — 2. (22.18)

Repeated applications of (22.18) show that d(w,) < k for all k = 0,1,....r — 1; on the other
hand, if we had d(w;) < i for some i such that i < r, then repeated applications of (22.18) with
k=1i+1,i+2,...,r would yield d(w,) < r, contradicting (22.16). Hence d(w,) = k for all
k=0,1,...,r — 1. Finally, the inequality d(w,) > r is nothing but (22.16), whereas the reversed
inequality d(w,) < 1 + d(w,_,) follows from (22.15) with k = r. Thus (22.17) is proved.

Now we are ready for the final contradiction. Consider an arbitrary subscript k such that
1 < k < r, again write i = w,_,, j = w,, and observe again that either X;; < u;; or X;; > 0. By
(22.17), we have d(j) = d(i) + 1;hence (22.14) shows that x;; < X;;in the first case and (22.13) shows
that x;; > X; in the second case. Thus each forward arc ij on the path wo, wy, ..., w, appears
in the old core defined by x, with

L R— 7 — Y¥X
uf = w; — x> X — Xy = x§
and each reverse arc ji on this path yields an arc ij in the old core with
* ¥.. —
uf = x; > x5 — X; = xf.

But this is the desired contradiction: since all the arcs on the path wg, wy, . .., w,in the old core are

forward, and since each of these arcs ij has x} < uf, the flow x* is not blocking.
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The scheme of Dinic’s algorithm evolves from this theorem. Each iteration, entered with some
feasible flow x, amounts to finding a blocking flow x* in the core defined by x; the next iteration
s entered with x augmented by x*. Unless x is a maximum flow, the length of the core defined
by x is a positive integer smaller than n; by Theorem 22.3, this length increases with each iteration.
Hence a maximum flow is found after fewer than n iterations.

Evidently, the efficiency of this scheme depends on the efficiency of the procedure used to
find the blocking flow in each iteration. (Constructing the core is a relatively easy task: it takes
only O(m) steps. This fact is implicit in our definition of the core; the details are left for problem
22.8.) The procedure originally suggested by Dinic (see problem 22.14) finds the blocking flow in
O(mn) steps; we are going to describe a procedure, developed more recently by V. M. Malhotra,
M. P. Kumar, and S. N. Maheshwari (1978), that finds the blocking flow in only O(n?) steps.

A Fast Way to Find a Blocking Flow

The core has a special structure: its nodes can be arranged in a sequence such that all the arcs
point from left to right. To see this, recall that the first-labeled, first-scanned method labels the
nodes in a sequence vy, U,, . .., U, such that d(v;) < d(v,) < -+ < d(v)); these labeled nodes
are precisely the nodes of the core and each arc ij of the core has d(j) = d(i) + 1. This special
structure is crucial in the procedure we are about to describe. The sequence vy, v,, ..., v, can be
represented by a pair of arrays A(-), B(-) such that A(v,) is the node v;,, coming just after v;,
and B(v)) is the node v;_, coming just before v;. (We set A(v,) = O for the sink v, and B(v,) = 0
for the source v,.) In addition, we shall make use of arrays T*(-), H*(*), FT*("), FH*(), NT*(*),
NH*(-) representing the core in the same way as the arrays T'(-), H(-), FT(-), FH(*), NT(-), NH(")
represent the original network. All of these arrays can be constructed in only O(m) steps (see
problem 22.8).

The blocking flow x* is found by beginning with x = 0 for all arcs ij and then successively
increasing the various values of x¥. It will be convenient to write x} = x# and u¥ = uf; with
i = T*(e),j = H*(e). We shall store and update a certain array E(-) such that each E(e) represents
the “extra amount of the commodity that can be sent through e.” In particular, an arc e with
E(e) = 0 cannot appear on any x*-augmenting path whose arcs are all forward. Initially, we
shall have x¥ = 0 and E(e) = u} for all arcs e. At all times, the sum of all the numbers E(e) with
H*(e) = i will be referred to as the left capacity LC(i) of a node i, and the sum of all the numbers
E(e) with T*(e) = i will be referred to as the right capacity RC(i) of a node i. The capacity C(i)
of the node i will be defined by

min(LC(i), RC(i)) if iisan intermediate node
C(i) =< RC(i) if iis the source
LC(i) if iis the sink.
(Whenever LC(i) or RC(i) changes, we shall tacitly assume that C(i) is updated at once.)

The capacity of a node represents the extra amount of the commodity that can be sent through
this node. In particular, nodes of capacity zero are useless (they cannot appear on any x*-
augmenting path whose arcs are all forward) and might just as well be removed. The removal of
an intermediate node w can be implemented by the following subroutine, referred to as REMOVE
(w):

1. Set e = FT*(w) and, as long as e 5 0, keep repeating the following operations: reduce
LC(H*(e)) by E(e), replace E(e) by zero, replace e by NT*(e).

2. Set e = FH*(e) and, as long as e # 0, keep repeating the following operations: reduce
RC(T*(e)) by E(e), replace E(e) by zero, replace e by NH*(e).

3. Replace A(B(w)) by A(w) and replace B(A(w)) by B(w).
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The removal of a node w may result in reducing the capacities of other nodes. In particular, it

may make the capacities of certain nodes drop to zero. In turn, these nodes may now be removed.
possibly causing the removal of yet other nodes, and so on. When this chain reaction stops, all the
nodes have positive capacities.

Now the idea is to send some extra units all the way from the source to the sink, making the
capacity of some node w drop to zero, and subsequently removing w. The natural candidate for
w is the node of the smallest capacity; let us write d = C(w). To ensure that the d extra units do
indeed pass through w, we push them first from w to the sink and then from the source to w. (The
second stage is carried out in reverse, beginning at w and working back towards the source.)
Informally, we imagine that the d extra units have suddently materialized at w. These units are
immediately dispatched to the right via the various arcs wj, thus creating a temporary surplus.

SU) = L xh - X xk

at their heads j. Then we sweep from w to the sink and, at each node j that we encounter, restore

the flow balance by dispatching the extra units further to the right. [This can be done since

S(j) < d = C(w) < RC(j).] Eventually, we arrive at the sink, which has by now absorbed the

d extra units. The second stage is a mirror image of the first. We begin by supplying the d extra

units to w via the various arcs iw, thus creating a temporary shortage, — S(i), at their tails i. Then

we sweep from w toward the source and, at each node i that we encounter, restore the flow balance

by supplying the extra units from nodes further to the left. [ This can be done since —S(i) < d =

C(w) < LC(i).] Eventually, we arrive at the source, which is by now supplying the d extra units.
A formal presentation begins with a detailed account of what is involved in increasing the

value of x¥ by ¢ units. The following sequence of instructions will be referred to as INCREASE

(e, c):

Increase x¥ by c units.

Reduce E(e) by c units.

Reduce RC(T*(e)) by c units.

Reduce LC(H*(e)) by c units.

Increase S(H*(e)) by c units.

Reduce S(T*(e)) by c units.

SN

The intuitive notion of “dispatching ¢ units from j to the right” may be implemented by the
following subroutine, referred to as PUSHRIGHT (j, ¢):

1. Ifc = 0 then stop; otherwise, set e = FT*(j).

2. As long as ¢ > E(e), keep repeating the following operations: reduce ¢ by E(e), call
INCREASE (e, E(¢)), replace FT*(j) by NT*(e).

3. Call INCREASE (e, ¢) and stop.

Replacing j, FT* and NT* in PUSHRIGHT (J, ¢) by i, FH*, and NH*, respectively, we obtain
a subroutine referred to as PUSHLEFT (i. ¢). Now the entire procedure for finding a blocking
flow in the core may be described as in Box 22.2.

Proving that the flow x* delivered by this procedure is indeed blocking is an easy exercise, left
for problem 22.12. To prov= that the running time of the procedure is O(n?), observe that the loop
formed by steps 1-4 is executed fewer than n times: each of its executions ends by a removal of a
node. Since the time required to execute step 1 once is O(n), and since the total time spent on
executions of step 4 is O(m), we need only prove that the total time spent on executions of step 2
is O(n?). In fact, since steps 2.1 and 2.2 are mirror images of each other, we need only prove that

o
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—— — )
Box 22.2 Finding a Blocking Flow in the Core |
Step I. [Locate a bottleneck.] Set k = w = source and, as long as A(k) # 0, keep |
repeating the following operations: replace k by A(k) and, in case C(k) < C(w), r&place

w by k.

Step 2. [Send an extra d units from the source to the sink through the bottleneck.] If
C(w) > 0 then set d = C(w) and execute the following steps: '
2.1. [From the bottleneck to the sink.] Set j = w, ¢ = d and, as long as A(j) # 0,
keep repeating the following operations: call PUSHRIGHT (j, c), replace j by
A(j), replace ¢ by S(j).

22. [From the source to the bottleneck.] Set i = w, ¢ = d and, as long as B(i) # 0,
keep repeating the following operations: call PUSHLEFT (i, c), replace i by B(i),
replace ¢ by —S(i).

Step 3. [Blocking flow obtained?] If w is the source or the sink then stop.
Step 4. [Remove the bottleneck.] Call REMOVE (w) and return to Step 1.

the total time spent on executions of step 2.1 is O(n?). For this purpose, note that the loop of
step 2.1 is executed fewer than n? times (at most once for each combination of w and j) and that,
in each of these executions, only the loop (line 2) of PUSHRIGHT (}j, ¢) may require more than a
constant amount of time. But, during the entire run of the procedure, line 2 of PUSHRIGHT is
executed at most once for each arc e: as soon as FT*(j) is replaced by NT*(e), the arc e is guar-
anteed to never come up again in an execution of PUSHRIGHT.
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PROBLEMS

22.1 Find a maximum flow and a minimum cut in Figure 22.10 by (i) the network simplex
method, (ii) the first-labeled, first-scanned method, (iii) Dinic’s algorithm with the
Malhotra—Kumar—Maheshwari procedure for finding a blocking flow in the core.

Source

Figure 22.10

222 Writec = (-1 + \/g)/Z and consider the network in Figure 22.11 with upper bounds of
conv;v,, 1onuvivg, coOnuvulg

-
Vg Us t

Figure 22.11
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Table 22.2 An Endless Sequence of Iterations

Resulting flow through

Iteration Augmenting path VU, Uslg Uals VeVs
6k + 1 S0 1003061 ¢ ) O 0

6k + 2 SV, D3DVsE ¢ — c¥*2 1 ¢ — cH k2
6k + 3 SU,0,04U6t ¢ 1 ¢ — 3k+3 kw2
6k + 4 SUU, 040603t ¢ — *+3 1 — 3k+3 c c3k+2
6k + 5 S0 D,05V6t c 1 — 3k+3 ¢ c3k+a
6k + 6 SULD, VsVt ¢ — c3*e | e 0

and large upper bounds on the remaining arcs. Verify that the augmenting path method
may go through an endless sequence of iterations characterized in Table 22.2.

Derive Theorem 22.2 from Theorem 21.2.
Derive Theorem 21.1 from Theorem 22.1.
Derive Theorem 20.5 from Theorem 22.1.

Suppose our definition of a network is relaxed so as to allow arcs to enter the source
and/or leave the sink; now the volume of a flow x is properly defined as

Z X — Z Xig-
J i

In this generalized context, prove that for every feasible flow of volume v there is a fea-
sible flow x of volume at least v such that x;; = 0 for all arcs is entering the source and
x;; = 0 for all arcs tj leaving the sink. What is the significance of this observation?

Design an algorithm that, given a network represented by the arrays T(-) and H(-),
constructs the arrays FT(-), FH(-), NT(:), and NH(") in only O(m) steps.

Design an algorithm that, given a feasible flow in a network, constructs the corresponding
core in only O(m) steps. The output must include the arrays T*(-), H*(-), FT*(-), FH*("),
NT*(:), NH*(-), and A("), B(') as well as the upper bounds u}.

A free-lance photographer can take on a variety of assignments during the next month,
the kth assignment yielding a profit of p, dollars and requiring a set S, of pieces of equip-
ment. Since she owns no equipment, she must rent at prescribed monthly rates whatever
she needs. The problem of maximizing her net profit is complicated by the fact that
distinct sets S; and S; may overlap. Turn this problem into the open pit problem.

If each vertex of a graph G carries a positive weight, then the weight of a set S of vertices
is defined as the sum of weights of all the vertices in S and the optimum cover problem
requires finding a cover of the smallest weight. Show that this problem can be turned
into the minimum cut problem whenever G is bipartite.

Prove that a flow x* in a network with upper bounds u is blocking if and only if there is
a cut C such that x} = uf; for all arcs ij such thatie Cand j ¢ C.

Modify the Malhotra—Kumar—Maheshwari procedure so as to make it deliver a cut C
with the property specified in problem 22.11.
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If some upper bounds u in the core are infinite, then some or all of the capacities C(w)
defined in the Malhotra~Kumar—Maheshwari procedure may be infinite. What modi-
fications are required in this case?

In the notation used toward the end of this chapter, Dinic’s procedure for finding a
blocking flow in the core may be described as follows.

Step 0. [Initialize.] Set x¥ = Oforeacharce. Seti = s,k = 0,and e = FT*(s).

Step 1. [Extend the pathasfarasyoucan.] Aslongase # 0, keep repeating the following
operations: replace k by k + 1,sete, = eand d, = uf — x}, replace i by H*(e),
replace e by FT *(i).

Step 2. [Still at the source?] If i = s then stop: the current x* is a blocking flow.

Step 3. [A blind alley found?] If i # t then replace i by T*(e,), replace ¢ by NT*(e,),
replace FT*(i) by e, replace k by k — 1, and return to step 1.

Step 4. [Anaugmenting path found.] Find the minimum d of d;, d,, ..., d,. Ifd = +oc
then stop: there are flows of arbitrarily large volumes. Otherwise do the following
for j = 1,2,...,k: set e = ¢;, increase x} by d and, in case the new value of
x¥ equals u¥, replace FT*(T*(e)) by NT*(e). Then return to Step 1.

Prove that the flow x* delivered by this procedure is indeed blocking and that the pro-

cedure terminates in O(mn) steps.
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The Primal-Dual Method

In this chapter, we shall present an alternative algorithm for solving the upper-
bounded transshipment problems

minimize cx subjectto Ax =b, 0 <x<u (23.1)

This algorithm, developed by L. R. Ford, Jr. and D. R. Fulkerson (1958a) from earlier
contributions of J. Egervary (1931) and H. W. Kuhn (1955), is known as the primal-
dual method. The network simplex method and the primal-dual method are similar
in the sense that both update a pair of vectors x, y in each iteration, until a pair
satisfying

Ax — b (232)
0<x<u 233)
and
x;=0 whenever y; + ¢;; > y; (23.4)

Xij = Uy whenever y; + ¢;; < y;

is found. The two methods are different in the sense that the network simplex method
maintains (23.2) and (23.3), terminating when (23.4) becomes satisfied, whereas the
primal-dual method maintains (23.3) and (23.4), terminating when (23.2) becomes
satisfied.

390



Shortest Paths 391

In an informal experiment conducted by Dantzig, Ford, and Fulkerson in the late
1950s, the primal-dual method was found to be about twice as fast as the network
simplex method. However, this experiment involved only very small examples solved
by hand; in experiments conducted by F. Glover et al. (1974), involving computer
solutions of large problems, the primal-dual method turned out to be slower than
the network simplex method. It is conceivable that the two methods are on a par
and that the balance can be swung in favor of one or the other by ingenuity in com-
puter implementations.

From a theoretical point of view, the primal-dual method is more important than
the network simplex method. J. Edmonds and R. M. Karp (1972) have shown that a
theoretically satisfactory algorithm (in the sense of Chapter 4) for solving (23.1)
consists of successive applications of the primal-dual method to problems

minimize cx subject to Ax = b, 0 <x<ii

approximating (23.1) with greater and greater precision. No comparable scheme
using the network simplex method is known.

SHORTEST PATHS

[ — ™

As we shall see in the next section, each iteration of the primal-dual method requires
a solution of a problem that generalizes the commonplace problem of finding the
shortest route between two cities on a road map. The generalization may be described
in terms of a network whose arcs ij carry nonnegative lengths I;;. A directed path
from a node u to a node v is a sequence of nodes vy, vy, ..., v, such that v, = u,
v, = v and such that each v;_,v; (i = 1, 2, ..., k) is an arc (that is, a directed path is
simply a path whose arcs are all forward); the length of this path is simply the sum
of the lengths of its arcs. It will be convenient to admit k = 0 in this definition, so
that every single node constitutes a directed path (from itself to itself) of length zero.
E. Dijkstra (1959) proposed an efficient algorithm for finding shortest directed paths
from a fixed node to all the remaining nodes in the network. A slightly modified
version of this algorithm, presented in Box 23.1, finds shortest directed paths from a
fixed set W of nodes to all the remaining nodes (a directed path from W being a
directed path from any u such that ue W).

The variables in this algorithm are labels d, assigned to nodes v, a set R of nodes
and an array p(-). Each label d, with v € R is permanent; it specifies the shortest
length of a directed path v, vy, . .., v, With v, € W and v, = v. (Such a path exists
whenever v € R.) Each label d, with v ¢ R is temporary; it specifies the shortest length
of a directed path vy, v,,..., v, with voe W, v, = v, and v;€ R whenever j < k.
(If there is no such path, then d, = + c0.) Whenever d, is finite, the array p(-) repre-
sents the relevant path vy, vy,..., v, by p(v)) = v;_yv;forallj = 1,2,... k Itisan
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easy exercise (left for problem 23.2) to show that these properties of the variables
remain preserved throughout the execution of the algorithm.

BOX 23.1 The Shortest Paths Algorithm
Step 0. [Initialize.] Set R = &, d, = O for allve W, and d, = + oo for all
ve¢ W.

Step 1. [Make a temporary label permanent.] Ifd, = + co whenever v ¢ R,

then stop; otherwise, find a node i such that i¢ R and d; < d, forall v ¢ R.
Add ito R. ’

Step 2. [Update temporary labels.] For every arc ij such that j¢ R and
d; + l;; < d;, replace d; by d; 4 1;; and set p(j) = ij. Then return to step 1.

Another easy exercise (left for problem 23.3) is verifying that, upon termination
of the algorithm, the output has the following properties:

W< R (23.5)
there is no arc ij such that ie R and j¢ R (23.6)
d; + I;; = d; for all arcs  ij (23.7)
d; + Ij; = d; whenever ij = p(j). (23.8)

To estimate the running time of the algorithm, we shall use the “big oh” notation
introduced in Chapter 22 and assume that the network is represented by the arrays
T(-), H(*), FT(-),and NT(-) of Chapter 22 (the arrays FH(-) and NH(-) are useless in
the present context). Now the total amount of time spent on executions of step 2 is
only O(m); on the other hand, step 1 is executed at most n times and each of its execu-
tions takes only O(n) steps. Thus the entire algorithm terminates in only O(n?) steps.
(As shown by D. B. Johnson (1977), this bound can be improved to O(m log, n) with
k = max(2, m/n). The details are suggested in problem 23.17.)

THE PRIMAL-DUAL METHOD

)

Each iteration of the primal-dual method begins with a pair of vectors x and y such
that

0 < x5 < wy for all arcs ij (23.9)
and such that

x;=0 whenever y; + ¢; > y;

(23.10)

Xi; = Uy whenever y; + ¢;; < y;
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(Finding an initial pair x, y to begin with is easy as long as all the arc costs ¢;; are
nonnegative, for then (23.9) and (23.10) can be satisfied by setting x;; = 0 for all arcs
ij and y, = 0 for all nodes k. The case of arbitrary arc costs is more intricate and will
be discussed later.) If Ax = b, then the method terminates at once (as proved in
Chapter 21, x is an optimal solution); otherwise the pair x, y is replaced by a pair
X, ¥ that (i) satisfies (23.9) and (23.10) in place of x, y, (ii) makes AX “closer to b”
than Ax. To elaborate on the second point, let us call a node j wet, balanced, or dry
if the net flow

Z Xy — %xjk
i

of the commodity into j is greater than, equal to, or less than the demand b;, respec-
tively. The change of x into X, preceded by the change of y into ¥, is carried out in
such a way that the net flow into some wet node decreases (without this node becoming
dry), the net flow into some dry node increases (without this node becoming wet),
and the net flows into all other nodes remain unchanged. Our presentation of the
details begins with a brief sketch followed by an illustrative example; an analysis will
be provided afterwards.

To change y into ¥, we apply the shortest path algorithm to an auxiliary network,
having

(i) anarce(+) = ijoflength y; — y; + ¢;;for each original arce = ij with x, < u,
(i) anarce(—) =jioflength y; — y; — c;; for each original arc e = ij with x, > 0

and to the set W consisting of all the wet nodes. If all the labels d; returned by the
shortest paths algorithm are finite, we set

Vi=y+d; for every node j.

To change x into X, we choose a dry node v and reconstruct the path v,, v, ..., 1,
with v, € W, v, = vand p(v) = v;_yv;forallj = 1,2,...,k; then we set

Xe

It

X, +t when some p(v;) is e(+)

=i

e =X, — t when some p(v)) is e(—)

with t as large as possible subject to the constraints that (i) the wet node v, does not
become dry, (ii) the dry node v, does not become wet, (iii) 0 < X;; < u,; for each arc
ij on the path.

For illustration, we return to the example from Chapter 21, whose data (originally
presented in Figure 21.1) are reproduced in Figure 23.1a. The primal-dual method,
initialized by x = 0 and y = 0, takes eight iterations to find the optimal solution.
Each of these iterations is recorded in figure 23.1b—-i by (i) the auxiliary network with
arcs ij labeled by J;; (occasionally, there is a pair of arcs ij, ji with [;; = [; = 0) and
nodes v labeled d,, and (ii) the updated pair x, y.
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Node names and arc costs Demands and upper bounds

(a)

1Y b1
1
0 T 00 0 —00
(b) The first iteration, ¢ = 1 along the path 5,4
0Q 1
4
1
0 0

(¢) The second iteration, t = 4 along the path 6,2
Figure 23.1



The Primal-Dual Method

=
’F
| L
=

1Y

00~ -
1

(d) The third iteration, ¢+ = 4 along the path 5,4,3

0

(e) The fourth iteration, # = 3 along the path 6,2,3

(f) The fifth iteration, z = 1 along the path 6,4,3
Figure 23.1 (continued)

395
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f o

1Y f 0 4

1S - 01 1S 1

(g) The sixth iteration, ¢ = 4 along the path 1,5,4,3 -

R

e
~
w

’?1 0

0 T 00 1

(h) The seventh iteration, ¢ = 2 along the path 1,2,3

f o

0

1F -01

(i) The eighth iteration, ¢ = 3 along the path 1,3
Figure 23.1 (continued)
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To prove that the method is sound, we have to clarify a number of points.

(i) Is there always a wet node to start off the shortest-paths algorithm and a
dry node to start off the reconstruction of the path vy, vy, ..., 1,7

(i) The shortest paths algorithm works under the assumption that the arc
lengths are nonnegative; is this assumption satisfied in the auxiliary network?

(iii) What is to be done if d; = + co for one or more nodes j?
(iv) Does the updated pair X, ¥ satisfy (23.9) and (23.10) in place of x, y?
(v) Does the method always terminate?

(vi) How can we initialize if the arc costs are arbitrary?

The first two questions are easily answered in the affirmative; we leave the details
for Problems 23.4 and 23.5, respectively.

To answer question (iii), we write je S if d; = + co; the remaining nodes form
the set R returned by the shortest-paths algorithm. By (23.5), every node in S is dry
or balanced; that is,

XXy — 2 X < by
i k

whenever j € S. Summing up all these inequalities, one for each j € S, we find that

> Xi— 2 X< ) by

ieR JjeS jeS

jes keR
By (23.6), the auxiliary network has no arcs ij with i€ R and j € S. In terms of the
original network, this means x;; = u;; whenever ie R, j€ S; and x; = O whenever
j€ S, k e R. Substituting into the above inequality, we conclude that

Y bz )

jesS ieR

jeS

If this inequality holds as strict then, by the easy “if” part of Theorem 21.1, the
problem has no feasible solution (the net demand within the region S exceeds the
upper bound on the import to S). If the inequality holds as an equation, then, as in
Chapter 21, the problem decomposes into two subproblems, which can be solved
separately. [ In fact, the subproblem whose node set is S is already solved (all the nodes
in S are balanced), and so only the subproblem whose node set is R remains to be
solved.]

To answer question (iv), we distinguish between the arcs on the path vy, t1. ..., v,
and the arcs off this path. For each arc ij off the path, we have X;; = x;;, so that
(23.9) is preserved trivially and the preservation of (23.10) is guaranteed by (23.7).
For each arc ij on the path, (23.9) is preserved by our choice of t and the preservation
of (23.10) is guaranteed by (23.8). The tedious details are left for problems 23.6 and
23.7.
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To answer question (v), we note that x;; < u; for each forward arc ij on the path
g, Uy, - . ., U and that x;; > O for each reverse arc on this path. Hence each of the
upper bounds imposed on ¢ is strictly positive, and so t > 0. The progress towards
termination can be marked by a quantity called displacement of x and defined as
the sum of the n absolute values |¢;|, each e; being the difference between the net flow
into j and the demand b;. (In the notation of Chapter 14, the displacement of x is
simply ||Ax — b}|;.) Since the net flows into the nodes v,, v,...,v,_, do not change
when x is replaced by X (the contributions involving ¢ cancel each other out), the
displacement decreases by 2t in each iteration (the net flow into the wet node v,
drops by t units, and the net flow into the dry node v, rises by t units).

THEOREM 23.1. 1f all the demands b;, all the finite upper bounds u;;, and
all the components x;; of the initial x are integers, then the primal-dual method
terminates within D/2 iterations with D standing for the displacement of x.

PROOF. In view of the remarks made above, it suffices to show that t > 1 in each
iteration. But this fact follows at once from observing that all the components X;;
of each updated X remain integer, and so ¢ is a positive integer. ]

The assumption of Theorem 23.1 is hardly restrictive: when the numbers b; and
u;; are presented as finite decimal expansions, they can be converted into integers
by a simple change of scale. Furthermore, if the primal-dual method can be initialized
at all, then it can be initialized by an x such that each x;; is either zero or u;;.

As for question (vi), it suffices to find numbers y, such that

there is no arc ij with u; = +00 and y;, + ¢; < y; (23.11)
then (23.9) and (23.10) can be satisfied by éetting
x_{O if yi+c;=y;
v u;; if y 4+ ¢5 <y
We are going to describe a procedure that, given an upper-bounded transshipment
problem
minimize ¢x subjectto Ax =b, 0 <x <u, (23.12)

attempts to find numbers y, satisfying (23.11); in case of failure, this procedure returns
a proof that (23.12) has no optimal solution. The procedure amounts to an application
of the primal-dual method to the problem
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minimize c¢x subjectto Ax =0, 0<x <1 (23.13)
obtained from (23.12) by replacing each demand b; by zero and setting
_ {o if w;is finite
ij =

i
1 if ;s infinite.

Since (23.13) has at least one feasible solution (namely, x = 0), the primal-dual method
(initialized by y = 0, x;; = O whenever ¢;; > 0, and x;; = &;; whenever c¢;; < 0) will
find an optimal solution x* of (23.13) along with numbers y, such that

xt=0 whenever y; + ¢;; > y;

. - Y iz Y (23.14)

Xt = 1 whenever y; + ¢; < y;
If these numbers y, satisfy (23.11) then we are done; otherwise (23.14) implies
(¢ — yA)x* < 0 [at least one of the numbers (c;; + y; — y;)x¥ is negative and none
of them is positive], and so cx* < 0.But then (23.12) cannot have an optimal solution:
if x is a feasible solution of (23.12) then x + x* is another and ¢(x + x*) < cx*.

Practical Improvements

The vector y may remain unchanged in some iterations of the primal-dual method,
such as the second, third, fourth, and fifth iterations in the previous example. In such
iterations, much of the time spent on computing the numbers d, is wasted: when y
does not change, the only progress toward termination is made by the change of x.
This waste can be avoided by lumping consecutive iterations (such as the first five
iterations in the previous example) into a single one; in the resulting streamlined
version of the primal-dual method, both y and x change in every iteration. To change
y, one has to solve a shortest path problem; to change x, one has to solve a certain
maximum flow problem.

More precisely, when y has been changed into y by

Y, =y, +d, for all nodes v, (23.15)
we still have

x;=0 whenever J; + ¢;; > ¥; 2316
Xij = U whenever ¥, + ¢;; < J;

(see problem 23.6). Since the updated vector X must satisfy (23.16) in place of x
changes of x;; are allowed only if ; + ¢;; = 7;. The novelty of the streamlined versiot
comes from no longer restricting these changes to a single path between a wet nod
and a dry node, but allowing more extensive changes as well. Such changes may b
described in terms of a working network whose arcs ij carry upper bounds v, o 1
addition to all the original nodes, the working network has an extra source s, an extr
sink t, and:
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@) An arc e(+) = ij with v,4, = u, — x, for each original arc e = ij with
Vi + ¢ =V

(i) Anarce(—) = jiwithv,_, = x,for each original arc e = ij with y; + ¢;; = y;.
(i) An arc si, with v,; equal to the difference between the net flow into i and the
demand b,, for each wet node i.

(iv) Anarcjt, with v, equal to the difference between the demand b; and the net
flow into j, for each dry node j.

Every flow x* in the working network defines a vector X by

X, = X, + XX+ — x¥ - (23.17)
If x* is a feasible flow in the working network, then clearly 0 < X;; < u;; for all arcs
ij; furthermore, it is an easy exercise (problem 23.8) to show that the displacement
of X equals the displacement of x minus twice the volume of x*. Hence the natural
course of action is to find a maximum flow x* in the working network by any of the
efficient algorithms of Chapter 22 and then to enter the next iteration with X defined
by (23.17) and ¥ defined by (23.15). (Another easy exercise, left for problem 23.9, shows
that a change of § will occur in this next iteration.)

Theoretical Improvements

If the primal-dual method can be initialized at all then it can be initialized by y and x such that
each x;; is either zero or u;;. It is an easy exercise (left for problem 23.10) to show that the displace-
ment of x is at most Y |b,| + 2 u;;, with the first sum running through all the nodes k and the
second sum running through all the arcs ij such that u;; is finite; hence Theorem 23.1 guarantees
that an optimal solution will be found in at most

1
EZV’RI + Yuj

iterations. [In particular, the primal-dual method will solve the assignment problem (20.26) in
no more than n iterations. Since the time required to execute each iteration is O(n?), the total
running time comes to O(n3). It was in this context that the first version of the primal-dual method
was developed by H. W. Kuhn (1955); the upper bound O(»3) on its running time was established
by J. Munkres (1957). This may be the first instance of a combinatorial algorithm proved the-
oretically satisfactory in the sense of Chapter 4.] When the integers |b,(| and u;; are very large,
this bound is not very satisfactory. However, a device proposed by J. Edmonds and R. M. Karp
‘1972) and known as scaling, limits the number of iterations to at most

d(5n + 10m)
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with d standing for the number of digits in the largest of the integers |, and u;;. From the
theoretical point of view, the latter bound is quite satisfactory.
The idea is to apply the primal-dual method to a sequence of problems

minimize e¢x subject to Ax = b, 0<x<i (23.18)
approximating the original problem
minimize ¢x subjectto Ax =b, 0<x<u

with greater and greater precision: the overall number of iterations is kept low because the optimal
solution of each approximation yields a good initial x in the next approximation. There are d
approximations altogether; in the ith of them, each finite upper bound #;; is u;;/10°~* rounded
up to the nearest integer, and each demand b, is b,/10°~F rounded up or down to the nearest
integer in such a way that Y5, = 0. In particular, each |b,| and each #; in the very first approxi-
mation is an integer between zero and ten; hence this iteration can be solved in at most 5n + 10m
iterations of the primal-dual method. Having found an optimal pair x*,y* in the ith approximation
(i=1,2,...,d — 1), we may initialize the (i + 1)th approximation by x and y* such that each
x;; is the minimum of 10x* and the new upper bound #;;. It is an easy exercise (left for problem
23.11) to show that the displacement of x in the (i + 1)th approximation is at most 10n + 18m;
hence the (i + 1)th approximation can be solved in at most 5n + 9m iterations of the primal-dual
method. Thus the overall number of iterations is limited by d(5n + 10m), as claimed above.

Each reduction of the displacement by ¢ units in the ith approximation amounts to a reduction
by 104"t units in the original problem. From this point of view, scaling may be seen as a way
of forcing large improvements early on. In practice, such improvements tend to occur whether
forced or not; for this reason, the practical importance of scaling is negligible.

PROBLEMS

23.1  Solve problems 19.1 and 21.1 by the primal-dual method.

232 Prove that, throughout the execution of the shortest-paths algorithm, the variables
d,, R, and p(-) maintain the properties specified in the text.

233  Prove that the output of the shortest-paths algorithm satisfies (23.5), (23.6), (23.7). and
(23.8).

234  Prove: If there is at least one wet node, then there is at least one dry node and vice versa.
23,5  Prove that all the arcs in the auxiliary network have nonnegative lengths.

23.6 Prove that x and ¥ satisfy (23.10) in place of x and y.

23.7 Prove that X and ¥ satisfy (23.10) in place of x and y.

238 Prove: if x* is a feasible flow in the working network and if X is defined by (23.17) then
the displacement of X equals the displacement of x minus twice the volume of x*.

239 Prove: If x* is a maximum flow in the working network and if X is defined by (23.17)
then, in the next iteration of the primal-dual method, there will be no dry node ¢ with
d. = 0.

d
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23.10

23.11

23.12
23.13
A23.14

A23.15

23.16

23.17
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Prove: If each x;; is zero or u;, then the displacement of x is at most . |b,| + 2Yu;;,
with the first sum running through all the nodes k and the second sum running through
all the arcs ij with finite u;;.

Let x* be a feasible solution of the ith approximation (23.18) and let each x;; be the
minimum of 10x¥ and the upper bound i;; featured in the (i + 1)th approximation.
Prove that the displacement of x in the (i + 1)th approximation is at most 10n + 18m.

How much time is required to initialize the primal-dual method?
How can you find numbers y, satisfying (23.11) if (23.13) decomposes into subproblems?

Our exposition of scaling disregards the possibility of one or more approximations being
infeasible, even though the original problem is feasible. Find a way of getting around this
obstacle.

In Chapter 21, a negative cycle was defined as a cycle such that all of its arcs are forward,
all of them have u;; = + co and the sum of their costs ¢;; is negative. Design an efficient
algorithm which, given a feasible solution x* of (23.13) such that ex* < 0, finds a negative
cycle in (23.12).

Show that the problem of finding shortest paths from a fixed node to all the remaining
nodes can be turned into a transshipment problem.

Let k be an integer greater than one. A sequence of numbers Xx,, X,, ..., Xy is called a
k-heap if
X; < X; whenever ki < j < k(i + 1).
Assuming that x,, X4, ..., xy is a k-heap, prove that
(i) If the value of some x; drops then the resulting sequence can be rearranged into a

k-heap in only O(log, N) steps.

(i) If the value of some x; rises then the resulting sequence can be rearranged into a
k-heap in only O(k log, N) steps.

and use (ii) to show that

(iii) The sequence xy, X;, X,...,Xy—; Can be rearranged into a k-heap in only
O(k log, N) steps.

Then use (iii) and (i) to implement the shortest paths algorithm in such a way that the

total time spent on the execution of steps 1 and 2 is only O(nk log, n) and O(m log, n),
respectively.
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Updating a Triangular
Factorization of the Basis

A device facilitating solutions of the two systems yB = czand Bd = a in each itera-
tion of the revised simplex method was suggested in Chapter 7. It consists of a
triangular factorization

LP, - --L,PB=U,U,_, - UEE, E 4.1)

such that each L; is a lower triangular eta matrix whose eta column is in the jth
position, each P; is a permutation matrix, each U; is an upper triangular eta matrix
whose eta column is in the jth position, and each E; is an eta matrix. (All the diagonal
entries in each Uj are ones.) In this chapter, we shall consider devices consisting of
factorizations

LP,---L,P,B=QU,U,_; --UR (24.2)

such that the matrices L;, P;, U; with 1 < j < m are as in (24.1), each L; with
m < j < s is an eta-matrix with at most one non zero off-diagonal entry, each P;
with m < j < s is a permutation matrix, and Q and R are permutation matrices.
The use of (24.2) is analogous to the use of (24.1). More precisely, the system yB =cy
may be solved by first solving the system

(VUU,-y) -+ U, = pR7!
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and then computing

y = ((MQ7HLYPy) - - - L Py
Similarly, the system Bd = a may be solved by first computing

w = Q HL,(P;, - - - (Ly(P,2)))) (24.3)
and then solving the system

Up(Up—y - - (Uy(Rd))) = w.

Since the files of nonzero entries in (24.2) tend to be shorter than the files of nonzero
entries in (24.1), fewer arithmetical operations are required when (24.2) is used to
solve the two systems. Even though the update of (24.2) requires a little extra work,
the use of (24.2) leads to faster implementations of the revised simplex method.

R. H. Bartels and G. H. Golub (1969) were the first to propose the use of the tri-
angular factorizations (24.2) and a way of updating them in each iteration of the
simplex method. Their aim was to improve numerical accuracy in solving the two
systems of equations; on this count, the Bartels—Golub method is remarkably
successful. However, its straightforward implementations become very slow as soon
as the nonzero entries of U, U, _,, ..., U; overflow the core memory of a com-
puter and have to be stored on peripheral devices. In a later proposal by J. J. H.
Forrest and J. A. Tomlin (1972), this obstacle is circumnavigated at the cost of
abandoning the measures to improve numerical accuracy. Subsequent implementa-
tions of the Bartels—Golub method, designed by J. K. Reid (1982) and M. A. Saunders
(1976b), combine the virtues of accuracy and speed. In Reid’s implementation, judi-
cious choices of Q and R curb fill-in in the matrices U; to such an extent that the file
representing these matrices can be packed in core. In Saunders’s implementation,
a large part of this file is handled as in the Forrest—Tomlin method, and the remaining
part is small enough to fit in core.

GENERAL SCHEME

)

When the basis matrix B is replaced by a new B, the factorization (24.2) is updated into
L.pP, --LPLP--LPB=QU,U,_, - UR (24.4)

Here, L; and P; are the matrices featured in (24.2), each L; differs from the identity
matrix in at most one (off-diagonal) entry, each P; is a permutation matrix, each
U; is an upper triangular eta matrix whose eta column is in the jth position, and
Q and R are permutation matrices.

For an easy understanding of the technical details, it is crucial to see through
the relationship between a square matrix A = (a;;) and the matrix QAR such that Q
and R are permutation matrices. The matrix QAR arises from A by permuting rows
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and columns: the rows of A (with their entries permuted) appear in QAR in the sume
order in which the rows of 1 appear in Q, and the columns of A (with their entries
permuted) appear in QAR in the same order in which the columns of 1 appear in R. A
special case arises when R = Q7 !: since the rows of I appear in Q in the same
order in which the columns of I appear in Q™ ?, the diagonal entries of A remain on
the diagonal of QAQ ™! but appear in the same order in which the rows of 1 appear in
Q. We shall sometimes describe the transformation of A into QAR informally by
saying that, for instance, “the entry a;; is moved to the bottom right corner of A.”
This description means moving the ith row of A into the last position, keeping the
relative order of the remaining rows undisturbed, moving the jth column of A into
the last position, and keeping the relative order of the remaining columns undisturbed.

The update of (24.2) into (24.4) relies on the fact that B = BE with an eta
matrix E, whose eta column is the vector d computed in step 3 of the simplex itera-
tion. Let us say that the entering column a replaces the leaving column of B in the
pth position, so that d is the pth column of E. Furthermore, let us say that the pth
row of I is the gth row of the permutation matrix R featured in (24.2). Finally, let
us write U = U,,U,,_, - - - U;. As noted in Chapter 7, the jth column of U is the
eta column of U;.

Observe that RER ™! is an eta matrix whose eta column Rd appears in the gth
position. Hence the matrix

V = URER™ )

differs from U only in its gth column. This column of V is URd, which is nothing
but the vector w featured in (24.3). Since this vector can be saved in step 3 of the
simplex iteration, all the entries of V are readily available. As we shall see in the
next four sections, it is easy to find permutation matrices Q and R such that QVR
differs from an upper triangular matrix in only one row. In turn, it is easy to find
a triangular factorization

L.P, - LP(QVR) =T
such that each ij differs from the identity matrix in at most one (ofl-diagonal) entry,
each l~’j is a permutation matrix, and U is an upper triangular matrix all of whose
diagonal entries are one. If U; stands for the eta matrix obtained when the jth column
of Lis replaced by the jth column of U, then again U = U,0,,_, --- U,.

Now (24.4) can be obtained by setting

Q=QQ', R=R"'R
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and so
Lp, --LPLP ---LPB=(,P, - LP)LP, - L,P,BE)
= (QL,P, ---L,P,Q ")(QURE)
=QL,P, - L,P,QVR
= Q@,P, -L,P,QVR)R
= QUR.

The four methods discussed next follow this general pattern (even though this is
not quite the way the Bartels—Golub and Reid methods were originally presented)
They differ from each other only in their choices of the permutation matrices Q, R
and Pl, P, ... P,,,.

In order to assess properly the efficiency of these methods, it is crucial to consider
not only the mere numbers of arithmetical operations per simplex iteration but
also the ways of handling the data on a computer. As noted in Chapter 7, data can
be stored either in the core memory, which is fast to access but limited in capacity,
or on peripheral devices such as disks, drums, and tapes, which are virtually unlimited
in capacity but slow to access. Any location in the core memory can be accessed
instantaneously, but jumps between two locations in peripheral memory are in-
stantaneous only if these locations are adjacent. This difference is important when
it comes to handling sequential files that have to be scanned over and over again.
In core, the individual items x,, x,,..., x, may be scattered through arbitrary
locations and the scans facilitated by “pointers” specifying, for each item x; on the
file, the locations of the preceding item x;_, and the next term x;, ,. Consequently,
deletions and insertions of items are easy to implement. A deletion amounts to
changing a couple of pointers; an insertion of a new item into a prescribed position
in the file involves placing this item in any available location, properly setting its
pointers, and adjusting a couple of old pointers. The situation changes drastically
when the file is stored in peripheral memory: to facilitate frequent scans, consecutive
items have to be stored in adjacent locations. Even though deletions can still be
implemented with a relative ease (simply by marking the appropriate items as
deleted), inserting a new item into the middle of a file becomes very awkward.

These general remarks pertain to handling the file of nonzero entries of U,
U,-,, ..., U,. Following Forrest and Tomlin (1972), we shall refer to this file as
the backward file and call the file representing Py, L,, ..., P, L, the forward file.
The update of the forward file presents no difficulty as neither deletions nor inser-
tions of items into the middle of this file are ever required: items P,,, = P,,L,,, =
L,, P,,, = P,,... added to the file are simply tacked on to its end. However,
insertions into the middle of a backward file may be required if U acquires new
nonzero entries in arbitrary locations. Such insertions are extremely time-consuming
unless the backward file is kept in core.
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THE BARTELS-GOLUB METHOD

In this method, (i) the permutation matrices Q and R = Q! are chosen so as to

move the gth dlagonal element w, of V to the bottom right corner and (ii) the per-

mutation matrices P, P,, ..., P,, are determined by the rules of partial pivoting.
To illustrate (i), consider the casem = Sand q = 2:

1 Wy Uyz Ups Ugs
Wy Uzz Uzga Ups
V= wiy 1 Uz, uss|.
Wy 1 uys
ws 1

In this case, setting

1

1
Q= 1 and R=0Q!
1
1
1 Uiz Ujg Uys Wy
o L us, uzs ws
we obtain QVR = 1 ugs wy.

1 ws

Uz Uze Uzs W3

As for (ii), partial pivoting yields remarkably accurate results: even artificially con-
cocted nasty examples can be solved with only negligible rounding errors, and back-
ward analysis of this updating procedure provides a guarantee of its numerical
accuracy. For more information, see R. H. Bartels (1971).

It had been thought that the Bartels—Golub update would suffer from considerable
fill-in throughout U. The experimental results of J. A. Tomlin (1972) provided the
first evidence to the contrary: on two problems originating from the oil industry
(with the matrix A having size 822 x 1,571 in one, 2978 x 6,333 in the other, and
fewer than ten nonzeros per column on the average in both), the number of nonzeros
in the triangular factorization (24.2) of B after 30 iterations was less than 50% of
the number of nonzeros in (24.1). Furthermore, fill-in in U can be reduced by mild
violations of the rigid rules of partial pivoting. Recall that each f’j is either the identity
matrix I or the permutation matrix P arising from I by interchanging the jth row
with the last row. The actual choice of P; depends on two entries in the jth column
of the matrix
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L,_,p_,---L,P, (QVR), (24.5)

namely, the entry x in the jth row and the entry y in the last row. Partial pivoting
requires P, = I whenever |x| > |y| and P; = P whenever |y| > |x|. If thes¢ require-
ments are relaxed by

insistingon P; =1 onlyif |x > |y
and
insistingon P, =P onlyif |y > c[x]

for some constant ¢, then one is free to choose between P ; = land 13 = P whenever
|x| < v| and |y| < c|x|. This freedom may be used to produce a sparser U, by
setting P = 1 if the jth row of (24.5) is sparser than its last row and P =P if the
last row oj (24.5) is sparser than its jth row. Even though these ch01ces of P may
violate the strict rules of partial pivoting, numerical accuracy of the results remains
satisfactory as long as c¢ is reasonably small (say, 10 or 100).

Nevertheless, even very slow fill-in may create serious difficulties if the backward
file is stored in peripheral memory: as noted in the preceding section, inserting a
new item into the middle of such a file may be a very awkward task.

THE FORREST-TOMLIN METHOD

In this method, (i) the permutation matrices Q and R are chosen as in the Bartels—
Golub update but (ii) each of the permutation matrices f’j is the identity matrix.
Thus, partial pivoting, the original motivation behind the Bartels—Golub proposal,
is abandoned altogether; in return, fill-in is restricted to the last column of U and
the backward file can be updated easily even if it resides in peripheral memory. The
resulting implementation of the simplex method is very fast. The results of experi-
ments by Forrest and Tomlin (1972) show that a simplex iteration with their update
of (24.2) takes, on the average, about 70%, of the time required when the product
form (24.1) of the basis is used.
For illustration of the details, we return to the case m = S and g = 2; now

1wy uyz uy, Uys I ouys uge ugs wy

Wy Uzz Uzs Ups 1 uz, uzs ws

V= wy 1 us, u;s| and QVR = 1 uus wy
W, 1 uys 1w,

Ws 1 Uzz Uzy Uzs W

as in the Bartels—Golub method, but
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1wz Uy wys wy
1 uzs uzs ws

I—J = tsi‘;isiz(évﬁ) = 1 Ugs Wyul.
1 Ws
1

The transformation of U into U may be seen as consisting of three phases:

10wy uy ugs Uowys uyy us O
0 0 0 0 1 usg uss
U- 1 us, uss|— 1 uys - U.
1 uys 1
1 0O o0 o0 O

In general, each of these three phases is easy to implement even if the backward
file is stored in peripheral memory. In the first phase, only deletions of items are
required. In the second phase, the row and column permutations are recorded without
disturbing the file. (A column permutation is a change in the basis heading, and a
row permutation is a similar change in a “row heading.”) In the third phase, the
new column of U is simply tacked on to the end of the file.

As for the update of the forward file, this requires computing the matrices Eq,
qu, e, f,,, featured in the triangular factorization

im T i:q+li:q(QVii) =0U.
To compute (the off-diagonal entry in) each Ij, we need only know the jth column
of L,_, - - L(QVR). This column is L, - - - L with @i standing for the jth column
of QVR; if ¢ < j < m then i is Qu with u standing for the (j + 1)th column of U.
Thus the update of the two files may be implemented as follows.

1. Mark all the nonzero entries in the gth column of U as deleted.
2. Repeat the following operations forj = q,q + 1,..., m: Read the (j + 1)th

column u of U, compute L; (which requires computing L;_, - L,Qu)
and add it to the end of the forward file. If u, is a nonzero then mark it as
deleted.

3. Compute L, (which requires computing L, _, -~'tiw) and add it to the
end of the forward file. Add w (with w, replaced by 1) to the end of the backward
file.

4. Adjust the row and column headings.

(The items in the backward file that are marked as deleted form only a small fraction
of the total number oi nonzeros in the two files. In experiments carried out by Forrest
and Tomlin, this fraction was less than 49 after 70 iterations.) Solving the system
vU = ¢zR™! featured in Step 1 of the upcoming simplex iteration may be incor-
porated into this procedure. [To obtain v, we set v = ¢z;R™! initially, and then.
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forj = 1,2,..., m, keep replacing v by the solution y of yU; = v with U, standing
for the eta matrix whose eta column (in the jth position) is the jth column of U. The
first ¢ — 1 iterations may be carried out before the execution of line 1, each of the
subsequent m — g iterations after each execution of line 2, and the last iteration
after the execution of line 3.]

Note that the procedure for updating the two files and solving the system vU =
¢pR ™! requires scanning the backward file from U, to U,,. When the procedure
has terminated, the heads scanning the backward and forward files are positioned
at U, and L, respectively. In Step 1 of the next simplex iteration, the forward file is
scanned from L, to P,; in Step 3, the forward file is scanned from P, to L, and the
backward file from U,, to U,. Therefore, neither file is ever scanned without being
read.

REID’S METHOD

— -

In this method, (i) the permutation matrices Q and R are chosen by a 51mple pro-
cedure designed to minimize fill-in in U and (ii) the permutation matrices P, P,, . ..,
P,, are as in the Bartels—Golub method. Fill-in in U is curbed to such an extent that
the entire backward file can be kept in core, where insertions of new items, even
into the middle of the file, presents no difficulty whatsoever. The efficiency of the
resulting method is comparable to that of the Forrest-Tomlin method.

A rudiment of the idea of Reid’s method appears in an earlier proposal by M. A.
Saunders (1976a): if nonzero components of the vector w extend only to the rth row
(rather than all the way to the bottom), then the number of subdiagonal elements in
QVR may be reduced by moving the gth diagonal entry w, of V only to the rth
diagonal position (rather than all the way to the bottom diagonal position). For
instance, if m = 5,q = 2, and r = 4, then we obtain

Lows we Wy ugs U ougs ugy tys w,y
1wz ws ouss I uzq uzs ws
QVR = 1w, u4s| rather than 1 ugs wy .
Uzz Uzg Wy s 1
1 Uz Uzg Uzs W

More generally, the matrix QVR now assumes the “block-triangular” form

Vie Viz Vi,
V22 V23
V33

such that the submatrices V,y, V,,, V,3 are square and, in fact, V,; and V;; are
upper triangular. The submatrix V,, is called the bump.

Reid’s procedure attempts to reduce the size of the bump further by additional
row and column permutations. These permutations are conveniently described in
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terms of row singletons and column singletons, a row singleton being any nonzero
entry that is the only nonzero entry in a row of the bump and a column singleton
defined analogously. The procedure consists of three phases.

Phase I. Whenever a column singleton is found in any column but the last,
it is moved to the top left corner of the bump (and so the bump shrinks).

Phase II. Whenever a row singleton is found in any row but the last, it is moved
to the bottom right corner of the bump (and so the bump shrinks).

Phase III. Whenever a column singleton is found in the last column, it is moved
to the top left corner of the bump (and so the bump shrinks).

An example can be found in problem 24.1. When the procedure terminates, the
bump in the resulting QVR still differs from an upper triangular matrix only in its
last row (the proofis left for an exercise; see problem 24.2). If the bump extends from
row and column i to row and column j, then the triangular factorization of QVR
becomes

ijf.] Tt i,r’,(()Vﬁ) = ij.
Thus a smaller bump means a slower growth of the forward and backward files.
Despite its simplicity, the procedure is remarkably successful in reducing the sizes

of bumps in sparse matrices V. In particular, it will permute V into an upper triangular
QVR whenever possible (see problem 24.4).

SAUNDERS’S METHOD

In this method, (i) the permutation matrices Q, R, as well as (ii) the permutation
matrices P, P,, ..., P, are just as in the Bartels—~Golub method. The only novelty
is the initial ordering of the columns of B just after refactorization: the basis heading
is permuted in such a way that the spikes come last. This apparently insignificant
detail has far-reaching consequences; in short, it confines fill-in in U to a small
area in the bottom right corner.

This conclusion is easy to justify. To begin, if the spikes in U are restricted to the
last ¢t columns, then the off-diagonal entries in QVR are restricted to the last t + 1
columns. Consequently, in computing the triangular factorization

L,P, - Lm—-xﬁm—-r(QVﬁ) =U
fill-in is confined to the last t + 1 rows of U and spikes in U are restricted to the
last t + 1 columns. Now an easy induction on k shows that, with s standing for the
number of spikes in U just after refactorization, fill-in is confined to the last s + k
rows in the first k iterations.

Saunders exploits this observation by keeping the bottom s + k rows of U in
core and storing the rest of the backward file in peripheral memory. Now both parts
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can be updated easily even though partial pivoting is used. The success of this proposal
is due to the empirical fact that the initial s is always small, and so the lower part
of U does indeed fit in core. A typical value of s is about 100 or lesg even for very
large problems; if the basis is refactorized periodically after every r iterations, then
the lower part of U has no more than (s + r)(s + r + 1)/2 entries.

Since Saunders’s method combines the arithmetic of Bartels—Golub with the
logistic of Forrest-Tomlin, it has the accuracy of the former and the efficiency of
the latter. [ Incidentally, note that the bump in QVR always comes from the last
s + k rows residing in core; thus, Reid’s bump-reducing procedure can be incor-
porated in Saunders’s method. This has been actually done by D. M. Gay (1978).]

PROBLEMS
C

24.1

24.2

24.3

24.4

Illustrate Reid’s bump-reducing procedure on

(U, wy Uyg Uy Ug
Uzs Uze
U3z Uzg Use
Uss Usq Uso
V= Uss Usy Usg
Use Ueg
Usq Usg
Wg Ugg

Prove that (a) throughout the application of Reid’s bump-reducing procedure, the bump
differs from an upper triangular matrix only in its last row and that (b) when the procedure
terminates, there are no column singletons in the bump.

Consider a block-diagonal matrix
v 11 Vl 2 Vl 3
V= Vyy Vo
V33
such that V,, and V., are nonsingular upper triangular. Prove that V is a permuted
triangular matrix if and only if V,, is a permuted triangular matrix.

Combine the results of problem 24.2b and problem 24.3 to prove that Reid’s bump-reducing
procedure permutes V into an upper triangular matrix QVR whenever such a permutation
is possible.

Use (a) the Bartels—Golub method, (b) the Forrest—~Tomlin method, and (c) Reid’s method
to solve problem (4.3). In each iteration, let the variable with the largest coefficient in ¢y —
yAy enter the basis.
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Generalized
Upper Bounding

The simplex method can often be streamlined or modified in order to work faster on
linear programming problems

maximize ¢x subjectto Ax =b, 1<x<u (25.1)

whose matrices A exhibit some kind of a special structure. Most notably, (25.1) can
be solved quickly by the network simplex method if A is the incidence matrix of a
network (see Chapter 19). Another kind of special structure occurring frequently in
applications is illustrated by the following matrix:

3 243596 7 48 2 5 4]
256 86579 23467
111

11

| 11

A matrix is said to exhibit a generalized upper bounding, or GUB, structure if a
relatively large number m” of its m rows constitute a matrix with at most one nonzero
entry in each column, the nonzero entry being equal to one. In this chapter, we shall

415



416 25 Generalized Upper Bounding

present an implementation of the revised simplex method tailored for problems (25.1)
whose matrices A exhibit a GUB structure. In this implementation, developed by
G. B. Dantzig and R. M. Van Slyke (1967), and known as generalized upper bounding,
each of the two systems yB = ¢z and Bd = a solved in each iteration is reduced
to a system of m’ equations in m’ variables such that m’ = m — m”. It has been said
that generalized upper bounding becomes faster than straightforward implementa-
tions of the revised simplex method when m’ = 0.7m and nearly ten times as fast
when m’ = 0.2m. Thus even very large problems (25.1) may be solved in practice as
soon as they have a GUB structure with a reasonably small m'. For instance, in 1972,
D. M. Hirshfeld reported having solved a problem with m = 50,215, m’ = 627, and
282,468 variables in only 23 hours of total elapsed time on an IBM 370/165.

HOW TO SOLVE THE TWO SYSTEMS

We may assume that the m rows of A are ordered as just illustrated, with the last m”
components of each column forming either a column of the m” x m” identity matrix
or the zero column of length m”. Now consider the basis matrix B, obtained after
k iterations of the revised simplex method. For each j = 1,2,..., m", this matrix
must contain a column whose last m” components form the jth column of them” x m”
identity matrix; otherwise, all the entries in the (m' + j)th row of B, would be zeros,
contradicting the fact that B, is nonsingular. Thus, the m columns of B, may be
permuted so that the resulting matrix contains the m” x m’” identity matrix in its
lower right corner; as observed in Chapter 7, permutations of columns of B, are
implemented easily by permutations of the basis heading. For instance,

(7 5 3 2 3 5] [xg ]
9 6 8 4 2 6 X1,
1 .
B, = . | with xp = z“
11
1 Xy

i 1 ] Xs

may be presented as

(3 5 3 5 7 2 X4 |

8 6 2 6 9 4 X12
B, = ! with x5 = X1
1 1 Xs
1 Xg

_ ] 51}

Now we may write
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R, | S m' rows
[
B, = |- S
|
T, 11 m'’ rows
m/ m/l

columns columns

When z is a vector of length m, let z' stand for the vector consisting of the first m
components of z, and let z” stand for the vector consisting of the last m" component
of z. In this notation, yB, = ¢z may be written as

v, y'] [l;: ﬂ = [cp, c5
and then broken down into

YR, + yT,=c¢s ySi+Yy =cs
Substituting for y” from the second equation into the first, we obtain

YR — S,T) = ¢ — Ty (25.2
Thus y may be obtained by first solving system (25.2) and then computing

Y =~ ¥S,

Similarly, B,d = a may be written as

bl
T, 1 d” a”
and then broken down into
Rd +Sd" =a, Td +d" =a".
Substituting for d” from the second equation into the first, we obtain
Ry — S,Tyd’ = a’ — S,a”. (25.2
Thus d may be obtained by first solving system (25.3) and then computing
d'=a" — T,d.

As usual, systems (25.2) and (25.3) are easier to solve if a suitable factorization ¢
the “working basis” R, — S, T, is available. The key point of generalized uppe
bounding is a clever way of updating

| Re S| . | Res1 Siws
Bk = |:Tk I] nto Bk+1 = [Tk+l I

which permits an easy factorization of R,.; — S, T4, in terms of R, — S,T,.
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HOW TO UPDATE A FACTORIZATION
OF THE WORKING BASIS

There are three different cases to consider. We shall illustrate them on the problem

maximize c¢x subjectto Ax=b, x>0
with
8 36 1 1 3 5 3_1 [14.49]
53 4 4 4 4 4 3 4 15.47
9 2 4 2 3 4 31 4 12.50
A=1|111 b=| 1
1 1 1
11 1
B L1 | 1]
and
c=[5 3 4 44 43 16 4 3 14].
Let us initialize by
(6 2 3 3 1 2] x; 1 [0.797
4 3 4 3 4 3 X 022
4 3 4 2 2 1 X10 0.90
By =11 1 with xz=|x, | =]021
1 1 X4 0.78
Xg 1
L 1 1] Lxg ] | 0.10 |
and note that -~
6 2 3 315 2 1 : 3 1 1
R, —SoTo=|4 3 4|—-|3 4 4 3| =1 -1 1].
4 3 4 2 2 3 1 | 2 1 3

The first iteration is as follows.

Step 1. Solving the system

YRy — SoTo) = [c3 — €3, 6 — €4, €10 — o] = [1, —41, 11]
we obtainy’ = [ —7, 30, —4]. Then we compute
3

1 5 2
y” = [37 44’ 4’ 3] - [_77 307 —4] ' 4 4 3= [—58, —61, —69, —69]
2 31

3
2
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Step 2. Since ¢; — ¥[8,5,9,1,0,0,0]" = 5, we may let x, enter the basis.
Step 3. Solving the system

ay; — Ay 5 1
Ry —S;Ty)'d = |ay; —as,| =12 wegetd =)05].
az; — Qs 7 1.5
Then we compute
as; — 1 0
4" = as; — 05 _ _05 )
agy 0
a;, — 1.5 —15

Step 4. The variable x¢ has to leave the basis and the entering variable x; v
assume the value of t = 0.44.

Step 5. Now we shall illustrate the general case where the leaving pth column
B, happens to be one of its first m’ columns. To obtain B, , , in this case, we sim;
replace the leaving column by the entering column a. In our example,

(6 8 3 3 1 5 21 'xﬂ [ 079—-t 7 [035
4 5 4 3 4 4 3 X, t 0.44
4 9 4 22 31 X10 0.90 — 1.5¢ 0.24
B,=|1 1 1 with xp=|x, |= 0.21 =10.21
1 X, 0.78 +0.5¢ 1
1 Xg 1 1
i 1 1 | xo | [010+15t] [0.76

Note thatS,,, = S,, and so

B, = I:rl;k fkil is updated into B, = I:Rk+1 Sk}
k

Tevr 1
The matrices R, and R, . ; differ only in their pth columns, as do T, and T, , ;. Hen

R, — S,TyandR,,; — S,y Tisr1 = Ryyy — STy, differ only in their pth colum
the pth column of R, ,; — S;T;+isa — S,a” = (R, — S, T)d". Thus

(Rk+l - Sk+1Tk+1) = (Rk - Ska)Fk+1
with F, ., standing for the m’ x m’ eta matrix whose eta column, in the pth positic
is d'. In our example,

11
R, — S,T, = R, — SoTo): | 05
15 1
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The second iteration goes as follows.
Step 1. Solving the system
YR, — §;Ty) = [e3 — ca,¢1 — €2,¢10 — ¢o] = [1,2,11] .
we obtainy’ = [—6, 23, —2]. Then we compute
=[—44, —38, —52, —52]

3 5
y' =[3,44,4,3] - [—6,23, —2]-|3 4
2 3

[NOTI NI -
— W N

Step 2. Since ¢, — y[3,4,4,0,0,1,0]" =
Step 3. Solving the system

, we may let x, enter the basis.

A7 — Qyg -2 -1
Ry — S;T))d" =]ay; —azg| = 0| wegetd = 0].
d37 — d3g 1 1
Then we compute
az7 + 1 1
4" = asq _ 0 )
agq 1
a;; — 1 —1

Step 4. The leaving variable is x, and the entering variable x, will assume the
value of t = 0.21.

Step 5. Now we shall illustrate the general case where the leaving column f of
B, happens to be one of its last m” columns and f” = g” for some other column
g of B,. Note that g is necessarily one of the first m’ columns of B,. To obtain
B, . in this case, we first replace f by g (to preserve the m” x m” identity matrix
in the lower right corner) and then insert the entering column a into the position
formerly occupied by g. In our example, letting the first column of B, play the
role of g, we obtain

383 6 1 5 2] x, ] [ ¢ T [ox21]
4544 4 43 xy 0.44 0.44
49 44231 X10 024 —1t 0.03

B,= 1 1 with xp=|x; |= |035+¢| =|0.56].
1 X4 1 1

1 1 Xg 1—t 0.79

i 1 1] | %o J (076 +1] | 097

An analysis of the relationship between R, — S, T, and R, — S, T,y gets a
little complicated in this case. It will be convenient to view the update of B, into B , ;
as consisting of two stages. In the first stage, a matrix B, is created by interchanging
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the two columns f and g in B,; in the second stage, the matrix B, , is created by
replacing f by a in B,. Thus we shall consider three matrices,

R, S, o ﬁk Sk+1 Rivr Sess
B, = B, = , @ B, = .
k I:Tk I ] k I:T,( | and B =l 1
For definiteness, let us say that f is the (m" + i)th column of B, and let r denote the
ith row of T,. Furthermore, let us say that g is the gth column of B, and let J,, ,

denote the m" x m’ identity matrix whose gth row has been replaced by —r. In our
example,

J2= 1

We claim that

Ry — S 1 T) = R — ST+ (25.4)
This claim can be verified by comparing the two sides in (25.4) column by column;
we leave the tedious details for problem 25.2. Next, denote the gth column of the
m’ x m' identity matrix by e ; write

{J“,d' if a” #{”
S d e, if at =1

and let F,,, stand for the m" x m' identity matrix whose gth column has been re-
placed by z. In our example,

-1 -1 0 -1 1 1
z= 1 0|=]0| andso F,=]0 1 .
1 1 1 1 1
We claim that
Res 1 = Sea1Tiw ) = (ﬁk = See1 TFs 1 (25.5)

Again, this claim can be verified by comparing the two sides in (25.5) column by
column. Since R, — S, Ty, differs from R, — S, ,T, only in its gth column,
which is a’ — S, ,a”, verifying (25.5) amounts to verifying

R, - Siv1 Tz = a" — S 2"
Since J, .+, is its own inverse, we have

Ry — S 1 Tdis1d' = Ry — S,TYd = ' — Sa”.
In addition,

a’' — §.,,2" = (2 — §a") + (S, — S,y y)a"
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Now it only remains to observe that (S, — S, ;)a” is the zero vector if a” # f” and
that

Sk — Sp41)a” = (ﬁk = S5+1Te, if a” =f"

(Both sides of the last equation equal f' — g'.) Combining (25.4) and (25.5) we obtain
Res1 = Sk 1T 1) = Ry — ScTdis 1 Fia

In our example,

-1 -1 o)1
R, — S,T, = (R, — S,T,)- 1 1o 1
1

The third iteration is as follows.
Step 1. Solving the system
YR, = S,T,) = [¢7 — ¢g, ¢ — €3, ¢ — €o] = [12, 1, 11]
we obtainy’ = [ —6.8, 22.6, —1.6]. Then we compute

v’ =[4,44,4,3] — [—68,226, —1.6]

&S

15
4 4
23

—_— W N

=[—39.2, —36.4, —47.6, —49.6].
Step 2. Since cs — y[1,4,3,0,1,0,0]7 = 0.6, we may let x5 enter the basis.

Step 3. Solving the system

s — Qyg 0 0.2
Ry = S,Ty)-d' = |as —aze| = (0] wegetd = 041.
Q35 — dags 1 —-04
Then we compute
a,s — 04 —-04
du — ass — 1 .
ags — 0.2 —-02
aqs + 04 0.4

Step 4. The variable x, has to leave the basis and the entering variable x5 will
assume the value of t = 1.

Step 5. Now we shall illustrate the general case where the leaving column f of
B, happens to be one of its last m” columns but B, has no other column g with
g” = f". Since B, ., must contain a column h with h” = f”, we necessarily have
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h = a and so a” = f”. To obtain B, ,, we simply replace the leaving column f
by the entering column a. In our example,

3 8 3 6 1 5 2] 'xq (021 —02t] [0.01]
4 5 4 4 4 4 3 X, 0.44 — 0.4t 0.04
4 9 4 43 31 X10 0.03 + 0.4t 0.43
B, = 1 1 with xp=|x; |= | 0.56 +04r | =|096|.
1 Xs t 1
1 1 Xg 0.79 4+ 0.21 0.99
| 1 1] | xo | [097—04t| [057]

Note that R, ,; = R,and T, = T,; thus,
R, S . . R, S
B, = [T: lk:| is updated into B, ,, = I:T: I"“].

Furthermore, if the leaving column f appeared in the (m" + i)th position of B, then
S, .+, differs from S, only in its ith column, and all the entries in the ith row of T,
are zeros (no column g in the first m’ positions of B, satisfied g” = f"). We conclude
that S, T, = S, T,, and so

Rivt — St Tiwr = Ry = 5T

We leave the example here and review our general findings. The update of each
B, falls into one of three cases.

Case 1. The leaving column is one of the first m’ columns of B,. In this case, we
simply replace the leaving column by the entering column. Consequently,

Riv1 = SiviTivr = Ry = STF 4,y
with a readily available eta matrix F, . ;.

Case 2. Theleaving column f is one of the last m” columns of B,, and some other
column g of B, satisfies g’ = f”. In this case, we replace f by g and then insert
the entering column into the position formerly occupied by g. Consequently,

Riii — SiviThwr = Ry — Ska)Jk+1Fk+l

with a readily available matrix J,, ,, differing from I in only one row, and an
easily obtainable eta matrix Fy, ;.

Case 3. The leaving column f is one of the last m” columns of B, and no other
column g of B, satisfies g’ = f". In this case, we simply replace the leaving column
by the entering column. Consequently,

Rist — Siv i Thvr = Ry — §T

After k iterations, R, — S, T, may be represented as
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R, — ST, = (Ro - SoTo)J1F1J2F2 R %

possibly with some of the matrices J; and F; missing. This factorization facilitates
the solutions of y'(R, — S,T,) = ¢ — ¢;T, and (R, — §;T)d' = a’ — S,a” in the
usual way (not illustrated here).

PROBLEMS

P _ }

25.1 Maximize 2%, + x3 + 4x3 + 4x, + Sx5 + 3x6°

—
w

subject to 2xy — X3 + X3+ 2x4— X5+ Xg
—X; + Xy + 2X3 + X4+ Xs + Xg
Xy + X,

N
—

wn

X3 + X4
Xy, X3, X3, X4 =0, 0<x5<5, 0<x4

252 Verify (25.4).

IAIAIA A A
IS

b

253 How many multiplications are required to compute ¢;T,, S,a”, T, d’, and J, . ,d"?



The Dantzig—Wolfe
Decomposition Principle

The subject of this chapter consists of two parts. First, every linear programming
problem

maximize c¢x subjectto Ax =b, I <x<u (26.1;
is equivalent to a so-called master problem,
maximize €X subjectto Ax =b, >0 (26.2)

with A having fewer rows but typically many more columns than A. Secondly, the
master problem may be solved even when A and € are not explicitly available: a
technique of delayed column generation, similar to that of Chapter 13, may be used
to find the entering column of A and the corresponding component of € in each
iteration of the revised simplex method. The resulting decomposition algorithm may
be applied advantageously to a variety of LP problems exhibiting a special structure;
in addition, it has an interesting economic interpretation.

THE MASTER PROBLEM
k

Let us partition the m x n matrix A arbitrarily into an m’ x n matrix A" and an
m” x nmatrix A”. Now (26.1) may be written as

maximize cx subjectto A'x =b, A'x=Db", I1<x<u (26.3)

425
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Then we enumerate the normal basic feasible solutions of

Ax =b", I1<x<u (26.4)
asv', v2 ..., v and the basic feasible directions asw', w2, . . ., ". By Theorem 18.4,
a vector x satisfies (26.4) if and only if

M N
=Y v+ Y sw (26.5)
k=1 k=1
for some choice of nonnegative numbers ry, r,, ..., s, S1,Ss2,...,Sy such that

Y 'r. = 1. Substituting for x from (26.5), we may write (26.3) as

maximize (Z rev* + Z skw)

k

1 =1
M N
subjectto A’ Z ry* + Z skw"> =V

=0 (I<k<M), 5,20 (1<k<N)

or, after simplification, as

maximize Y (¥, + 3 (ewH)s,
=1 k=1
M N

subject to Y n(AV) + Y s(AwW) =b
k=1 k=1

M
Y o=
k=1
>0 I1<k<M), 520 (1<k<N).

This is the master problem associated with (26.3). For illustration, we shall consider

f2 1 -2 -1 2 -1 -2 —3] C 4]

1 -3 2 3 -1 2 1 1 2

1 0o 1 0 1 0 0 0 -3

A=| 1 -1 0 1 0 0 0 of b=/ 1],

0 1 -1 0 0 1 -1 0 4

0 0 0 -1 0 -1 0 1 3

Lo 0o 0 0 -1 0 1 —1] 5]
e=[ 9 -1 -4 —2 8 —2 -8 —12]

and [; = 0, u; = + oo for all j. Let us partition A and b into
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2 -2 -1 2 —1 =2 =3 4
" b=
A=l 1 3 2 3 -1 2 1 1) [—2}
and
1 0o 1 o0 1 0 0 O] —3]
1 -1 0 1 0 0 0 0 1
A" = 0 1 -1 0 0 1 -1 0, b= 4
0 0 0 —1 0 -1 1 3
| 0 0 0 0 —1 0 1 1 -5 |
Now a vector x satisfies A”x = b”, x > 0 if and only if
(3] ”3} B ’1] (0] 1] [0]
4 2 4 1 0 1 1
0 0 0 1 0 0 0
X = 2 +r 0 +r 0 + s 0 + s 0 + s 0 + !
ol T2 o T2 T o T o TR T o
0 2 0 0 1 0 0
0 0 0 0 1 1 1
LS_ | 5] L3_ 10| 1] 10| Ll_

for some choice of nonnegative numbers ry, r,, r3, Sy, S,, S3, 54 such that r; + r,
ry = 1. Hence the master problem assumes the form

maximize —41r; — 39r, + 21ry + 4s; — 225, + 853 — 23s,

wieo [ Ten[ 2] ] 2]
oo [

Fe+r,+ry=1

ry, ra, rs, Sl, S2, 83,84 > 0

which may be written as (26.2) with

-7 =9 9 1 —6 3 -5 4
A= 2 6 -6 0 4 -2 20, b=1|-2],
1 1 1 0 0 0 0 1
€= [-41 -39 21 4 -—22 8 -23]
and
X = [y, T2, I3, Sp, S,  S3, AR
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In general, constructing the master problem could be a formidable task: even
when A is reasonably small, the number M + N of the columns of A may be enor-
mous. Nevertheless, one can solve the master problem by the revised simplex method
without constructing A and € in advance. (The right-hand side eolumn vector b is
readily available; it consists of b’ augmented by an extra component equal to one.)
We are about to explain the details. (A similar trick was used in Chapter 13: the
cutting-stock problem can be solved by the revised simplex method without tabulating
all the data in advance.)

DELAYED COLUMN GENERATION
g

Each iteration of the revised simplex method applied to the master problem begins
with a matrix B, a row vector &g, and a column vector X. The matrix B is nonsingular
and consists of m' + 1 columns of A, the vector & constitutes the corresponding
portion of &, and the vector X, satisfies BX; = b, Xz > 0. Now step 1, solving the
system yB = €g, can be carried out quite routinely. In step 2, we have to find the
entering column. This can be any column @ of A such that ya is strictly less than
the corresponding component of & We claim that this step can be implemented by
solving the subproblem

maximize (¢ — y'A')x subjectto A"x =b", Il <x <u
with y’ standing for the row vector [ yy, ¥, ..., ym ], Which is obtained from y by
deleting the last component y,,.., ;.

To justify this claim, recall first that every feasible solution of the master problem
yields a feasible solution of the original problem and, therefore, a feasible solution
of the subproblem. In particular, the basic feasible solution X of the master problem

guarantees that the subproblem has a feasible solution. Now we may restrict our
considerations to three outcomes:

(i) The subproblem has an optimal solution x* such that (¢ — y'A")x* > y,.,;.

(i) The subproblem is unbounded.
(i) The subproblem has an optimal solution x* such that (¢ — YA )X* < y,.. 4.
In the first case, the simplex method applied to the subproblem finds a normal basic

feasible solution v such that (¢ — y'A’)v > y,..+;. This vector v, being one of the
vectors v* in (26.5), gives rise to a column

3= [AI'V] (26.6)

of A, with the corresponding component of & equal to cv. Since ya = y'A'v +
Ym+1 < Cv, we may see use A as the entering column. In the second case, the simplex
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method finds a basic feasible direction w such that (¢ — y'A’)w > 0. This vector
w, being one of the vectors w* in (26.5), gives rise to a column

i | A 26.7
§ = 0 (26.7)

of A, with the corresponding component of € equal to ew. Since ya = y'A'w < cw,
we may use a as the entering column. In the last case, every basic feasible solution
v must satisfy (¢ — y'A’)v < v,,.,, and every basic feasible direction w must satisfy
(¢ — y'A')w < 0. Since every column @ of A has either the form (26.6) for some basic
feasible solution v or the form (26.7) for some basic feasible direction w, we conclude
that y:& > € Hence, the current solution of the master problem is optimal.

Once the entering column has been found, the remaining steps of the iteration can
be carried out routinely without any reference to Aand@

THE DECOMPOSITION ALGORITHM

For illustration, let us return to our example and pretend that the master problem
has not been constructed. We shall consider the problem of finding the initial B
and Ty later; for the moment, let us assume that

1 3 =7 5
B=[0 -2 2| & =1[48 —41], and %= |2
0 0 1 1

have been obtained somehow, with the three columns of B arising from

(1] [1] 3]
1 1 4
1y o 0
{RH RN
0| |o 0
0| |1 0
o] o] s

respectively. Now the first iteration begins.

Step 1. Solving thesystem yB = €z we obtainy = [4, 2, —17],so thaty’ = [4, 2].
Step 2. We first calculate

c—yA =[-1,1,0 —42 -2 -2 -2]

and then we solve the subproblem. Since the basic feasible solution
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v=1540020073]"
satisfies (¢ — yA')v = —3 > —17 = y,, it gives rise to the entering column
3 = [9, —6, 1]7 with the corresponding component of € equal to ev = 21.
Step 3. Solving the system Bd = @ we obtaind = [4, 4, 1]7.

Step 4. Comparing the ratios 5/4, 2/4, and 1/1 we obtain t = 0.5 and find that
the second column of B has to leave.

Step 5. Now we have

1 9 -7 5 — 4 3
B=|0 —6 2|, &=1[421,—41], and %z=| ¢ |=[05]
0o 1 1 { -t 0.5

The second iteration begins.

Step 1. Solving the system yB = € we obtain y = [4,0.25, —13.5], so that
y' = [4,0.25].
Step 2. We first calculate
¢ — yA = [0.75, —4.25,35,1.25,0.25, 1.5, —0.25, —0.25]
and then we solve the subproblem. Since the basic feasible direction
w=[0,0,0,0,0,1,1,1]"
satisfies (¢ — y'A")w = 1 > 0, it gives rise to the entering columnd = [—6, 4,0]7
with the corresponding component of € equal to cw = —22.
Step 3. Solving the system Bd = % we obtaind = [2, —0.5,0.5]".

Step 4. Comparing the ratios 3/2 and 0.5/0.5 we obtain ¢ = 1 and find that
the third column of B has to leave.

Step 5. Now we have

1 9 —6 32 1
B=|0 -6 4| T =[421,-22], and %z = |05+ 05¢|=[1].
o 1 o t 1

The third iteration begins.
Step 1. Solving the system yB = €, we obtain y = [4, 0.5, —12], so that y’ =
[4,0.5].
Step 2. We first calculate
¢ — yA =[05,-35,3,05,05,1, —0.5, —0.5]
and then we solve the subproblem. Since the basic feasible solution

v=1[320,0,07205]
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satisfies (¢ — yA')v = —6 > —12 = y;, it gives rise to the entering column
3 =[—-9,6,1]7 with the corresponding component of € equal to cv = —39.
Step 3. Solving the system Bd = @ we obtaind = [0, 1, 3]".

Step 4. Comparing the ratios 1/1 and 1/3 we obtain t = { and find that the
third column of B has to leave.

Step 5. Now we have

1 9 -9 1 1
B=|0 —6 6| &=[421,-39], and %5=[1—¢|=|2]
0o 1 1 t 3

The fourth iteration begins.

Step 1. Solving the system yB = T, we obtainy = [4, 1, —9],so thaty’ = [4,1].

Step 2. We first calculate
c—yA =[0,-22 110 -1, —1]
and then we solve the subproblem. Since its optimum value equals —9 = y,, we

conclude that the current solution of the master problem is optimal. Recalling
that the three columns of B arise from

1] ’51 3]
1 4 2
1 0 0
0 0 0
ol 12l and ol
0 0 2
0 0 0
..0_1 _3- _5_

respectively, we transform our optimal solution %, = [1.3,4]" of the master
problem into an optimal solution

17 51 3] [*]
1 4 2| |
1 0 0 1
A Y L
o “3|2| " 3o $
0 0 2 3
0 0 0 0
o) L) Ll

of the original problem.
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Initialization

The initial B and €, can be found by applying the two-phase simplex method directly
to the master problem. During the first phase, each iteration begins with a matrix
B and a vector X such that Bk, = b. Some of the components of % are the values
of artificial variables; the remaining components must be nonnegative. Initially B = I
and all the basic variables are artificial; when all the artificial variables have been
driven out of the basis (or simply to zero), the second phase may begin. In each
iteration, we aim to decrease the value of an ad hoc objective function

RIS

jeQ jeP

with j e Q if and only if X; is an artificial variable whose value is positive and je P
if and only if X; is an artificial variable whose value is negative. Accordingly, &; is
defined by

1 ifjeP
& =<—1 ifjeQ

J
0 otherwise

in each iteration, and c is replaced by the zero vector in each subproblem. For illus-
tration, we return once again to our example. The first phase is initialized by

1 4
B = 1 and Xp = |—-2|
1 1

The first iteration begins.
Step 1. Solving the systemyB = [—1,1, — 1] we obtainy = [—1,1, —1].
Step 2. We first calculate
—yA =[1,4, -4, —4,3, =3, =3, —4]
and then we solve the subproblem. Since the basic feasible direction
w=1[1100,1,0,1,0]
satisfies (—y’A’)w > O, it gives rise to the entering column & = [3, —2,0]".
Step 3. Solving the system Bd = 3@ we obtaind = [3, —2,0]".

Step 4. The basic variables are about to assume the values4 — 3¢, —2 + 2¢, and
1, respectively. Hence, t = 1 and the second column of B leaves.

Step 5. Now we have
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1 3 1
B = -2 and %Xz =|1].
0 1 1

Only the first and third of the three basic variables are artificial.
The second iteration begins.
Step 1. Solving the system yB = [—1,0, —1] we obtain y = [—1,—1.5,—1
Step 2. We first calculate
—y'A’ =[35,-35,1,35,05,2, —0.5, —1.5]
and then we solve the subproblem. Since the basic feasible direction
w=1_[1,1,10,0,0,00]"

satisfies (—y'A’)w > 0, it gives rise to the entering column a = [1,0,0]. Since t'
entering column is identical with the first column of B, the remaining steps of tt
iteration may be skipped; we shall maintain

1 3 1
B=|0 -2 and X, = (1]
0 0 1 1

However, the first basic variable is no longer artificial.
The third iteration begins.

Step 1. Solving the system yB = [0, 0, —1] we obtainy = [0,0, —1].
Step 2. We first calculate

—y'A’ =10,0,0,0,0,0,0,0]
and then we solve the subproblem. Since the basic feasible solution

v=13,4020005]"
satisfies (—y'A’)v > yj, it gives rise to the entering column 3 = [—7,2, 1]".
Step 3. Solving the system Bd = @ we obtaind = [—4, —1, 1]".
Step 4. The basic variables are about to assume the values 1 + 41, 1 + 1. ¢
1 — t, respectively. Hence t = 1 and the third column of B leaves.
Step 5. Now we have

3 -7 5
-2 2| and Xp={2].

0 1 1

B =

O O e
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Since none of the three basic variables is artificial, the second phase may begin.
To obtain &g, we recall that the three columns of B arise from

1 1] 3]
11 1 4
1 0 0
0 0 2
0 ) and ol
0 0 0
0 1 0
10] O] 5]

respectively. Hence

—

J

113
11 4
100

& =c g?g=[4,8,—41].
000
010
0 0 5]

Block-Angular Problems

The decomposition algorithm has obvious advantages and disadvantages when com-
pared with the revised simplex method applied directly to the original problem. Each
of the two systems yB = €z and Bd = i solved in each iteration of the decomposition
algorithm consists of only m' + 1 equations in m’ + 1 variables rather than m
equations in m variables. However, the execution of step 2 in each iteration of the de-
composition algorithm may take up considerable time since it requires solving a sub-
problem with m” equations and n variables. Clearly, the key to the success of the
decomposition algorithm lies in a judicious partition of A into A’ and A”. Ideally,
A’ should have relatively few rows and yet each subproblem should be relatively
easy to solve. These two requirements may be satisfied at the same time only if A
has a rather special structure. The example just solved exhibits one kind of such a
structure; by removing only a few rows of A we obtain the incidence matrix A" of a
network. Problems with this structure are amenable to the decomposition algorithm:
each subproblem can be solved easily by the network simplex method.

Another class of problems amenable to the decomposition algorithm is the class
of block-angular problems. In these problems, each subproblem breaks down into
independent parts that can be solved separately from each other. For instance,
the problem



maximize cx subject to
with
1 2 00 2 30
1100110
2310
A=li 1 0 1
’ 1 3 1
210
L
and

c=1[3400470

Ax =b, x>0
01 0] [2257]
0 0 1 114
120

b:
’ 50
0 150
1 | | 100

0 0 0]

The Decomposition Algorithm

43

(26.¢

is block-angular: the matrix A’ consists of the first two rows of A and the matrix A
consists of the remaining four rows. When (26.8) is solved by the decomposition a

gorithm, each subproblem

maximize c¢'x subject to

Anx — b”,

breaks down into independent parts,

maximize cixy + chxy +

subject to 2x, + 3x, +

xl + Xy
and
maximize Csxs + Coxg +
subject to Xs + 3x¢ +
2xs +  Xg

which can be solved separately from each other. The constraints A’x = b’ in bloc
angular problems are referred to as linking contraints, and the matrix A” is said

have a block-diagonal structure.

It may be interesting to note that an important class of problems combines t
two kinds of special structure pointed out in our discussion. In so-called multicor
modity flow problems, the matrix A" is both the incidence matrix of a network a
block-diagonal. It was the work of L. R. Ford, Jr. and D. R. Fulkerson (1958b) ai
W. S. Jewell (1958) on these problems that inspired the general development of t
decomposition principle by G. B. Dantzig and P. Wolfe (1960).

C3X3 + CaXy
X3
+ x4

X1, X2, X3, X4

ChX7 + CgXg
X7
+  Xg

X5, X6y X75 X8

X

Il

v

=

>0

120
50

150
100
0




436 26 The Dantzig-Wolfe Decomposition Principle

An Economic Interpretation of the Decomposition Algorithm

To take a fictitious example, consider a company manufacturing furniture from wood
and metal. The company has two branches, one specializing in chairs and desks,
and the other specializing in bedframes and bookcases. In the first branch:

e Each chair requires 1 unit of wood, 1 unit of metal, 2 hours in workshop A,
1 hour in workshop B, and brings in a net profit of $3.

e Each desk requires 2 units of wood, 1 unit of metal, 3 hours in workshop A,
1 hour in workshop B, and brings in a net profit of $4.

« 120 hours in workshop A and 50 hours in workshop B are available per day.
In the second branch:

¢ Each bedframe requires 2 units of wood, 1 unit of metal, 1 hour in workshop
C, 2 hours in workshop D, and brings in a net profit of $4.

e Each bookcase requires 3 units of wood, 1 unit of metal, 3 hours in workshop
C, 1 hour in workshop D, and brings in a net profit of $7.

« 150 hours in workshop C and 100 hours in workshop D are available per day.

The operations of the two branches are nearly but not quite independent; only
225 units of wood and 114 units of metal per day are available to the entire company.
The problem of maximizing the total profit of the company (under the assumption
that all the furniture can be sold) is nothing but the block-angular problem (26.8).
More generally, block-angular problems often arise from scheduling groups of
activities that are nearly but not quite independent. (Another example is provided
by problem 1.7: mixing Avgas A and mixing Avgas B are two nearly independent
groups of activities linked together only by their demand for the same four types of
raw gasoline.)

The decomposition algorithm applied to such problems can be given an interesting
economic interpretation, apparently first pointed out by C. Almon [see Dantzig
(1963), Section 23.3]. In this interpretation, each iteration of the decomposition
algorithm involves an exchange of memoranda between the manager in charge of
the resources and managers in charge of production at their respective branches. The
resource manager requires no information about the kind of goods that are produced
and the constraints limiting their production; all he has to know is how many units
of each resource are available to the company. In this sense, the decomposition
algorithm amounts to planning without complete information at the center. The actual
decisions as to the quantities produced are left to the branch managers (who have
no idea of the amounts of the resources available to the entire company); in this
sense, the planning is decentralized.

More precisely, each iteration begins with a set of proposals P; submitted earlier
by the branch managers. Each of these proposals P;, obtained by combining the
memoranda received from the various branches, is described only by the amount 4;;
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of each resource | that it requires and by the net profit Z; it brings in. The present
tentative program P formulated by the resource manager is a mixture of these pro-
posals, with each P; used at only x;-1007; of its full intensity; in symbols, P =
ijP ;. Of course, the numbers x; have to be chosen in such a way that the resulting
total demand for the resources can be satisfied. In particular, the plant itself has to
be regarded as the (m' + 1)th resource; since each P; uses up the full production
capacity, the resource manager has to maintain ) x; < 1. (In other words, if the
(m' + 1)th resource is measured in plants, then g;; = 1 fori = m' + 1 and all j)

The resource manager’s aim is to design a more lucrative program by introducing
a new constituent P, into the current mixture P. This change has to be done in such
a way that the resulting demand for the m" + 1 resources remains satisfied. This
requirement presents an imminent constraint only for the resources that are fully
used up by P; we shall refer to them as bottleneck resources. To be able to introduce
P, into the mixture P at some positive level ¢t - 1009, the manager will have to release
ta; units of each bottleneck resource i by appropriate adjustments of the current
concentrations x;. In other words, P, will be substituted for some suitable mixture
Y'd;P;. The advantage or disadvantage of this substitution can be measured by
shadow prices y; assigned to bottleneck resources i in such a way that each constituent
P; of P pays for the resources it consumes; in symbols,

Z yildi; = Cj.

Tke loss of profit suffered when the concentrations x; are adjusted equals the price
of the bottleneck resources released by this change. Hence, the substitution will be
profitable if and only if the net profit ¢Z, brought in by tP, exceeds the price Y ; yi(ta;,)
of the resources consumed by tP,. To put it differently, P, is worth introducing at
some positive level if and only if it overpays for the resources it consumes. To obtain
such a proposal P,, the resource manager appeals to the production managers, asking
them to describe their most profitable strategies under the assumption that they
get charged $y; for each unit of each bottleneck resource iwith1 < i < m'.(To comply
with this request, each production manager has to solve a linear programming
problem.) Having received all the replies, the resource manager combines them into
a single proposal P,, described by the amounts &;, of each resource i consumed and
by the net profit ¢,. (While computing ¢,, the resource manager has to keep in mind
that each production manager has subtracted the phony charges for bottleneck
resources from his or her own profit figure.)

If P, does overpay for the resources it consumes, then the rest is straightforward.
First, the resource manager determines the numbers d; such that P, can be substituted
for the mixture "d;P;. Since the mixture must use up the same amounts of bottleneck
resources as P,, the numbers d; can be found by solving the system of equations

Z dfaij = air
J
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(one equation for each bottleneck resource i). Then the resource manager finds the
largest value of ¢ such that ¢P, can be substituted for t) d .P;. The gradual increase
of t from zero to larger and larger values has to stop when the concentration of some
P; drops to zero or some resource previously available in excess gets fully used up.
Finally, the resource manager updates the current program P by actually performing
the substitution. Note that the production managers find only P,; the remaining
computations are done by the resource manager alone. This process is repeated
until the most recent P, does not overpay for the resources it consumes. At that
moment, P is optimal: the net profit of any program is bounded from above by the
total price of the bottleneck resources (otherwise, the production managers would
have come up with something better than P,) and this upper bound is attained by
the net profit of P.

In our example, the execution of the decomposition algorithm can be interpreted
as follows.

Iteration 1. Since the resource manager begins with no proposals whatsoever, his
initial program P is to leave the entire plant idle. Consequently, there are no bottleneck
resources and the memo sent to the branch managers asks simply for their most
profitable strategies. Having come up with 30 chairs and 20 desks, the first manager
replies:

70 units of wood and 50 units of metal used, profit of $170 realized.

Having come up with 30 bedframes and 40 bookcases, the second manager replies:
180 units of wood and 70 units of metal used, profit of $400 realized.

The resource manager combines these replies into the proposal
P;: 250 units of wood and 120 units of metal used, profit of $570 realized.

The largest value of t for which P, remains feasible is 0.9 (at this point, wood gets
fully used up). The updated program is 0.9P,.

Iteration 2. Now wood is the only bottleneck resource and its shadow price, $2.28
per unit, is announced to the branch managers. Having come up with 50 chairs,
the first manager replies:

50 units of wood and 50 units of metal used, net profit of $36 realized.
Having come up with 50 bookcases, the second manager replies:
150 units of wood and 50 units of metal used, net profit of $8 realized.

Discounting the phony charges of $456 for 200 units of wood, the resource manager
combines these replies into the proposal

P,: 200 units of wood and 100 units of metal used, profit of $500 realized.
This proposal can be substituted for 0.8P,. The largest value of ¢ for which (0.9 —
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0.8t)P, + tP, remains feasible equals 0.5 (at this point, the plant capacity gets fulll
used up). The updated program is 0.5P; + 0.5P,.

Iteration 3. Now the bottleneck resources are wood and the plant itself, with shadoy
prices $1.40 and $220.00 per unit, respectively. The shadow price of wood is announce
to the branch managers. Having come up with 50 chairs, the first manager replies:

50 units of wood and 50 units of metal used, net profit of $80 realized.
Having come up with 30 bedframes and 40 bookcases, the second manager replies

180 units of wood and 70 units of metal used, net profit of $148 realized.

Discounting the phony charges of $322 for 230 units of wood, the resource manag
combines these replies into the proposal

P5: 230 units of wood and 120 units of metal used, profit of $550 realized.

Note that this proposal does overpay for the resources it consumes ($322 worth
wood plus $220 worth of plant capacity); hence, the computations go on. The ne
proposal P; can be substituted for 0.6P; + 0.4P,. The largest value of ¢ for whig
(0.5 — 0.6t)P, + (0.5 — 0.41)P, + tP5 remains feasible equals 0.5 (at this poir
metal gets fully used up). The updated proposal is 0.2P; + 03P, + 0.5P,.

Iteration 4. Now the bottleneck resources are all three—wood, metal, and the pla
itself—with shadow prices $1, $1, and $200 per unit, respectively. The shadow pric
of wood and metal are announced to the branch managers. Having come up wi
50 chairs, the first manager replies:

50 units of wood and 50 units of metal used, net profit of $50 realized.
Having come up with 30 bedframes and 40 bookcases, the second manager replif
180 units of wood and 70 units of metal used, net profit of $150 realized.

Discounting the phony charges of $230 for 230 units of wood and $120 for 120 un
of metal, the resource manager combines these replies into a proposal that turns ¢
to be identical to P5. Since P is being used in the current mixture, it does not overp
for the resources it consumes. Hence, the process stops here; the resource manaj
instructs the production managers to implement 20%; of the first proposal plus 3(
of the second proposal plus 509 of the third proposal. (An alternative way of tellj
the production managers what to do is suggested in problem 26.5.)

A Revelation

Our version of the decomposition algorithm differs from that which is commo
found in the literature: it is customary (i) to view the decomposition algorithm a
specialized tool for solving block-angular problems and (ii) to develop it fron
master problem different from ours.
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As for (i), the decomposition principle is quite independent of the concept of block-
angular problems. Furthermore, the scope of the decomposition algorithm extends
beyond this class of problems: all that is required is a partition of the set of constraints
into a small set of (possibly “hard”) constraints A'’x = b’ and a (poSsibly large) set
of “easy” constraints A”"x = b", 1 < x < u. This broader point of view, related to
many “relaxation procedures” of nonlinear and integer programming, has been sug-
gested by A. F. Perold.

To explain (i1), we record a block-angular problem as

k
maximize Y ol
i=1

k
subject to Y Lix/ =b° (26.9)

ji=1
Sxi=b  (j=1,2... Kk
P<xic<w G=12...,k

with matrices L7, $/, row vectors ¢/, and column vectors b/, x/, V, w’. In particular,

Lix/ = b°

™M=

1

j
are the m' linking constraints (denoted earlier by A’x = b’) and the k matrices S/
are blocks in the block-diagonal matrix (denoted earlier by A”). In the master problem

maximize T  subjectto AX =5b, =0

commonly associated with (26.9), the matrix A has m’ + k rather than m’ + 1 rows.
Each basic feasible solution v of S/x/ = b/ I/ < x/ < u’ gives rise to a column

L'y
e’
of A, with e’ standing for the jth column of the k x k identity matrix; the corre-

sponding component of & equals ¢’v. Each basic feasible direction w of Sx/ = b/,
V' < x/ < o’ gives rise to a column

)

of A, with 0 standing for the zero column vector of length k; the corresponding com-
ponent of € equals ¢/w. The column vector b has the form

bO
with 1 standing for the column vector of length k, all of whose components are ones.
Arguments motivating this definition are nearly the same as those given at the be-
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ginning of this chapter, except that Theorem 18.4 is now applied to each of the k
systems S’x/ = b/, 1/ <x’/ < u’ separately. The attendant changes in the decomposi-
tion algorithm are straightforward: delayed column generation is now implemented
by solving any or all of the k subproblems

maximize (¢/ — yL)x/  subjectto Six/ =b/, V <x/ <ul

In the economic interpretation, the resource manager now regards each of the k
branches as a separate resource and considers the replies from their managers indi-
vidually instead of lumping all of them into a single proposal.

Although this second kind of a master problem differs from the first kind introduced
earlier in this chapter, the two definitions are related: as pointed out by A. F. Perold
(in conversation), the second kind may be obtained by iterating the first kind with a
suitable choice of A’ and A" in each iteration. We leave the details for problem 26.8.

Practical Uses

Since the typical number of simplex iterations is believed to grow logarithmically
with the number of variables, and since even fairly small problems may give rise to
master problems with astronomically large numbers of variables, it is hardly sur-
prising that the decomposition algorithm often takes a considerable number of itera-
tions to reach an optimal solution. It seems fair to say that the simplex method is
faster. Nevertheless, this statement requires qualification: the simplex method is
faster on the problems it can solve at all. More precisely, even though the simplex
method can handle sparse problems with several thousand rows quite comfortably,
its use on truly huge problems may be out of question because of excessive memory
requirements. Such problems, if suitably structured, may still be amenable to the
decomposition algorithm. In this sense, the decomposition algorithm is not meant to
compete with the simplex method, but rather to complement it by extending the range
of applicability of linear programming. For a report on an advanced implementation
of the algorithm, see J. K. Ho and E. Loute (1981).

PROBLEMS
el

26.1 Maximize 3xy + 2x; + 4x3 + 2x4 + X5 + 2x6

subject to 2x; + X5 + 4x3 + 3x4 + 2x5 + 2x4 = 23
— X3 + Xgt+ Xs— xg= 1

—-X,; + x5 — X5+ xg= 2

Xy + X3 — X3 — Xq = -3

X1y Xgye..,Xg = 0.
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26.2

263

26.4

26.5

26.6

26.7
26.8

26 The Dantzig—Wolfe Decomposition Principle

Maximize 6x; + 4x;, + 3x3 + 3x,

subject to Xy + X + x5<3
- X3+ X3+ x4— x555

2x; + X, <4

X, + X3+ X3 <6

X4e+ x5<3
X4 + 2x5 < 4
Xy Xy e veyXs = 0.

Maximize Xy + 4x, + x5 + 4x, + 2x5 + 3x4
subject to Xy + 2x; <3
—X; — X3+ X3+ X4 <0
X3 + 2x4 <3

—X3— Xg+ X5+ %<0
X5 + 2x6 < 3
Xy, X, ..., Xg = 0.

Prove: If in some iteration of the decomposition algorithm, the subproblem has optimal
value s* then every feasible solution x of the original problem (26.3) has ex < s* + y'b'.
Is this fact of any practical use?

Our example illustrating the economic interpretation of the decomposition algorithm
terminates with the resource manager telling the production managers to implement
0.2P, + 0.3P, + 0.5P;. Instead, he could allocate 54 units of wood and 50 units of
metal to the first branch, and 171 units of wood and 64 units of metal to the second
branch, leaving the task of finding the actual programs to the production managers.
This alternative is particularly attractive when the master problem of the second kind
is used in solving the block angular problem (26.9). Describe how to implement this
strategy.

Solve the furniture example by the decomposition algorithm of the second kind and inter-
pret each iteration in economic terms.

Solve problem 1.7 by the decomposition algorithm interpreted in economic terms.

Construct the master problem of the first kind arising from (26.8) when A’ consists of
rows 1,2, 5,6 of A, and A" consists of rows 3, 4. Then construct the master problem of the
first kind arising from the master problem just constructed when A’ consists of rows
1,2,50f }i, and A" consists of rows 3, 4. Compare the result with the master problem of
the second kind arising from (26.8). Generalize to arbitrary problems (26.9) with I/ = 0
and w = + oo for all j.



Appendix:
The Ellipsoid Method

In the remainder of this book, we shall outline the ellipsoid method for finding
optimal solutions of linear programming problems. Even though the method is
eminently important from the theoretical point of view, its impact on the practice of
linear programming seems to be nil. For this reason, our exposition will be quite
sketchy.

The notion of a theoretically satisfactory algorithm requires the running time to
be bounded from above by a fixed polynomial in the size of the data. The virtues and
failings of this definition have been discussed in Chapter 4; now we shall comment
on the complications arising when all computations are carried out exactly and each
rational number is represented as the ratio of two integers. Is there a theoretically satis-
factory algorithm for solving systems of linear equations? The affirmative answer is
not justified by merely pointing out that Gaussian elimination solves

Noapxi=b  (i=12...,n (A.1)
j=1

with only some n3/3 multiplications and the same number of additions: the time
required to carry out each of these operations has to be taken into account as well.
Eliminating x, from the first equation in (A.1), we replace the remaining n — 1
equations by

Yoapx;=bp  (i=23,...,n) (A2)
=2
with
, a a;
A;; = Ay114;; — ;3045 = det lia:: a:jj]
and
a b
b; = ay,b; — anby = det[a:: b::l

443
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Note that the integer coefficients a;; in (A.2) may get bigger than the integer coeffi-
cients a;; in (A.1); if M stands for the largest |a;;|, then we may have |aj;| = 2M? for
some i and Jj. To put it differently, the number of digits in the largest coefficient may
just about double with the elimination of a variable. Should this phenomenon persist
through the subsequent iterations, the number of digits in the largest coefficient
would grow exponentially fast, and the subsequent arithmetical operations could
become prohibitively laborious. Fortunately, as J. Edmonds (1967) pointed out, large
common divisors can be factored out of each system obtained after the elimination
of x, with k = 2,3,...,n — 1. The elimination of x, from the first equation in (A.2)
yields the system

2 dx;=b  (i=3,4,...,n (A3)

with integers

! R 1 bl
aj = L et [ “,21] and by = —de t[““ ?],
a1 a4 agy ap b
the elimination of x, from the first equation in (A.3) yields the system

Z alux - blll (i = 4, 5,...,")

with integers

ass as; i ! azy by
aij = —-d t | and b = —det| b
az, agy a;; ay; di3 i

and so on. When these cancellations (by a,,, a5,, d35, and so on) are performed in
each iteration, the integers in each of the resulting systems remain tolerably small: the
number of digits in each is at most the total number of digits in the n(n + 1) integers
a;; and b;. These findings are intimately related to the well-known Cramer’s rule
expressing the solution of (A.1) as

Xy =pl/q1 X2=P2/q,-~,xn=l’n/q

such that py, p,, ..., p, and g are certain integers. [In fact, Cramer’s rule generalizes
into a set of formulas expressing the coefficients in the system obtained after k itera-
tions of Gaussian elimination. These formulas may be found, for instance, in
Gantmacher (1959).] Again, it can be proved that the number of digits in each of these
n + 1integers is at most the total number of digits in the n(n + 1) integers a;; and b;.

Next, we shall mention two facts on linear programming, suggested in problems
16.1-16.3 and known long before the publication of Khachian’s paper. First, solving
linear programming problems is no more difficult (from the theoretical point of view)
than solving systems of linear inequalities: to find an optimal solution of the LP
problem
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maximize ¢x subjectto Ax <b, x>0 (A.4)
we need only find a solution of the system

Ax <b, x>0, yA>c, y=>0, cx=>yb (A.5)

(If x, y is a solution of (A.5), then x is a feasible solution of (A.4), y is a feasible solution
of the dual problem, and the inequality ¢x > yb guarantees the optimality of both.)
Secondly, finding solutions to systems of linear inequalities is no more difficult (from
the theoretical point of view again) than merely recognizing solvable systems. To
clarify this point, let us consider the procedure in Box A.1, which, given an arbitrary
system

n

Yagx; < b (i=1,2...,m), (A.6)

j=1

delivers a certain set I of the inequality subscripts i and a certain set J of the variable
subscripts j.

BOX A.1 Finding Two Sets of Subscripts |
Step 1. [Initialize the construction of J.]Setj = land J = {1,2,...,n}.
Step 2. [Can j be deleted from J?] Let J* denote J with the subscript j .
deleted. If the system '

Zainiji (i=1,2,...,m) !

jed* [
is solvable, then replace J by J*.

Step 3. [All subscripts j looked at?] If j = n, then go to step 4; otherwise,
replace j by j + 1 and return to step 2. |

Step 4. [Initialize the construction of I.] Seti = land I = .
Step 5. [Can i be added to I7] Let I* denote I with the subscript i added. If

the system !
Zaijxjﬁbi i=12,...,m) I
jelJ :

|

S apz b (el |
jelJ 1

is solvable, then replace I by I'*.

Step 6. [All subscripts i looked at?] If i = m, then stop; otherwise, replace
i by i + 1 and return to step 5.
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Clearly, the sets I and J delivered by this procedure are such that the system
Z_ ainj=b,' (ie])

jedJ

Z ainj < b,‘ (i ¢ I) (A'7)
jeJ

is solvable. Furthermore, it is not difficult to see that the system
Z a;X; = bi (l € 1) (A.8)

jeJ
has a unique solution; otherwise (A.7) would have a solution satisfying either x; = 0
for some je J (contradicting our construction of J) or Y a;;x; = b; for some i¢ I
(contradicting our construction of I). Hence, as soon as a subroutine for recognizing
solvable systems of linear inequalities is available, (A.6) can be solved by first finding I
and J and then solving (A.8).

The ellipsoid method provides a theoretically satisfactory algorithm for recognizing
solvable systems of linear inequalities. (As our preliminary observations show, any
such algorithm yields a theoretically satisfactory algorithm for finding optimal
solutions of LP problems.) The method is best described in geometrical terms. The
unit sphere in the n-dimensional Euclidean space R" is the set of all the points x =
[x1, X3, - - -, x,]7 such that x2 + x3 + --- + x2 < 1 or, in matrix notation, simply
x"x < 1. An affine transformation of R", defined by a nonsingular n x nmatrix A and
by a point ¢ of R”, is the mapping that assigns the point A(x — c) to every point x. An
ellipsoid is the image of the unit sphere under some affine transformation; thus, an
ellipsoid is the set of all the points x satisfying

(x — ¢)TATA(x — ¢) < 1. (A9)
The point ¢ is the center of this ellipsoid. By a half-ellipsoid $E, we mean the inter-
section of an ellipsoid E with any half-space whose bounding hyperplane passes

through the center of E. In algebraic terms, the half-ellipsoid 1E is the set of all the
points x satisfying (A.9) as well as

a’x > a’c

for some nonzero row vector a”. The crucial point of the ellipsoid method is contained
in the following statement.

THE KEY LEMMA. Every half-ellipsoid 1E is contained in an ellipsoid
E whose volume is less than e~ 1/2"*1) times the volume of E. ]

To take a rather transparent example, consider the intersection of the unit sphere
with the half-space x, = 0; this half-sphere is contained in the ellipsoid
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n+ 1\? I e
< " ><XI_H+1> + 0 ;;inS] (A.10)
whose volume equals
n n2 (n—1)/2
Al
n+ 1 <n2 - 1) (A1)

times the volume of the unit sphere, and (A.11) is easily shown to be less than
e~ 12+ This example is illustrated in Figure A.1 with n = 2.

tm

Figure A.1

The general version can be derived quite effortlessly from this illustrative special
case: each half-ellipsoid E is the image of the half-sphere under some affine trans-
formation and, since affine transformations preserve ratios of volumes, the volume
of the image of (A.10) equals (A.11) times the volume of E.

The Key Lemma has an interesting corollary: the smallest ellipsoid E containing
a polyhedron P has its center in P. (If the center of E lay outside P, then P would be
contained in some 1E and, therefore, in a smaller ellipsoid E.) This corollary suggests
an iterative search for a solution of a system of linear inequalities; in the kth iteration,
we begin with an ellipsoid E, containing the polyhedron P defined by our system and,
unless the center of E, belongs to P, we replace E, by a smaller ellipsoid E,,, = E,.
To make this idea work, we have to overcome a few technical obstacles. First, there
is the problem of initialization: an unbounded P won’t fit into any E,. Fortunately, if

Yoax;<b (i=12...,m (A.12)
j=1

has any solution at all, then it has a solution such that
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2P <x; <2° (G=12...,n (A.13)

with D standing for the total number of binary digits in the m(n + 1) integers a;; and
b;. In other words, the system (A.12) is solvable if and only if the system consisting
of (A.12) and (A.13) is solvable. Clearly, the polyhedron P defined by (A.12) and (A.13)
fits into the sphere xTx < n4P. Secondly, there is the problem of termination. For
instance, it is conceivable that P consists of a single point never quite coinciding with
the center of any of our ellipsoids E,, Ey, E,, . ... In that case, the steady progress
made by the rapidly shrinking ellipsoids is only illusory: essentially the trouble is
that P may be nonempty and yet its volume may be zero. From this point of view,
systems of strict linear inequalities behave much better: as soon as they are solvable,
the sets of their solutions have positive volumes. In fact, a far stronger statement holds
true.

THE LOCALIZATION LEMMA.  If the system
Y oagx;<b (=1,2...,m) (A14)
j=1

has any solution at all, then the volume of the set defined by (A.14) and (A.13)
is at least 27"+ 1P, |

This lemma suggests a temporary shift of our attention from the systems (A.12)
to the systems (A.14). An iterative procedure for solving (A.14) is outlined in Box A.2.

BOX A.2 Solving Systems of Strict Linear Inequalities
(Geometric Description)
Step 0. [Initialize.] Let E stand for the sphere x"x < n4>.
Step 1. [Solution found?] Now the set S defined by (A.13) and (A.14) is en-
closed in the ellipsoid E. If the center of E satisfies (A.14) then stop; otherwise,
enclose S in a smaller ellipsoid E.
Step 2. [Ellipsoid too small?] If the volume of E is less than 27" VP then
| stop: (A.14) has no solution. Otherwise replace E by E and return to step 1.

Let us describe the construction of E in algebraic terms. First, consider the simple
case where E is the unit sphere, and one of the inequalities in (A.14) reads x, > ¢
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for some nonnegative t. As before, the set S can be enclosed in the ellipsoid (A.10).
However, if t > 0, then S can be enclosed in an even smaller ellipsoid,

n+12x 1+nt2+ n? —1 i2<1
ni —o) \ "' w1 21— )&=

This construction is illustrated in Figure A.2 with n = 2.

Figure A.2

More generally, write (A.14) as
alx < b; i=12...,m

with a] = [a;y, a5, . . ., a;,] and let E be defined by (x — ¢)"B™!(x — ¢) < 1 with
B~! = ATA. If the center of E violates (A.14), then a’c > b, for some i. Define

(aTe — b,)/aTBa,

B n*(1 — t?) B 2(1 + nt) (Ba)(Ba,)”
T onr -1 (n+ 1)1 +1) a’Ba,
1+ nt Ba,~

n+ 1 /aTBa,

It can be shown that the inequality (x — &)"B~'(x — &) < | defines an ellipsoid
that contains the set

1l

t

(A.15)

x—¢™B 'x-—c <1, alx < b

and whose volune 7 is related to the volume v of E by the formula

3= ol — (1 — -z (ot N A.16)
n+ 1\n*—1 ’ (A.
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Thus the iterative procedure for solving (A.14) may be described in algebraic terms
as given in Box A.3.

BOX A.3 Solving Systems of Strict Linear Inequalities -
(Algebraic Description)
Step0. SetB = nd’Lc = [0,0,...,0]" and v = (2°** /n)".
Step 1. If c satisfies (A.14), then stop; otherwise, choose a subscript i with
alc > b; and compute B, &, § from (A.15), (A.16).
Step 2. 1f5 < 27@*DPthenstop: (A.14) has no solution. Otherwise, replace
B, ¢, v by B, €, § and return to step 1.

Note that in each iteration, v is reduced by a factor bounded from above by
e~120:+1) and so the total number of iterations is at most a constant times n2D.

Unfortunately, this procedure cannot be implemented as it stands, for the square
roots in (A.15) cannot be computed exactly. Nevertheless, it can be modified so that
all intermediate results are rounded to anD digits following the decimal point for
some constant c. Since the rounded version of ellipsoid (A.15) may fail to contain the
set S, it is then necessary to multiply the right-hand side of the formula for B by a
factor of 1 + f/n® for some positive constant f. This multiplication amounts to
expanding E by a factor of \/1 + B/n* = 1 + B/2n about the fixed center c¢. For
a suitable choice of §, the rounded version of the new ellipsoid is large enough to
contain § and yet small enough to guarantee a satisfactory progress towards
termination.

THE ROUNDING LEMMA. There are positive constants «, f8, y such that
the modified procedure delivers a correct answer and terminates within ynD
iterations. n

Now we need only establish a link between the problem we can solve, recognizing
solvable systems (A.14) of strict linear inequalities, and the problem we wish to solve,
recognizing solvable systems (A.12) of weak linear inequalities. Trivially, if

2 ayx; < b; (i=1,2...,m) (A.17)
j=1

is solvable then
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n

Yoax;<b+e (i=12...,m (A.18)

i=1

is solvable for every positive “perturbation” e. The converse holds true whenever
the perturbation is sufficiently small.

— I

THE PERTURBATION LEMMA. The system (A.17)is solvable if and only |
if the system (A.18) with ¢ = 1/mn2P is solvable. L

Thus any procedure for recognizing solvable systems of strict linear inequalities
may be used to recognize solvable systems of weak linear inequalities: given a system
(A.17) with integer data a;;, b; we may feed the procedure the system

Y (mn2Pa;)x; < mn2Pb; + 1 i=12...,m (A.19)
=1

whose data are integers. The increase in the data size incurred in passing from (A.17)
to (A.19) is large but tolerable from the theoretical point of view.

Khachian’s paper was preceded by a series of articles by A. Ju. Levin (1965),
and by D. B. Judin and A. S. Nemirovskii (1976a, 1976b, 1976¢), in which the ellipsoid
method was gradually developed; this work is related to that of N. Z. Shor (1970a,
1970b, 19714, 1971b, 1972a, 1972b, 1975, 1977a, 1977b). The method was originally
intended to solve problems in a rather general area of convex programming (of
which linear programming is a special case); Judin and Nemirovskii (1976b) proved
that it approximates the exact solution within any positive ¢ in a time which is poly-
nomial in the size of the data and in log(1/e). Khachian showed that, when the method
is restricted to LP problems with integer coefficients, even the exact solution can
be found in a polynomial time. As his paper appeared in a journal limiting the lengths
of publications to four pages, the details of proofs were not reproduced there. They
were reconstructed by P. Gacs and L. Lovasz (1981) in a paper circulated at the
10th Mathematical Programming Symposium in Montreal in 1979; see also B.
Aspvall and R. E. Stone (1980). The proof of the Rounding Lemma, missing from
both of these expository papers, appears in M. Grotschel, L. Lovasz, and A.
Schrijver (1981). A wealth of information on the ellipsoid method can be found
in R. G. Bland, D. Goldfarb, and M. J. Todd (1981).

It need not be emphasized that the ellipsoid method is eminently important
in the context of pure mathematics. Nevertheless, it is hardly likely to become a
practical tool for solving linear programming problems: the typical number of
its iterations seems to be very large even on reasonably small problems, and each
individual iteration may get prohibitively laborious. To clarify the sccond point
consider a 2000 x 1000 matrix A with only half a dozen nonzero entries in eact
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column. The simplex method may be expected to solve Ax < b quite routinely, with
storage requirements in the neighbourhood of 20,000 numbers or so. However, the
1000 x 1000 matrix B used in the ellipsoid method will get dense almost instantly,
calling for a million numbers to be stored and updated in each iteration. Even though
more sophisticated implementations of the ellipsoid method require somewhat less
storage, none of them takes significant advantage of sparsity.

Just as this book was going to print, a new exciting result was reported by Boris
Yamnitsky and Leonid A. Levin of Boston University. They have shown that the role
of ellipsoids in the ellipsoid method can be played by certain polyhedra, called sim-
plices. The idea is not new, quite the contrary: A. Ju. Levin (1965) used simplices
rather than ellipsoids in the article which started the gradual development of the
ellipsoid method. The novelty of the Yamnitsky-Levin approach lies in implementing
this idea so that the running time of the resulting algorithm remains bounded by a
fixed polynomial in the size of the data.

To explain the details, we only need replace the key lemma of the ellipsoid method
by its polyhedral version. A few definitions are required. Points v,, vy, ..., v, in R"
are said to be in a general position if no hyperplane passes through all of them; the
convex hull of a set of such points is called a simplex. (Thus, a simplex in R? is a
triangle and a simplex in R? is a tetrahedron.) The center of this simplex is the point

! Y v
=0

n+1;
By a half-simplex %S, we shall mean the intersection of a simplex § with any half-space
whose bounding hyperplane passes through the center of S.

THE NEW KEY LEMMA. Every half-simplex 1S is contained in a simplex
S whose volume is less than e~ 1/2**1* times the volume of S.

To prove this lemma, let us say that S is the convex hull of points vg, vy, ..., v,
and that 5 is the intersection of S with the half-space a’x < b. It will be convenient
to write

e(x) =b— a"x

for all points x. Let k be the subscript that maximizes e(v,). (Since $5 is nonempty, we

have e(v,) > 0.) Let us define points ¥y, ¥, ..., ¥, by
Vi=vV, + ! (v V)
i — Yk d i k.
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with
e(vy)
d=1- .
! nZe(vy)
We claim that the convex hull § of %o, ¥y, . . . , ¥, has the properties specified by the
lemma.

To justify this claim, consider first an arbitrary point x in £§. Since x € S, we have

n
X = z tl‘vi
i=0

for some nonnegative numbers ¢, 4, . . . , t, whose sum equals 1. Let us set

dit; ifi #k
= e(x)
A, + =X pi—k
it + Ze(vy) ifi =k
Since e(x) = Y te(v), it is easy to verify that

Nl
ot
ey

Il

n
x and ) §, =1
i=0 i=0
Since e(v;) < e(v,) for all i, each T, with i # k is nonnegative; since a”x < b, we have
e(x) > 0, and so 7, is nonnegative. Hence x belongs to §.

Now we need prove only that the ratio r between the volume of § and the volume of
S is less than e~ 12"+ 17 For this purpose, note that ¥, = v,, that each ¥, with i # k
lies on the line passing through v, and v;, and that the distance from v, to ¥; equals the
distance from v, to v; divided by d;. Hence

1
r= —.
113
Since e(v;) < e(v,) whenever i # k, we have
1

d>1- e whenever i # k. (A.20)

Since e(c) = O for the center ¢ of S, we have

1
Yod=n+— (A21)

i%k n

From (A.20) and (A.21), it follows that

maz(- (1+3)

(More generally, suppose that we want to minimize a product of variables subject to
(i) a positive lower bound on each variable, and (ii) the requirement that the sum of
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the variables equal a prescribed number. An easy argument shows that, in every
optimal solution, at most one variable exceeds its lower bound.) The proof is com-
pleted by verifying that

n—1 1\ -1
(2T -2
n n n n

which is a routine exercise in calculus.
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Solutions to
Selected Problems

14 a s>0andt >0, b. never, c. s<O0ort < 0orboth.
1.5  True.
1.6 Maximize 6x; + 3x, + 8x3 + 3x4 + 9xs5 + S5x4
subject to X + X, < 480
X3+ X4 < 400
Xs + Xg < 230
Xy + X3 + X5 < 420
X, + X, + x¢ < 250
Xy Xgyee-yXg = 0.
19 t = arrival time of the last person.
x; = time spent by person j walking towards the destination.
x; = time spent by person j walking away from the destination.
y; = time spent by person j bicycling towards the destination.
yj = time spent by person j bicycling away from the destination.
2.1 Optimal dictionaries:

31

a. x; = 25— 0.5x5 — 1.5x;
X, = 15+ 05x5 — 05x3 — x4
x¢ = 0.5 + 0.5x5 + 0.5x3 + x4
z = 10.5 — 0.5x5 — L.5x3 — 2x,
b. x; = 1 —2x¢ + x5 — X3 — 5x,
X,= 2+ X¢— Xs — X3+ 2X4
z =17 — 4xg — x5 — 2x3 — 5x4
c. x3=13—2x; — 3x,
Xs=1—- x; — 5x,
Xs=4-2x, — X,
X¢ =5 —4dx; + X,
z = 2%y + X,
Unbounded: try x;, = 0,x; = 5 + 0.5, x5 = .



39

4.1

5.2
53
5.4
5.5
6.2
6.3

6.4

Solutions to Selected Problems

Final dictionaries:

a x;=1—- x4 — X5
X, =24 2x4 + Xxg
X3 = 3x4 + 2x5
z =1— x4— X5
b. x, = 25— 15x; + 05x, — 0.5x5
Xo = 05+ 0.5x; + 0.5x4 + 0.5x5
Xy3= 2 — 2x;+ X4
w = —05 — 05x, — 0.5x, — 0.5x5 (infeasible)
C x4=4+ 3x3 — 2x5
X; =34+ X3— Xs
X, =4+ 2x3 — X5
z =3+ x3— x5 (unbounded)
a. largest-coefficient wins (2 iterations vs. 3).
b. largest-increase wins (1 iteration vs. 2).
c. smallest-subscript wins (2 iterations vs. 3).
x¥ =06, x¥=0.
a. not optimal, b. optimal.
Optimal.
Optimal.
x; =1, x=0, x3=—=1, x4=1, xs=1, x4 =0.
X; =1, X3 =X3=2X4=2X5=2Xg=2.
L,L;L,L;A = U with
1 1 1
-1 1 . 0.5
L, = , L, = , Ly =
! -1 1 2 1 3 —1
|1 1 1 1
1 1 3 =2 4
1 1 0.5 0.5
L, = dU = .
“ 1 > an 1 -2
L -0.5 1

Now x = [-17,7, -7, =317, [3,1,1,1]%, [0, 1, 1,0]" and y = [3, 1,4, 1], [1, 1,0,0].

[1,2,3] - [16,2,3] — [16,2, —19] — [45,2, —19] — [45, —114, —19].
[1,2,3]7 > [—11,4, —13]7 - [=5.5,95,9]7 - [~ 145, —17.5,9]7 —
[29, —104.5, —20]".

X, =0,x; =6,x3 =0,x4 =15, x5 =2,xg = 1,x, = 1,xg = 0.

Unbounded: tryx, =15+ 2t,x; = —6 — t,x3 = x4 = 0.

Unbounded: tryx; =9, x; = 2,x3 =0,x4 = =3, xs=1— 5, x¢ =2 — 2.
Infeasible: tryy = [1, —2.5, -1, —2,0].

X; =8,%x,=0,x3=0,x,=0,x5s =0,xg = 0,x, = 5.

[ S I



Solutions to Selected Problems

94 x, =05,x, =2,x3 =45.

10.2 (1) 39 desks, 9 chairs, 69 bedframes.
(i) 51 bookcases, 72 chairs.
(iii) 13 coffee tables, 22 chairs, 82 bedframes.
(iv) 31 bookcases, 8 desks, 40 chairs, 38 bedframes.
(v) 15 bookcases, 90 bedframes.

11.1  The January and March constraints are also redundant.
12.1  Workforce: 265, 255, 220, 207, 208, 248, 288, 328, 368, 368, 360, 320.
132 a. 164 raws suffice, b. 23 raws suffice.

14.1 L,: guanine 0.0642, uracil 0.0700.
L,: guanine 0.0648, uracil 0.0702.
L: guanine 0.0660, uracil 0.0715.

15.1 A should hide x and y with probabilities y/(x + ¥) and x/(x + y), respectively;
B should hide x and y with probabilities 1/2.

153 Choose 1, 2, or 3 with probabilities 1/3.
16,6  The system is unsolvable.

16.8 Numbers x,, x, satisfy the system if and only if
Xy = =2py — 3p + q1 — 3qz
X;= 2py+3p,— 29, + q;
for some nonnegative py, p,, 4, g, such that p; + p, = 1.

182 A point x belongs to the convex hull of v!,v2, ..., v® if and only if
X, — x4<0
—2x; + 8x; + x3 —4x, <0
10x; — x; —8x3 — x, <0
—4xy — 5%, + 2x3+ x, <0
4%, + 5%, — 5x3 + 5x, <0
—10x, — 8x, + Sx3 + 4x, <0
Xy — Xg+ X3— Xg=09

19.1 (i) x=1[1,1,2,0,0,1,6,0,0,0,0,3]",y = [0,3,3,1,3,4,5,5],

(ii) unbounded, (i) infeasible.

201 x =[1,0,0,4,0,0,0,0,4]7,y = [-2,0,0, —1,0,1].

211 () x=1[2,0,2025210]"y=1[144,0123],
(ii) unbounded, (i) infeasible.

23.14 Introduce an artificial node w and artificial arcs wk, kw with u,, = u,, = +oc

Cuk = Ciw = c* for each node k; the symbol c* represents some extremely large po
number (whose actual value need not be specified).

23.15 Step 1. Choose an arc jj such that x;; > 0,setv, = i,v, = j, k = 2.
Step 2. As long as v, is different from vy, v,, ..., v,_,, repeat the following opera
set i = v,, find an arc §j with x;; > 0, set v, = j, replace k by k + 1.
Step 3. Now v, = v, for some t with I <t < k. If C = v, - - - vy Is a negative
then stop. Otherwise, let d be the smallest x;; on C, subtract d from each .
C, and return to step 1.
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Alternative terms or abbreviations are indicated as follows:

Term (alternative)

Absolute values, 189-191, 222-223
Absorbance, 214
Absorption spectrum, 214
Accumulated rounding errors, 74
Activity, 173

basic, 104

entering, 105

nonbasic, 104
Acyclic network, 296
Adding

new constraint, 159-160

new variable, 158-159
Addition of matrices, 84
Affine transformation, 446
Aho, A. V., 282
Aircraft scheduling example, 352
Algebra of matrices, 84
Algorithms, efficiency of, 51-52
Ali, A. 1, 317
Allocation of scarce resources, 171-173

468

Almon, C,, 436
Alterable path, 375
Alternative optimal solutions, 22-23
Analytic coordinates, 250
Anderson, D., 227
Antichain, 340
Antosiewicz, H. A, 193
Appolonius of Perga, 251
Approximate solutions, 213, 216227
Arc, 292
artificial, 304, 363
dummy, 322
endpoint of, 292
entering, 298, 300, 360
forward, 300, 361
head of, 292
leaving, 300
return, 368
reverse, 300, 361
saturaated, 354



tail of, 292

zero, 310
Arithmetic, floating point, 74
Arrays representing a tree, 312-314
Artificial arc, 304, 363
Artificial variable, 125-126, 130-132
Aspvall, B, 451
Assignment problem, 343
Associative law of matrix multiplication, 81
Augmenting path, 375
Augmenting path method, 374-380
Auxiliary network, 393
Auxiliary problem, 39, 126, 304, 363
Avis, D., xiii, 46, 50
Away from a node, 307

Back substitution, 71-73
Backpath, 315
Backward error analysis, 75, 409
Backward file, 408
Backward transformation (BTRAN), 111, 112,
114, 405-406
Balanced node, 393
Balanced tree, 282
Balinski, M. L., 373
Ball, 270. See also Sphere
Bartels, R. H., 406, 409
Bartels-Golub method, 409-410
Barth, G, 214
Basic activity, 104
Basic feasible direction, 242-243, 278
Basic feasible partition, 278
Basic feasible solution, 19, 100, 120
normal, 134, 244
relationship with vertices of polyhedra, 253,
274
Basic solution, 120
dual-feasible, 157
Basic variable, 20
Basis (=set of basic variables), 20, 100. See
also Basic matrix
Basis heading, 102
Basis matrix, 100
eta factorization of, xi, 105-106, 109-100
relationship with spanning trees, 296-297, 319
triangular factorization of, 405-406
working basis, 417
Basis Theorem. See Finite Basis Theorem
Beale, E. M. L, 33
Beer, A, 214
Beer-Bouguer’s law, 215
Belz, M. H,, 211
Berge, C., 229-230, 234
Best fit, 213, 216-22!
Bicycle problem, 12
Big M method, 128
Big O notation, 380
Bin-packing problem, 198, 208
Bipartite graph, 332, 372, 388
Birkhoff, G., 330
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Birkhoff-~von Neumann Theorem, 330

Bland, R. G,, 37, 451

Bland’s rule. See Smallest-subscript rule

Blaschke, W., 267, 270

Blattberg, R., 221

Block-angular problems, 434435, 440-441

Block-triangular matrix, 412

Blocking flow, 383

Bloomfield, P., 227

Bluffing, 235

Boas, R. P., x

Bogert, L. J., 185, 187

Bonaparte, N, 227

Bonbon, T., 229-232, 234

Bondy, J. A, xiii

Borel, E., 228-234

Borgwardt, K.-H., 46

Boscovich, R. J., 227

Bottleneck assignment problem, 344

Botts, T., 269

Bouguer, P., 214

Bounded set, 270, 287

Bounded variable. See Restricted variable

Bounds on individual variables, 119

Bowman, E. H,, 323

Bradley, G. H,, 312, 317

Branch-and-bound method for the knapsack
problem, 206

Breadth-first search, 280

Breakeven price, 70

Briggs, G. M., 185, 187

Brouwer, L. E. J., 228

Brunn, H., 262

BTRAN, 111, 112, 114, 405-406

Bump, 91, 412

Bunnenberg, E., 214

Calloway, D. H., 185, 187

Capacitated transshipment problem. See Upper-
bounded transshipment problems

Capacity of a cut, 370

Carathéodory, C., 265

Cartesian coordinates. See Analytic coordinates

Case study in forestry, 171-176

Caterer problem, 324-326

Cayley, A, 81

Center

of ellipsoid, 452
of simplex, 446

Certificate of optimality, 61-62

Chain, 340. See also Path

Changes in data. See Sensitivity analysis

Charnes, A., 10, 34, 193

Cheap, Middling, or Dear, 239

Chebyshev approximations. See L -
approximations as a special case of L -
approximation

Chvital, V., 12, 46, 50, 239

Circling. See Cycling

Claerbout, J. F,, 221
Clark, D, xiii
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Column
entering, 101
eta, 83
leaving, 102
pivot, 24
Column generation, 198-200, 428-429
Column player, 230
Column singleton, 413
Column vector, 82
Combination
convex, 330
linear, S5, 138
Comparison of the revised and the standard
simplex methods, 113-115
Complementary slackness, 62—65, 104—105, 238
Complete pivoting, 74
Component of a vector, 82
Computer implementations
of the network simplex method, 311-317
of the simplex method, 105-115, 405-414
Connected network, 296
Conservation law, 369
Constrained variable. See Restricted variable
Constraints
linear, 6
linking, 435
Convex closure. See Convex hull
Convex combination, 330
Convex hull, 263-265
Convex polyhedron. See Polyhedron
Convex polytope. See Polytope
Convex set, 263
separation theorem for, 266
Cook, S. A, 336
Coordinates. See Analytic coordinates
Core (in Dinic’s algorithm), 381
Core memory, 113-115, 406, 408, 412, 413-414
Corner point. See Vertices of a polyhedron
Corner-point theorem. See Fundamental
Theorem of Linear Programming
Cost vector, 295
Cover, 331, 388
Cramer’s rule, 444
Cunningham, W. H., 303, 308
Cunningham’s rule, 307-310, 335, 365
Cut, 370
capacity of, 370
Cutting-stock problem, 195-212
Cycle, 296
negative, 362, 402
Cycling, 30-33, 124, 303

Danzer, L., 267

Dantzig, G. B,, 7-9, 34, 37, 45, 46, 57, 97, 105,
119, 193, 194, 228, 291, 336, 339, 391, 416,
435, 436

Dantzig-Wolfe decomposition algorithm, 194,
429-434

economic interpretation of, 436-439, 441

Dantzig- Wolfe decomposition principle,

425-428, 439-441

de Buchet, J., 83
de Lucy, F., xiii
Decentralized planning, 436
Decision variable, 14
Decomposition
Dantzig-Wolfe, 425-442
LU, 88
of a transshipment problem, 305~ 306
Degeneracy, 29-30, 124, 259, 302, 361, 362
Delayed column generation, 198-200, 428-429
Demand vector, 295
Dense systems of linear equations, 77
Depth-first search, 314
Depth of a node, 313
Descartes, R., 250-251
Destination. See Sink
Determinant, 443-444
Devex, 115
Dictionaries, xi, 17-19
dual-feasible, 149-152
feasible, 19
matrix description of, 98-100
Diet problem, 3-5, 182-184, 185-187
Dijkstra, E., 391
Dijkstra’s algorithm. See Shortest-paths algorithm
Dilworth, R. P., 340
Dilworth’s Theorem, 341
Dimension. See n-dimensional space
Dimension analysis, 66
Dinic, E. A., 380, 384
Dinic’s algorithm, 384, 389
Directed path, 391
Direction. See Basic feasible direction
Displacement, 398
Distance, 269
Distinct representatives, 336
Doig, A. G, 211
Domination between strategies, 237
Dorfman, R., 68
Dot product. See Scalar product
Doubly stochastic matrix, 329
Dry node, 393
Drysdale, R. S., xiii
Dual-feasible basic solution, 157
Dual-feasible dictionary, 149-152
Dual problem, 56, 139
Dual simplex method, 152-157, 175
revised format, 153-157
Dual variables. See Dual problem
economic significance of, 65-68, 136
Duality Theorem, 8, 58, 141, 261-262
weak, 140
Duffin, R. J., 242, 286
Dummy nodes and arcs, 322
Dyer, M. E., 282
Dynamic programming, 206~-207

Economic interpretation of
the decomposition algorithm, 436-439, 441
the revised simplex method, 102- 105



Economic significance of dual variables, 65-68,
136
Economy models, 68
Edge
of a network or a graph. See Arc
of a polyhedron, 254-255
Edmonds, J., 51, 331, 336, 380, 391, 400, 444
Efficiency of algorithms, 51-52
EFI. See Elimination form of the inverse
Egervary, J., 334, 374, 390
Eisemann, K., 196
Eisenhart, C., 227
Elias, P., 371
Elimination
Fourier-Motzkin, 241-242
Gauss-Jordan, xii, 79
Gaussian, xii, 71-79, 272, 277, 443-444
Elimination form of the inverse (EFI). See
Triangular factorization
Elimination of free variables, 132-133
Ellipsoid, 446
Ellipsoid method, xii, 52
Endpoint of an arc, 292
Entering activity, 105
Entering arc, 298, 300, 360
Entering column, 101
Entering variable, 21, 28, 121, 124
Entry of a matrix, 81
Enumeration trees, 201-202
Equations. See Linear equation
Equilibrated systems of linear equations, 76
Equivalence
of game theory and linear programming, 232,
239
of spanning trees and bases in a
transshipment problem, 296-297, 319
Error analysis, 75, 409
Error tolerances. See Zero tolerances
Eta column, 83
Eta factorization of the basis, xi, 105-106,
109-110
Eta file, 110-112
Eta matrix, 83
Euclidean norm. See L,-norm as a special case
of L,-norm
Euclidean space. See n-dimensional space
Eves, H,, 74
Extreme points of a polyhedron. See Vertices of
a polyhedron

Facets of a polyhedron, 252

Factorization of the basis
eta, xi, 105~106, 109-110
triangular, 405-406

Fair game, 233

Fama, E. P., 221

Farkas, J., 248

Farkas’s lemma, 248

Farm planning example, 177-182

Feasible dictionary, 19

Feasible flow, 370

Index

Feasible origin, 28
Feasible region. See Region of feasibility
Feasible solution, 6
Feasible tree solution, 296, 354
Feinstein, A., 371
Fermat, P., 251
Fiala, F., xiii
File
backward, 408
eta, 110-112
forward, 408
Fill-in, 78, 409-410
Finals, 195
Finite Basis Theorem, 244
converse of, 245
First-fit decreasing (FFD), 208
First-labeled, first-scanned, 380
Floating-point arithmetic, 74
Flow, 369
blocking, 383
feassible, 370 -
volume of, 370
Flow problems. See Upper-bounded
transshipment problems
Ford, L. R. Jr., 367, 371, 374, 378, 390, 391
Forestry, case study in, 171-176
Forrest, J. J. H., 406, 410-411
Forrest-Tomlin method, 410-412
Forsythe, G., 77
Forward arc, 300, 361
Forward error analysis, 75
Forward file, 408
Forward transformation (FTRAN), 111, 1
114, 406
Fourier, J. B. 1., 8, 227, 241-242, 254
Fourier-Motzkin method, 241-242
Fox, K., 171, 177
Free variable, 119, 132-133, 138
treatment of, 132-133
Fulkerson, D. R., 339, 341, 367, 371, 374,
390, 391, 435
Full row rank, 133, 227
Function
linear, 6
objective, 6
Fundamental Theorem of Linear Progran
42, 133-134

Gacs, P, xiii, 451
Gaddum, J. W., 324
Gale, D., 57, 68, 228, 273, 364, 366
Galil, Z., 380
Galileo, G., 251
Game
of Cheap, Middling, or Dear, 239
fair, 233
matrix, 230
of Morra, 228-230, 232, 237, 238
of poker, 235-237, 238-239
symmetric, 233
value of, 233
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Game theory, 228-239
equivalence with linear programming, 232,
239
Gantmacher, F. R, 444
Garey, M. R, 51, 336
Garfinkel, R. S,, 207
Gasoline blending example, 10-11, 69, 70
Gass, S. 1., 9, 163
Gassner, B. J., 303
Gauss, C. F., 74, 227
Gauss-Jordan elimination, xii, 79
Gaussian distribution, 220
Gaussian elimination, xii, 71-79, 272, 277,
443-444
accuracy of, 74-77
matrix description of, 84-88
speed of, 77-78
Gay, D. M,, 414
General form of linear programming problems,
119, 137-138
Generalized upper bounding (GUB), 415-424
Geometric interpretation of the simplex method,
253-255
Gilmore, P. C., 198, 206, 209-211
Givens, W., 75
Glassey, C. R, 347
Glover, F., 391
Goldfarb, D., 115, 457
Goldstine, H. H., 75
Golub, G. H,, 406
Gomory, R. E., 198, 206, 209-211
Goodness of fit, 213, 216-221
Gordan, P., 248
Graph, 331
bipartite, 332, 372, 388
Graphic method, x, 260-261
Grattan—Guiness, 1., 227
Greene, J. H., 10
Groétschel, M., 451
Griinbaum, B., 267
Gupta, V. K., 347

Hahn, G., xiii

Half-ellipsoid, 446

Half-simplex, 452

Half-space, 252

Hall, P., 337

Hall’s Theorem, 337

Halmos, P., ix

Hammersley, J. M., 330
Hanssmann, F., 193

Harris, P. M. J,, 115

Hashing tables, 282

Hawkins, T, 81

Head of an arc, 292

Heap, 402

Hellerman, E., 91
Hellerman—-Rarick procedure, 91-92
Helly, E., 266

Hess, S. W, 193

Heuristic, first-fit decreasing, 208

Higham, P., xiii

Hirshfeld, D. M., 416

History of linear programming, 7-9

Hitchcock, F. L., 345

Hitchcock transportation problem, 345
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Hochbaum, D., xiii

Hoffman, A. J., xiii, 33, 193, 330
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Hull. See Convex hull

Hungarian method: Primal-dual method
restricted to assignment problems
(so named by H. W. Kuhn in recognition of
work, by J. Egervary and D. Konig)

I-Ching, 74
Identity matrix, 81
Implementations. See Computer implementations
Incidence matrix of a network, 294
truncated, 295
Incoming variable. See Entering variable
Incomplete informdtion at the center, 436
Inconsistent system of linear inequalities, 144
Inequality
linear, 6
redundant, 242, 247
Inequality constraints in transshipment problems,
320-322
Infeasibility form, 129
Infeasible
linear programming problem, 7, 143
upper-bounded transshipment problem, 364
Initialization
of the Dantzig-Wolfe decomposition
algorithm, 432-434
of the network simplex method, 303-306
of the primal-dual method, 393, 398-399
of the simplex method, 42, 125-129
Inner product. See Scalar product
Integer linear programming problems
(ILP problems), 328
Integral Flow Theorem, 371
Integrality Theorem, 327, 365
Intermediate node, 292, 369
Inventory scheduling, 188-193, 322-323
Inverse of a matrix, xii, 94
Inverse of the basis, xi, 117
in the product form, xi, 105, 117
Ishii, M., xiii
Iterations, number of
in the Dantzig- Wolfe decomposition
algorithm, 441
in the network simplex method, 311, 335
in the primal-dual method, 398, 400
in the simplex method, 45-51
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Jeroslow, R. G., 50
Jewell, W. S, 435
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Kantorovich, L. V., 8

Karp, R. M., 380, 391, 400
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Khachian, L. G., 9, 52, 444, 451

Kirchberger, P., 267, 269

Kirchhoff’s law. See Conservation law

Klee, V., xiii, 47, 267

Klee~Minty problems, 47-49, 53, 255-258

Klincewicz, J. G., 303

Knapsack problem, 200-207

Knuth, D. E., 282

Kohler, D. A, 241, 254

Konig, D., 328, 330, 334

Konig-Egervary Theorem, 334

Konig’s Theorem, 328
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Kotiah, T. C. T, 33

Kotzig, A., 371

Kubat, P., xiii

Kuhn, H. W., xiii, 43, 46, 57, 144, 228, 235, 238,
242, 374, 390, 400

Kuhn’s simplified poker, 235-237, 238-239

L,-approximation, 218
L,norm, 218
Labeling method. See Augmenting path method
Landau, H. G., 366
Laplace, P. S, 227
Large-scale problems, 113, 416
Largest-coefficient rule, 46, 50
Largest-increase rule, 50
Lau, H. T,, xiii
Lawler, E. L., 336
Layered network. See Core (in Dinic’s algorithm)
Least squares approximation (L, approximation).
See L -approximation
Leaving arc, 300
Leaving column, 102
Leaving variable, 21, 29, 123, 124
Legendre, A. M., 74, 227
Leibniz, G. W., 251
Lemke, C. E., 152
Length
of a path, 391
of a vector, 82
Levin, A. Ju, 451, 452
Levin, L. A,, xiii, 452
Lexicographic method, 34-37
Linder, R. E., 214
Line, 276
Linear combinatios:, 55, 138
Linear constraints, 6
Linear equation, 6
systems of, 71-79, 82, 93-94, 272, 443-444
Linear function, 6
Linear graph. See Graph
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Linear inequality, 6

strict, 43, 448-451

systems of, 143~146, 240-249, 444-454
Linking constraints, 435
Logical variable. See Artifical variable; Slack

variable

Loute, E., 441
Lovasz, L., 451
Lower-bounds on individual variables, 119
Lower triangular matrix, 83
LP: Linear programming
LU-decomposition, 88

M Method. See Big M method
MacLagan, R. C, 239
McMullen, P., 272-273
Magee, J. R., 193
Maheshwari, S. N, 384
Malhotra, V. M., 384
Malhotra—Kumar-Maheshwari procedure,
384-386, 388, 389

Mandelbrot, B., 221
Manne, A. S., 194
Marginal value, 66. See also Shadow price
Markowitz, H. M., 78
Markowitz's pivoting strategy, 89
Marriage Theorem. See Konig's Theorem
Marshall, K. T., 33
Martin, M. S, xiii
Master problem, 426, 440-441
Masuda, S., 12
Matching, 331, 372
Matrix, 81-84, 92-94

algebra of matrices, 84

basis matrix, 100

block-angular, 434-435

block-diagonal, 435

block-triangular, 412

dense (not sparse)

doubly stochastic, 329

entry of, 81

eta, 83

identity, 81

incidence, 294

inverse of, 94

lower triangular, 83

node-arc (incidence)

nonsingular, 93

operations on, 79-82, 84

packed, 82-83

payoff, 230

permutation, 83, 86-87, 90-91, 406-407

product, 81

regular (nonsingular)

singular, 93

sparse, 82

storing, 82-83

sum, 84

transpose of, 84

triangular, 83

truncated incidence, 295
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Matrix (continued)
upper-triangular, 83
zero-one, 366
Matrix description of dictionaries, 98~100
Matrix game, 230. See also Game
Matrix representation of systems of linear

equations, 82
Mattheis, T. H., 282
Mauldon, J. C,, 330
Max-flow Min-cut Theorem, 370
Maximum-flow problem, 370

applications of, 372-373
Mean, 219
Meat-packing example, 10, 69, 70, 352
Median, 219
Median method, 210
Memory of a computer, 113-115, 406, 408
Merrill, A. L., 184
Midrange, 219
Mill, 1. S, 251
Minimax Theorem, 233, 234, 239
Minimum cost network flow problem.

See Upper-bounded transshipment problems
Minimum cut. See Max-flow Min-cut Theorem
Minkowski, H., 245, 262
Minkowski-Farkas lemma. See Farkas’s

lemma
Minty, G. J, 47
Mixed strategy, 231
Models of economy, 68
Molecular absorptivity, 214
Moler, C., 77
Morra, 288-230, 232, 233, 237, 238
Muir, F., 221
Multicommodity flow problems, 435
Multiple optimal solutions, 22-23
Multiple pricing, 115
Multiplication of matrices, 79-82
Multipliers, 55-56, 144
Multistage problems. See Scheduling production

and inventory; Personnel training example;

Caterer problem
Mulvey, J. M., 312
Munkres, J., 400
Murtagh, B. A, [15
Murty, K. G, 165

n-dimensional space, 252
Negative cycle, 362, 402
Neighbor, 278
Nembhauser, G. L., 207
Nemirovskii, A. S., 9, 451
Network, 292, 369

acyclic, 296

auxiliary, 296

connected, 296

incidence matrix of, 294

layered (core)

working, 399
Network flow problem. See Upper-bounded

transshipment problems

Network simplex method, 297-310
algebraic description, 300-303
computer implementations, 311-317
economic motivation, 297-29
initialization, 303-306
number of iterations, 311
Nishizeki, T., xiii
Node, 292
balanced, 393
depth of, 313
dry, 393
dummy, 322
intermediate, 292, 369
transshipment. See Intermediate node
wet, 393
Node-arc matrix. See Incidence matrix of a
network
Node numbers, 306-307
Nonbasic activity, 104
Nonbasic variable, 20
Nondegeneracy. See Degeneracy
Nonnegativity constraints, 6
Nonsingular matrix, 93
Nonzero tolerances. See Zero tolerances
Norm, 218, 269
Normal basic feasible solution, 134, 244
Normal distribution, 220
Null vector. See Zero vector
Number of iterations
in the Dantzig-Wolfe decomposition
algorithm, 441
in the network simplex method, 311, 335
in the primal-dual method, 398, 400
in the simplex method, 45-51
Number of vertices of a polyhedron, 272-273
Nutrition problem. See Diet problem
Nutritive values of foods, 185-187

O-notation, 380
Objective function, 6

parametric, 162
Oil refinery example, 10-11, 69, 70
On-the-job training example, 11-12, 168
Open pit problem, 373
Operation count

in Gaussian elimination, 73, 77

in the simplex method, 112-114
Operations on matrices, 79-82, 84
Optimal solution, 7

uniqueness of, 22-23
Optimal strategy, 231
Optimal value, 7
Optimal certificate, 61-62
Optimum cover problem, 388
Orchard-Hays, W., 97, 105
Orden, A, 34, 291
Order, partial, 340, 373
Oresme, N, 251
Origin, 28

in a transportation problem. See Source
Outgoing variables. See Leaving variable



Outliers, 220

Overdetermined systems of linear equations,
213-227

Overtime production, 189, 323

Packed form of sparse matrices, 82, 110
Paige, C. C., xiii
Paper recycling example, 347-350
Paper trim problem. See Cutting-stock problem
Parametric linear programming, 162-166
Partial order, 340, 373
Partial pivoting, 74
Partial pricing, 115
Partitioned preassigned pivot procedure (P*):
Hellerman—Rarick procedure
Path, 296
alterable, 375
augmenting, 375
directed, 391
shortest, 391
Payoff matrix, 230
Peripheral memory, 113-115, 406, 408, 410, 413
Permutation matrix, 83, 86-87, 90-91, 406-407
Perold, A. F.,, xiii, 194, 440, 441
Personnel training example, 11-12, 168
Perturbation method, 34-37, 258-260, 319
Phase one, phase two. See Two-phase simplex
method
Phelps, K. T., xiii
Picard, J.-C., 373
Pivot column, 24
Pivot element, 73
Pivot row, 21, 24
Pivot stem, 315
Pivoting
in Gaussian elimination, 74, 78, 89-92
in the network simplex method, 301
in the simplex method, 21
Pivoting rule, 51, 311-312
Pivoting strategy in Gaussian elimination, 78,
89-92
Planning, decentralized, 436
Player, 230
Pointers, 408
Poker, 235-237, 238-239
Polyhedron, 252, 331
facets of, 252
separation theorem for, 267
vertices of, 253, 271-273, 287-288, 331
with no vertices, 275-277
Polytope, 287
Postoptimality analysis. See Sensitivity analysis
Prager, W., 324
Pratt, A. W., 221
Predecessor, 312-313
Prékopa, A., 273
Preorder, 314
Price, shadow, 67, 104, 437
Pricing, 114-115
Pricing out a nonbasic activity, 104
Primal-dual method, 392-400
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Primal problem, 56, 139
Primal simplex method: Simplex method
Product
matrix, 81
scalar, 269
Product form of the inverse (PFI), xi, 105, 117
Production and inventory scheduling, 188~193,
322-323
Proll, L. G, 282
Pure strategy, 229

Quandt, R. E,, 46
Queyranne, M., xiii

Rank. See Full row rank
Rarick, D. C,, 91
Ratio test (Determination of the leaving
variable)
Raws, 195
Reciprocal, 94
Recommended daily dietary allowances, 182-183
Recycled paper example, 347-350
Redundant inequalities, 242, 247
Refactorization, 111-113
Region of feasibility, 252
Regular matrix. See Nonsingular matrix
Regular-time production, 189, 323
Reid, J. K., xiii, 115, 406
Reid’s method, 412-413
Reinversion. See Refactorization
Relationship
between basic feasible solutions and vertices of
polyhedra, 253, 274
between game theory and linear programming,
232,239
between primal and dual problems, 60-61, 140
between spanning trees and bases in a
transshipment problem, 296-297, 319
Renz, P., xiii
Representation of a tree, 312-314
Resource, 104, 173
Restricted primal problem, 115
Restricted variable, 119-120, 138
Restrictions. See Constraints
Return arc, 368
Reverse arc, 300, 36!
Revised simplex method. xi, 97, 100-102
Rhys, J., 373
Right-hand side, parametric, 165
Riley, V., 9
Robustness of an approximation, 220
Rockafellar, R. T., 269
R6dl, V., xiii
Root of a tree, 201, 308-309, 312
Rose, D. J, 91
Rosenberg, 1. G., xiii
Rounding errors, 74
Row player, 230
Row rank. See Full row rank
Row singletons, 413
Row vector, 82
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Rubin, D. S., 282
Ryser, H. J., 366

Saaty, T., 163
Samuelson, P. A., 68
Sargent, T., 221
Saturated arc, 354
Saunders, M. A, xiii, 406, 412
Saunders’s method, 413-414
Savage, J. L., 234
Scalar product, 269
Scaling
systems of linear equations, 76~77
in transshipment problems, 400-401
Scheduling production and inventory, 188-193,
322,323
Schmidt, B. K., 282
Schrijver, A., 451
Score vector, 366
Scrimshaw, N. S., 183
Search
breadth-first, 280
depth-first, 314
Seneta, E., 227
Sensitivity analysis, 148-149, 158-162, 176,
181-182
Separation theorem
for convex sets, 269
for polyhedra, 267
Set
bounded, 270, 287
convex, 263
Shadow price, 67, 104, 437
Shannon, C. E,, 371
Sharpe, W. F., 221
Shor, N. Z., 451
Shortest paths algorithm, 391-392, 402
Simple upper bounding. See Upper bounding
Simplex, 452
Simplex multipliers: Vector y computed in Step 1
of revised simplex iteration
Simplex tableau, xi, 23
Simplified poker, 235-237, 238-239
Simultaneous equations. See Systems of linear
equations
Singleton, 413
Singular matrix, 93
Sink, 292, 369
Size of a problem, 51
Slab, 270
Slack variables, 14
Sleator, D. D. K., 380
Smale, S., 46
Smallest-subscript rule, 37-38, 125
Smith, D. E., 74
Smoothing production, 188—193, 322-323
Solow, R. M., 68
Solution
approximate, 213, 216-227
basic, 120

basic feasible, 19, 100, 120
degenerate, 30, 124
dual-feasible, 157
feasible, 6
feasible tree, 296, 354
normal basic feasible, 134, 244
optimal, 7
Solvability of systems of linear inequalities,
143-144, 146
Source, 292-369
Space. See n-dimensional space
Spanning tree, 296
and the basis matrix, 296-297, 319
Sparse matrix, 82
Sparse system of linear equations, 77
Sparsity, xi, 111-114, 406, 409, 451-452
Special structure, 92. See also Structure
Spectrophotometry, 214-216
Sphere, 446. See also Ball
Spike, 91, 413
Staircase structure, 193-194
Standard form of linear programming
problems, 6
Standard simplex method, 97
vs. revised simplex method, 113-114
Steepest edge, 115
Steiger, W. L., xiii, 227
Steinberg, D. 1., 33
Stiemke, E., 248
Stochastic vector, 230
Stone, R. E., 451
Storage of sparse matrices, 82-83
Strategy
dominant, 237
mixed, 231
optimal, 231
pure, 229
Strict linear inequalities, 43, 448451
Strongly feasible tree, 308-309, 319, 362
Structural variable. See Decision variable
Structure
block-angular, 434-435
block-diagonal, 435
block-triangular, 412
GUB, 415
staircase, 193-194
Struik, D. J., 74
Strum, J. E., 18
Suboptimization (Solving the restricted primal
problem when multiple pricing is used)
Subproblem in Dantzig-Wolfe decomposition, 428
Substitution of an activity, 105
Sum of matrices, 84
Suurballe, J. W., 33
Swanson, E. R, 171, 177
Swanson, H. S., xiii, 179
Swine, 180
Symmetric game, 233
System of distinct representatives (SDR), 336
System of linear equations, 143146, 240-249,
444-454



dense, 77
equilibrated, 76
matrix representation of, 82
overdetermined, 213-227
solution of. See Gaussian elimination
sparse, 77
well-scaled, 76
System of linear inequalities, 143~146, 240-249
444-454
characterizing solutions of, 244
inconsistent, 144
unsolvable, 144

Tableau
simplex, xi, 23
transportation, xi, 346
Tableau format, 23-25
Tail of an arc, 292
Tarjan, R. E., xiii, 91
Tchebycheff approximation. See L.-
approximation under L, -approximation
Technological coefficients: Entries of the matrix
in a linear programming problem
Tewarson, R. P., 83
Theory of games, 228-239. See also Game
Thread, 314
Todd, M. 1., 451
Tolerances, zero, 115
Tomlin, J. A., xiii, 406, 409, 410-411
Toward a node, 307
Training personnel, 11-12, 168
Transformation, affine, 446
Transitivity: Condition (20.16)
Transportation problem, 345, 352
Transportation simplex method. See Network
simplex method
Transportation tableau, xi, 346
Transpose of a matrix, 84
Transshipment node. See Intermediate node
Transshipment problem, 295
capacitated: upper-bounded
decomposition of, 305-306
with inequality constraints, 320-322
See also Upper-bounded transshipment
problems
Tree, 296, 319
balanced, 282
computer representation of, 312-314
enumeration, 201-202
feasible tree colution, 296, 354
spanning, 296
strongly feasible, 308-309, 319, 362
Triangular factorization, xii, 88
of the basis, 405-406
Triangular matrix, 83
Triangularity of basis matrix in transshipment
problems, 296-297, 319
Trim problem. See Cutting-stock problem
Truemper, K., xiii
Truncated incidence matrix, 295
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Tsikopoulos, N., xiii

Tucker, A. M., 57, 228, 248, 249

Turing, A. M., 75

Two-person game. See Game

Two-phase simplex method, 42, 125-129
without artificial variables, 129

Ullman, J. D., 282
Unbounded
linear programming problems, 7, 29,
transshipment problems, 300, 362
Underbidding, 235
Underground, P., 3-4, 6, 182-184
Uniqueness of optimal solutions, 22-23
Unit sphere, 446
Unrestricted variable. See Free variable
Unsolvable system of linear inequalities,
143-144, 146
Upper-bounded transshipment problems, 353,
3
infeasible, 364
reduction to transshipment problems, 366
Upper bounding, 119
Upper triangular matrix, 83

Value
of a game, 233
marginal, 66

optimal, 7
Van Slyke, R. M, 416
Variable
artificial, 125-126, 130-132
basic, 20

bounded (restricted)

constrained (restricted)

decision, 14

entering, 21, 28, 121, 124

free, 119, 132-133, 138

incoming (entering)

leaving, 21, 29, 123, 124

logical (slack or artificial)

nonbasic, 20

outgoing (leaving)

restricted, 119-120, 138

slack, 14

structural (decision)

unrestricted (free)
Variations of data. See Sensitivity analysis
Vector, 82

component of, 82

distance between, 269

dot product (scalar product)

inequality, 248

inner product (scalar product)

length of, 82

null (zero)

scalar product, 269

score, 366

stochastic. 230

zero, 93
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Vertex of a graph or network. See Node
Vertices of a polyhedron, 253, 271-272, 287, 331
absence of, 275-277
number of, 272273, 287-288
relationship with basic feasible solutions, 253,
274
Ville, J. A., 248
Von Neumann, J., 57, 75, 228, 330

Wagner, H. M, 227

Walras, L., 8

Wardle, P. A, 171

Watt, B. K., 184

Weak duality theorem, 140

Well-scaled systems of linear equations, 76
Wet node, 393

White, W. C., 221

Whitesides, S. H., xiii

Wielandt, H. W., 330

Wilkinson, J. H., 75

Wilson, 1., xiii

Wolfe, P., 33, 34, 37, 435

Woolsey, R. E. D., xiii, 171, 179, #98
Working basis, 417

Working network, 399

x-alterable path, 375
x-augmenting path, 375

Yamnitsky, B., xiii, 452
Young, V. R,, 183

Zadeh, N, 311

Zero arc, 310

Zero-one matrix, 366
Zero-sum game. See Game
Zero tolerances, 115

Zero vector, 93



